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r E F A C E. 


Tins new edition has been carefully revised, and 
in great part re-written ; alterations having been 
made in some places for the sake of brevity, in 
others for the sake of greater clearness, in others 
in order to bring the methods more closely up to 
the present state of Geometrical Science. Several 
new examples have been added; as well as a new 
Chapter on the Applications of the Jlodcrn Algebra 
to the Theory of Conic Sections. Greater pro- 
minence has been given to the principle of duality; 
and it has been attempted to show that without 
the introduction of any new system of co-ordinates, 
the reciprocity between theorems concerning lines, 
and theorems concerning points, can be sufficiently 
manifested. The change most likely to be objected 
to is the alteration I have made in the mode of 
writing the equation of the second degree, the letters 
being now used not in alphabetical order, but in the 
order suggested by the symmetry of the equation. 
I believe that the advantage of having uniform 
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notation through the volume, Avill be found to bo 
so great as to compensate for some temporary in- 
convenience caused to those who are already familiar 
with formula; in the older notation. 

I have to acknowledge the courtesy of several 
correspondents who sent me lists of the errata of 
the former edition, which, if I had now been con- 
tented with a simple reprint, would have enabled 
• me to make one nearly free from error. I shall be 
thankful to any of my readers who may fmrnish 
me with similar lists of the errors from which I fear 
this edition is not exempt, notwithstanding that 
most of the sheets have been looked over either by 
Dr. Hart or Mr. Gray or Mr. James McDowell, 
who have at various times kindly assisted me in 
correcting the press. I beg to thank Mr. Burnside 
for several notes of which I have in different places 
made use; and I have derived considerable assist- 
ance from the notes and additions in Dr. Fiedler’s 
German translation of this work. 


Trinity Colleoe, Dublin, 
October, 1863. 
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ANALYTIC GEOMETRY, 


CHAPTER I. 

THE POINT. 




t 

J 


1. The following method of determining the position of any 
point on a plane was Introduced by Des Cartes in his GiomitrU^ 
1637 ; and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines, XX', YY', intersecting in the point 0. Now, if 
through any point P we 
draw PM, PN, parallel to 
YY' and XX', it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels PJf,PxV; 0T,mcever8A, 
that if we knew the lengths 
of PM, PN, wo should know 
the position of the point O. 

Suppose, for example, that 
we were given PN = a, 

PM=b, we need only measure OM=a and ON=b, and draw 
tlie parallels PM, PN, which will intersect in the point required. 

It is usual to denote PM parallel to OT by the letter y, 
and PN parallel to OX by the letter x, and the point P is said 
to be determined by the two equations x — a,y = b. 



2. The parallels PM, PN, are called the co-ordinates of the 
point P. PM is often called the ordinate of the point P; while 
PN, which is equal to OM the intercept cut off by the ordinate, 
is called the abscissa, ■ 
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THE POINT. 


The fixed lines XX' and I’’!”' are termed the oa-es of co- 
ordinates, and the point 0, in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, ac- 
cording as the angle at which they intersect is a right angle 
or oblique. 

It will readily be seen that the co-ordinates of the point M 
on the preceding figure are a; = n, y = 0 ; that those of the point 
N are x = 0,y = h’, and of the origin itself are x = 0, y = 0. 

8, In order that the equations x = a, y = i, should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes, but also to the signs of the co- 
ordinates. 

K we paid no attention to the signs of the co-ordinates, we 
might measure OM=a and ON=h, on cither side of the origin, 
and any of the four points 
P, P„ P^, Pj, would satisfy 
the equations x = a,y = b. 

It is possible, however, to 
distinguish algebraically 
between the lines OM, 

OM' (which are equal in 
magnitude, but opposite in 
direction) by giving them 
different signs. We lay 
down a rule, that if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand) and ON (measured 
upwards) as positive, and OM', ON' (measured in the oppo- 
site directions) as negative lines. 

Introducing these conventions, the four points P, P„ P^, P, 
arc easily distinguished. Their co-ordinates are, respectively, 
x = + a'| x = -rt'l x = + al x = -a) 

3/ = + ^}’ y = + ^)’ y = -?'J’ = 


Y 
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These distinctions of sign can present no difiScnlty to the 
learner, who is supposed to be already acquainted with tri- 
gonometry. 

^•®'~Thc points whose co-ordinates are x = o, y = 5, or 
x = x\y=y\ arc generally briefly designated as the point (a, 6), 
or the point xy\ 

It appears from what has been said, that the points (+o, 4 J), 
(~ ~ ^)) I'c on a right line passing through the origin ; that 

they are equidistant from the origin, and on opposite sides of it. 

4. To express the. distance bettceen two points x'y\ x"y'\ the 
axes of co-ordinates being supposed rectangular. 

By Euclid I. 47, 

r(f = PS* + S(f, but PS=PM-QM' =y'-y‘\ 

QS= OM- OM' = x' - x " ; 
hence 8* = = (a;' _ a;'')* + 

To express the distance of any point from the origin, wo 
must make x = 0, y" = 0, in the above, and we find 


5. In the following pages wo shall but seldom have 
to make use of oblique co- 
ordinates, since formulm arc, 
in general, much simplified 
by the use of rectangular 
axes; as, however, oblique 
co-ordinates may sometimes 


Q 


o M' 


be employed with advantage, 
we shall give the principal 
formulae in their most gene- 
ral form. 


occasion 

P 

x'y 

s 


M X 


Suppose, in the last figure, the angle YOX oblique and 
= 0 ), then 

P-S<2=180°-o), 

and PQ‘ = rS‘ 4 QS* - 2PS. QS. c.os PS Q, 

or, PQ* = {g' — y"y + {x - x" j“ + 2{y' - y") [x - x") cos w. 

Similarly, the square of the distance of a point, x'y\ from 
the origin = x'^ + y'* + 2x'y' cosw. 


B 2 
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THE POINT. 


In applying these fommlffi, attention must be paid to the 
signs of tlio co-ordinates. If the point Q, for example, were 
in the angle XOY\ the sign of y" would be changed, and the 
line PS would be the sum and not the difference of y and y". 
The learner will find no difficulty, if, having written the co- 
ordinates with their proper signs, he is careful to take for PS 
and QS the algebraic difference of the corresponding pair of 
co-ordinates. 

Ex. 1. To find the lengths of the sides of a triangle the co-ordinates 
of whose vertices are ar' = 2, y” ■= 3 ; i” = 4, y” = - 5 ; = - 3, y"' = - 6, 

the axes being rectangular. Ant. V®®> VIO®- 

Ex 2. Find the lengths of the sides of a triangle the co-ordinates of 
whose vertices are the same as in the last example, the axes being inclined 
at an angle of 60°. Ant. V52, y/iT, V151* 

Ex. 3. Express that the distance of the point xy from the point (2, 3) 
is equal to 4. Ant. (x - 2)* + (y - 3)* =16. 

Ex. 4. Express that the point xy is equidistant from the points (2, 3), 
(4,8). Am. (*-2)*4(y-3)* = (i-4)* + (y-6)'; orar + y = 7. 

Ex. 8. Find the point equidistant from the points (2, 3), (4, 8), (6, 1). 
Here we liave two equations to determine the two unknown quantities x, y. 


Am. x = ^, y I and the common distance is , 
a O 3 


6. The distance between two points, being expressed in 
the fonn of a square root, is necessarily susceptible of a double 
sign. If the distance PQ, measured from P to be con- 
sidered positive, then the distance QP, measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be un- 
meaning to afiix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, Q, B in & right line, and know the distances 
PQ, QB, we may infer, PB = PQ -f- QB. And with the ex- 
planation now given, this equation remains true, even though 
the point B lie between P and Q. For, in that case, PQ and 
QB are measured in opposite directions, and PB which is their 
arithmetical difference is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
has been established as to which shall be considered the positive 
direction. 
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7. To find the co-ordinates of the point cutting in a given 
ratio m : n, the line joining two given points x'y\ x"y". 

Let X, y be tbo co-orJinatcs of tbe point R which wo seek 
to detennine, then 



If the lino were to be cut externally in the given ratio, we 
should have 

jn : n : : X — x' : X — x", 


and therefore x = 


mx — nx 


m—n 


ny 


It will be observed that the formulae for external section 
are obtained from those for internal section by changing the 
sign of the ratio : that is, by changing m : +n into m : —n. 
In fact, in the case of internal section, PR and RQ are 
measured in the same direction, and their ratio (Art. 6) is to 
bo counted as positive. But in the case of external section 
PR and RQ are measured in opposite directions, and their 
ratio is negative. 


Ex. 1. To find tbe co-ordinates of the middle point of the line joining 

the points x'y', x'y". x" x" y‘ + y" 

Alts. X = — — , y - — . 


Ex. 2. To find the co-ordinates of the middle points of the sides of the 
triangle the co-ordinates of whose vertices are (2, 3), (4, - 6), (- 3, - 0). 


(I'-y)' (-i’ -I)' (»•-■)■ 


Ex. 3. The line joining the points (2, .1), (4, - 6), is trisected; to find 
the co-ordinates of the point of trisection nearest the former point. 

8 1 


Ans. X m - 


3’ ^ ■ 3‘ 
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TRAN8FOKMATION OF CO-OKDINATES. 


Ei. 4. The co-ordinates of the vertices of a triangle being x' y\ 

to find the co-ordinates of the point of trisection (remote from the 
vertex) of the line joining any vertex to the middle point of the opposite 

side. . i' + x" + z‘" y" + y" + y"' 

Am. 3 - , y=- 3 ~^-- 

Ex. 6. To find the co-ordinates of the intersection of the bisectors of 

sides of the triangle, the co-ordinates of whose vertices are given in Ex. 2. 

y 1 8 

Aru. *= 1, y = -g- 

Ex. 0. Any side of a triangle is cut in the ratio m t n, and the line 

joining this to the opposite vertex is cut in the ratio m + n ; f ; to find the 

co-ordinates of the point of section. 

. W + mx* + nx"' ly' + wiv" + »*y" 

Am. x= — j , y = -^—, — . 

Mm + n 


TKANSFOUMATION OF CO-OHDINATF.S. 

8. When we know tho co-Ktrdinates of a point referred to 
ono pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of co-ordinates. 

We shall consider three cases separately; first, we shall 
suppose the origin changed, but the new axes parallel to the 
old ; secondly, we shall suppose the directions of tho axes 
changed, but the origin to remain unaltered ; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Oy, be 
the old axes, O'A”, 

O' Y, the new axes. 

Let the co-ordinates 
of the new origin 
referred to the old be 
a;', y', or OS = x', 

O'R = y'. Let the 
old co-ordinates be 
X, y, the new A', F, 
then we have 

OM==OR + RM, and rM=PK+NM, 
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that is, 

x = x + X, and y = y'+ Y- 

These formulas are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 

Let the original axes bo Ox, Oy, so that we have OQ = x, 
I^Q = y- Let the new axes 
be OX, OY, so that we have 
ON= X, PN= r. Let OX, 

OY make angles respectively 
a, /9, with the old axis of x, 
and angles a', /S' with the old ‘ 
axis of y, and if the angle 
xOy between the old .axes be . 
o>, we have obviously a+a'=o», 
since X Ox + A * Oy — xOy, and- in like manner /9 + /S’ = a>. 

The fonnulae of transformation arc most easily obtained by 
expressing the perpendiculars from P on the original axes, in 
terms of the new co-ordinates and the old. Since 

PM= PQ smPQM wa have P.l/=y sinw. 

But also PM= NR + PS= ON B,mNOR + PN sin PNS. 

Hence y sinw = sina + Y sln/8. 

In like manner 

a: sin ft) = A sin a! + Y sin /S' ; 
or X shift) = A sin(ft) — a) 4 Tsin(ft) — /S). 

In the figure the angles a, $, <u arc all measured on the 
same side of Ox‘, and a', /S', at, all on the same side of Oy. 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus if 0 T lie to the left of Oy, the angle 
/3 is greater than ct>, and /S' (= o) - /S) is negative, and therefore 
the coefficient of Y in the expression for x sin ft) is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a sepa- 
rate figure. 
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TRANSFORMATION OF CO-ORDTNATF.S. 


To trani^irrm from a nystem of rrctonfjulor axes to a new rect- 
anffular system making an angle 6 with the old. 

Here we have 

0 = ^, /8 = 9O + 0, 
a' = 9O-0, = 

and the general formulje become 
y = X smO Y cos 

a; = Xco8^- Tsin^: O MR » 


y 

p 



\ 

X 


\ 




N 





the truth of which may also be seen directly, since y = PS + Xlt, 
X = OR — ySiV, while 

PS = PN cos e, NR = ON sin 0; OR = ON cos 0, SN= PN sin 0. 

There is only one other case of transformation which often 
occurs in practice. 

To transform from oblique co-ordinates to rectangular^ retaining 
the old axis of x. 

We may use the general 
fonnulie making 

a=0, /8=90, o'=a>, /3'=a>— 90. 

But it is more simple to in- 
vestigate the formul® directly. 

We have OQ and PQ for the 
old X and y, OM and PM for the new ; and since PQM = w, 
we have 

Y= y sin Q>, X=x-\ y cos ® : 

while from these equations we get the expressions for the old 
co-ordinates in tenns of the new 





y sinw =Y,x sin w = X sinw — Y cosfi>. 


10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the co-ordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the co-ordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the co-ordinates referred to the required axes. 

The general expressions are obviously obtiiined by adding x' 
and y' to the values for x and y given in the last article. 
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Ex. 1. The co-ordinates of a point satisfy the relation 
ar* + j/* - 4r - « 18 : 

srhat will this become if the origin be transformed to the point (2, 3) P 

Ans. .y*+r* = 3i. 

Ex. 2. The co-ordinates of a point to one set of rectangular axes 
satisfy the relation y* - ** = 6 : what will this become if transformed to axes 
bisecting the angles between the giren axes ? Am. XV =3. 

Ex. 3. Transform the equation 2^ - 6Ty -f 2y* - 4 from axes inclined 
to each other at an angle of 60°, to the right lines which bisect the angles 
between the given axes. Am. X' - 27E* + 12 a 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the 
old axis of z. Am. 32f* t lOE’ - 7.XE V"* = ®- 

Ex. 5. It is evident that when we change from one set of rectangular 
axes to another, *" + !/* must = X' 4 E’, since both express the square of 
the distance of a point from the origin. Verify this by squaring and adding 
the expressions for X and Y in Art. 9. 

Ex. 0. Verify in like manner in general that 

*• 4 y* 4 2zy coszOy = X' 4 E’ 4 2XY cosXOE. 

If we write .3T sin a 4 E sin /9 ■= Z, X cosa 4 Ecos/9 = Jlf, the ex- 
pressions in Art. 9 may be written y sin to = L, x sinio ° M siniu - Z costoi 
whence 

sin' oi (x* 4 y* 4 2zy cos a’) = (Z' 4 M') sin'oi. 

But Z' 4 ilf' = X' 4 E* 4 2XEcoa(a - yj), and a - /3 = XOY. 

11. The degree any equation between the co-ordinates is not 
altered by transformation of co-ordinates. 

Transformation cannot increase the degree of the equation : 
for if the highest terms in the given equation be a;", y", &c., 
those in the transformed equation will be 

(xsinm-f-a: sin(o)— a) 4y Bln(a>— (y' sinm-l-xsina-l-y siny8)"*, 

&c., which evidently cannot contain powers of x or y above the 
«i“ degree. Neither can transformation diminish the deg^ree of 
an equation, since by transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has just been proved. 

POLAR CO-ORDIKATES. 

12. Another method of expressing the poution of a point 
is often employed. 
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POLAR CO-ORDINATES. 



If we were given a fixed point 0, and a fixed line through it 
OB, it is evident that we should 
know the position of any point 
P, if we knew the length OP, 
and also the angle POB. The 
line OP is called the radius 
vector ; the fixed point is called B 

the poh ; and this method is called the method of i>ohr co- 
ord inaUs. 

It is very easy, being given the x and y co-ordinates of a 
point, to find its polar ones, 
or vice versd. 

First, let the fixed line 
coincide with the axis of x, 
then we have 

OP: PM:: sinPJ/0 :%mP0M\ 

denoting OP by p, POM by 
6, and YOX by <b ; then 

p s\n6 I • 1 /-i,r psin((B-fl) 

PM or y = L-r^- — ; and similarly, OM = x = - — 



siuoi 


sineu 


For the more ordinary case of rectangular co-ordinates, 
<0 = 90°, and we have simply 

x=p cos 0 anA y = p smd. 

Secondly. Let the fixed 
line OB not coincide with the 
axis of X, but make with it an 
angle =a, then 
P0B= 0 and POM= 0-a, 

and we have only to substitute 0 - a for 0 in the preceding 
for mill ae. 

For rectangular co-ordinates we have 

x = p cos{0- a) and y = p sin (0 — a). 

Ex. 1. Change to polar co-ordinates the following equations in rect- 
angular co-ordinates: 

x' + t/’ = 5mx. A ns. p = 6m cosO. 

2 ^ - y' = a'. A ns. p' cos'ZO = a*. 
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Ex. 2. Ctange to rectangular co-ordinates the following equations in 
polar eo-ordinatca : 

p' sin 20 = 2o’ Ant. xy = o’. 

p' = o’ coa 20. Ant. (x’ + y')' = a’ (x* - 

J — X* + y = (2a - x/. 

./I na. (2x* + 2y* - ax)' = o’ (x* + y'). 


cos Jo = ol. 
a o^ cos JO, 


13. To express the distance between two 2 )oints^ in terms of 
their polar co-ordinates. 

Let P and Q bo the two points, 

0P=p\ POB^^ff-, 

OQ = p", Q0B=6"-, 
then O 

P(f= 0P‘+ 0^-20P. OQ.cosPOQ, 



or 


8* = p" -I- p"* - 2p'p" cos {0" - 6'). 


CHAPTER II. 

THE RIGHT LINE. 

14. Anp two equations between the co-ordinates represent 
geometrically one or more points. 

If the equations be both of the first degree (see Ex. 5, p. 4), 
they denote a single point. For solving the equations for 
X and y, wo obtain a result of the form £C = a, y = b, which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only ; let its roots be a,, 
o,, a,, &c. Now, if we substitute any of these viilues (a,) for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered = 0 by the supposition x = aj. 
Let this common root be y = /3^. Then the values x = a;, y = /3,, 
at once satisfy both the given equations, and denote a point 
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which is represented by these equations. So, in like manner, 
is the point whoso co-ordinates are a; = a„ y = /3,, &c. 

Ex. 1. What point is denoted by the equations 3x 4 6y = 13, 4z - y = 2 ? 

Ans. * = 1, y = 2. 

Ex. 2. What points are represented by the two equations a:* 4 y* = 6, 
*y = 2 ? Eliminating y between the equations, we get ar* - 6z* 4 4 = 0. 
The roots of this equation are z* = 1 and a:* = 4, and, therefore, the four 
values of z are 

* = 4l, z = -l, 1 = 4 2, * = -2. 

Substituting these successively in the second equation, we obtain the 
corresponding values of y, 

y = 4 2, y = -2, y = 4l, y = -l. 

The two giv:n equations, therefore, represent the four points 
(4 1,4 2), (- 1,- 2), (4 2, 4 1), (- 2,- 1). 

Ex. 3. What points are denoted by the equations 

z-y = l, a:*4y* = 25? Ans. (4, 3), (- 3, - 4). 

Ex. 4 . What points are denoted by the equations 

x’-6*4y43 = 0, z’4y*-6z-3y46 = 0? 

Ans. (1,1), (2,3), (3,3), (4,1). 

15. A single equation hetioeen the co-ordinates denotes a 
geometrical locus. 

One equation evidently does not afford us conditions enough 
to determine the two unknown quantities x, y\ and an inde- 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the co-ordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose co-ordinates do satisfy the equation, forms 
a focus, which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 3, p. 4), that the equation 
(a:-2)‘4 (y-3)‘=16 

expresses that the distance of the point oey from the point 
(2, 3) = 4. This equation then is satisfied by the co-ordinates of 
any point on the circle whoso centre is the point (2, 3), and 
whose radius is 4 ; and by the co-ordinates of no other point. 
This circle then is the locus which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the co-ordinates signifies a locus. Let us 
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recall the construction by which (p. 1) we doterminod tho 
position of a point from Y K 

the two equations x = a, j j , 

y = b. We took OJ/=a; / 

we drew MK parallel to j 

0 Y ; and then, measuring / j 

MP=h, we found P. tho / / 

point required. Had we 7 1 ^ X 

been given a different value j 

of y, a: = a, y = 6', we should / 

proceed as before, and we ' 

should find a point P still situated on the line MK^ hut at 
a different distance from M. Lastly, if the value of y were 
left wholly indeterminate, and wo were merely given tho 
single equation a; = a, we should know that tho point P 
was situated somewhere on the line MK^ but its position in 
that line would not be determined. Hence the lino MK is 
the locus of all the points represented by the equation a; = a, 
since, whatever point we take on the line MK, tho x of that 
point will always = a. 


16. In general, if we are given an equation of any degree 
between tho co-ordinates, let us assume for x any value wo 
please (x = a), and the equation will enable us to determine 
a finite number of values of y answering to this particular 
value of X ; and consequently, tho equation will be satisfied for 
each of the points [p, q, r, &c.), whose x is tho assumed value, 
and whose y is that found from the equation. Again, assume 
for X any other value 
(a: = a’), and we find, 
in like manner, ano- 
ther series of points, 
p, q, r, whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = d' 
or a: = a'" &c. Now, 
if X be supposed to 
take successively all 
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possible values, the assemblage of points found as above will 
form a ^ocms, every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as wo please, until we have enough to represent 
its figure to the eye. 

Ex. 1. Represent in a figure* a series of points which satisfy the 
equation y 

Am. Giving x the values - 2, - 1, 0, 1, 2, &c., we find for y, - 1, 
1, 3, 5, 7, &c., and the corresponding points will be seen all to lie on 
a right line. 

Ex. 2. Represent the locus denoted by the equation y = x* - 3* - 2. 

Am. To the values for x, - 0, 1, 2, 3, 4 j cor- 
respond for y, 2, - i, - 2, - - 4, - - 4, - t/, - 2, - 2. If 

the points thus denoted be laid down on paper, they will sufiieiently 
exhibit the form of the curve, which may be continued indefinitely by 
giving X greater positive or negative values. 

Ex. 3. Represent the curve y = 3 + \f(20 - x - x*). 

Here to each value of x eorrespond two values of y. No part of the 
curve lies to the right of the line i = 4, or to the left of the line ar <= - 5, 
since by giving greater positive or negative values to x, the value of y 
becomes imaginary. 

17. The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any geo- 
metrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the co-ordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (ar, y), whose distance from a fixed point 
(a, b) is constant, and equal to r ; then the equation of the circle 
to rectangular co-ordinates, is (Art. 4), 

{x-aY+{j,-by = r\ 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 

* The learner is recommended to use paper ruled into little squares, 
which is sold under the name of logarithm paper. 
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of an equation is estimated by the liighest value of the sum 
of the indices of x and 1 / in any term. Tims the equation 
ary + 2a; + 3y = 4 is of tlie second degree, because it contains 
the term xy. If this term were absent, it would be of tho 
first degree. A curve is said to be of the n"* degree when 
the equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a riyAt It/ie, and, con- 
versely, that tho equation of a right lino is always of the first 
degree. 

18. We have already (.\rt. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation x = a. 
In like manner, the equation y = 5 represents a line P.V parallel 
to tho axis OX, and meeting the axis 0 F at a distance from 
the origin OX = 5. If wo suppose b to be equal to nothing, 
we sec that the equation y = 0 denotes the axis OX ; and in 
like manner that » = 0 denotes the axis 0 Y. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co-ordinates 
of points situated on a right lino passing through the origin. 

If we take any point P 
on such a line we see that 
the co-ordinates PM, 

OM, will vary in length, 
but that the ratio PM:OM 
will be constant, being = 
to the ratio 

ain POM : sin 3£P0. 

Hence we see, that tho 
equation 

sin POM 

y^avaMPO^' 

will bo satisfied for every 
point of the lino OP, and, 
therefore, this equation is said to be tho equation of the line OP, 
Conversely, if we were asked what locus was represented 
by the equation 

y-mx. 


Y 
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■write the equation in the form , and the question is, “ to 

find the locus of a point P, such that, if we draw PM, PN 
parallel to two fixed lines, the ratio PM : PN may bo constant.” 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 
Bia POM = 7ti Bin PON. 

If the axes bo reetangular, ainPON = cobPOM, therefore, 
m = tajaPOM, and the equation y = mx represents a right lino 
passing through the origin, and making an angle with the 
axis of X, whose tangent is hi. 


19. An equation of the form y = + mx will denote a line 
OP, situated in the angles YOX, Y' OX' . For it appears, 
from the equation y = + mx, that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation, must have their 
co-ordinates cither both positive or both negative, and such 
points wo saw (Art. 3) lie only in the angles YOX, Y'OX’. 
On the contrary, in order to satisfy the equation y= — mx, 
if X be positive y must be negative, and if x be negative y 
must bo positive. Points, therefore, satisfying this equation, 
will have their co-ordinates of different signs; and the lino 
represented by the equation, must, therefore (Art 3), lie in tho 
angles Y'OX, YOX', 


20. Let us now examine how to represent a right line PQ, 
situated in any manner 
with regard to the axes. 

Draw OR through 
the origin parallel to PQ, 
and let the ordinate PM 
meet OR in R. Now it 
is plain (as in Art. 18), 
that the ratio RM : OM 
will be always constant 
{RM always equal, sup- 
pose, to m.OM)-, but tho ordinate PM differs from EM by 
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the constant length PR= OQ, which we shall call b. Hence 
we may write down the equation 

PJ/= BM PB, or PM= m.OM+ PB, 
that is, y = mx + b. 

The equation, therefore, y = mx + b, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OB, parallel to the right line PQ, lies in 
the angle YOX, or Y'OX. And, again, b will be positive 
or negative according as the point Q, in which the line meets 
OY, lies aiove or below the origin. 

Conversely, the equation y = mx -t- b will always denote a 
right line ; for the equation can be put into the form 


X 

Now, since if we draw the line parallel to OM, TM will 
be = b, and PT therefore =y — b, the question becomes : “ To 
find the locus of a point, such that, if we draw PT parallel 
to OY to meet the fixed line QT, PT may bo to QT m a, 
constant ratio and this locus evidently is the right line PQ 
passing through Q. 

The most general equation of the first degree, A*+ .By4 C=0, 
can obviously be reduced to the form y = mx + b, since it is 
equivalent to 

A C 

this equation therefore always represents a right line. 


21. Froqa the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
y = mx + b make an angle = a with t% axis of x, and =>/9 
with the axis of y, then (Art. 18) 

sin a 

= —-a', 

and if the axes be rectangular, m = tana. 

\Vc saw (Art. 20) that b is the intercept which the line cuts 
off on the axis of y. 

c 
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If the equation be given in the general form Ax-^By-^C=0, 
we can reduce it, as in the last Article, to the form y = »nx + b, 
and we find that 

A sinai 
B ~ sin/3 ’ 

or if the axes be rectangular =tana; and that — ^ is tlie 
length of the intercept made by the line on the axis of y. 

Cor. The lines y = nix + J, y= m'x + V will be parallel 
to each other if ni = m', since then they will both make the 
same angle with the axis. Similarly the lines Ax + By + C=0, 
Ax + B'y + C = 0, will be parallel if 

A _A 
B~ B' 

Beside the forms Ax + By +(7=0 and y = mx + 6, there are 
two other forms in which the equation of a right line is frequently 
used ; these we next proceed to lay before the reader. 


22. To express the equation of a line MN in terms of the 
intercepts 031= a, 0N=h which it cuts off on the axes. 

We can derive this from the form already considered 

A B 

Ax + J?y+ C=0, or ^a:+^y+l = 0. 

This equation must be satisfied by the co-ordinates of every 
point on MN, and there- 
fore by those of hf, which 
(see Art. 2) are x = a, 
y = 0. Hence we have 

-^a + l=0, 

In like manner, since 
the equation is satisfied 
by the co-ordinates of 
N, (x=0, y=b), we have 
B__\ 

C~ b' 

Substituting which values in the general foim it hecotnes 

a 0 
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This equation bolds whether the axes be oblique or rect- 
angular. 

It is plain that the position of the lino will vary with the 
signs of the quantities a and b. For example, the equation 

- + r =1) which cuts oflF positive intercepts on both axes, re- 

^ ^ . X V t 

presents the line MN on the preceding figure ; ~ j cutting 

off a positive intercept on the axis of a;, and a negative in- 
tercept on the axis of y, represents MN'. 

Similarly, - ^ ^ =1 represents NM ' ; 

t/ 

and o ~ f ~ ^ represents MN'. 

By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forms. 


Ex. I. Examine the position of the following lines, and find the inter- 
cepts they make on the axes. 

2* - 3y = 7 : 3a: + 4y + 9 = Oj 

3x + 2y a Of iy - 6x = 20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of 
the line joining the points which cut off the *n“' part of each, and show, by 
Art, 21, that it is parallel to the base. ^ y ^ 1 

a 6 m' 


23. To express the equation of a right line in terms of the 
length of the perpendicular on it from the origin, and of the 
angles which this perpendicular makes with the axes. 

Let the length of the perpendicular OP= p, tho angle POM 
which it makes with the axis of a: = a, 


PON==0, OM=a, ON==b. 

We saw (Art. 22) that the equa- 
tion of tho right line MN was 

» w , 

- + ^ =1. 
a 0 

Multiply this equation by p, and we 
have 


P 

a 


x + 




But ^ = cos a; ^=cosy3; therefore tho equation of the line is 


X cosa + y cos/S=y, 


C2 
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In rectangular co-ordinates, 'which we shall generally nse, we 
have /8 = 90* — a ; and the equation becomes x cos a + y sin a =-j>. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from 0 to 360°. Thus, for 
the position AW, a is between 90° and 180°, and the coeflBcient 
of X is negative. For the position 3/' A'’’, a is between 180° and 
270*, and has both sine and cosine negative. For 3/A’', a is 
between 270° and 360°, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a: cosa + y sina = — y>, and consider a to 
denote the angle, ranging between 0 and 180°, made with the 
positive direction of the axis of x, by the perpendicular jwo- 
duced. In using then the formula x cosa + y sina=y>, we 
suppose to be capable of a double sign, and a to denote tbe 
angle, not exceeding 180°, made with the axis of x either hy 
the perpcndicnlar or its production. 

The general form Ax + .By + C= 0, can easily be reduced 
to the form x cosa + y sina=^; for, dividing it by V(A’ + B’), 
we have 

^ -B . O' „ 

V( A" + JS') * V(^* + B*) ^ V{ A’ + B*) 

But we may take 


T-rm = 


V(A* + B’ 


B 

V(A‘ + B'') 


since the sum of squares of these two quantities = 1 

A B 

Hence we learn, that — ... and 


are re- 


V(A‘ + B») V(A* + B') 
spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line (Ax + By + C= 0) makes 

with the axis of x, and that length of this 

perpendicular. 


*24. To reduce the equation Ax + By + C=0 {referred to 
oblique co-ordinates), to the form x cosa+y cosB=B" 

Let us suppose that the g^ven equation when multiplied 
by a certain factor B is reduced to the required form, then 
BA = cos a, BB=cos/8. But it can easily be proved that, if a 
and be any two angles whoso sum is to, we shall have 
cos*a + cos’/S — 2 cosacos/9 co8<k> = sin'a>. 
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Hence i?*(,i4* + 5* — 2,45co8(u) = Bln’o>, 

and the equation reduced to the required form is 
,4 sinw __ ^sino) 

+ 2,4^008 0)) ® :J[JFVB^2AB COSO)) ^ 

C sinw _ 

^ + £* — 'iAB C080)) 

And we learn that 

A sin Q> B sin o> 

V(A* -\-B* - 2AB coAo>) ’ VIA* + i?” — 2AB cosw) ’ 
are respectivelj the cosines of the angles that the perpendicular 
from the origin on the line Ax + By+C=0, makes with the 

axes of X and y : and that : is the length 

-J^A^ + B' — 'iAB exao)) ° 

of this perpendicular. This length may be more easily cal- 
culated by dividing the double area of the triangle NOM, 
{ON. OM smut) by the length of MN, expressions for which 
are easily found. 

The square root in the denominators is, of course, susceptible 
of a double sign ; since the equation may be reduced to either 
of the forms 

X cosa + y cosyS-p = 0, x cos (a + 180°) 4 y cos(y94- 180 °)-|-jj=0. 


25. To find the angle between two lines whose equations with 
regard to rectangular co-ordinates are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

A . B 


cosa : 


>J{A^^-Sy VlAH.B’)' 

. , „ BA'-AB’ 

““ B^) V(3^ + 5^*) ’ 

/ .V AA' + BB' 

cos (a - a ) _ ^ ; 

and therefore tan (a - a') = . 

' AA + BB 


Hence 
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Cob. 1. The two lines are parallel to each other when 
BA' = (Art. 21), 
since then the angle between them vanishes. 

CoK. 2. The two lines are perpendicular to each other when 
AA' + BB' = 0, since then the tangent of the angle between 
them becomes infinite. 

If the equations of the lines had been given in the form 

y = mx + 6, y = m'x + h ' ; 

since the angle between the lines is the difference of the angles 
they make with the axis of x, and since (Art. 21) the tangents 
of these angles are m and m, it follows that the tangent of the 

required angle is ^ parallel if m = m'\ 

and perpendicular to each other if mm +1 = 0. 

*26. To find the angle between two line.';, the co-ordinates being 
oblique. 

Wo proceed as in the last article, using the expressions of 
Art. 24, 

A sino) 

" V(A‘ + i?’‘-2AI5 coseo) ’ 

, A’ sino) 

= ^(A‘+B"‘-¥A'B' cos®) ’ 

consequently, 

B-A COSO) 

“ “ V(^l’ + -B’ - 2AB COSO)) ’ 

B' — A' COSO) 

Hence 

(BA' — AB') sino) 

sm (a - a ) = cos o^)^v^ - 2A'B' coso)) ’ 

BB' + A a' — (A B' + A'B) coso) 

cos (a - a ) = - 2AB co 3 o>) ^^lA” + B'‘ -^A'B' coso)) ’ 

(BA '~ A B') slno) 

tan (a - a ) = j A'TBB'^IB'+ BA') coso) ‘ 

Con. 1. The lines are parallel if BA' = AB'. 

Cor. 2. The lines are perpendicular to each other if 
A A' + BB' = (AB' + BA') coso). 
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27. A right line can be found to satisfy any two conditions. 

Each of the forma that wo have given of the general equa- 
tion of a right line includes two constants. Thus the forma 
y = 7nx + J, as cosa + y sina=/> involve the constants m and 

and ot. The only form which appears to contain more con- 
stants is Ax + + C = 0 ; but in this case we are concerned not 

with the absolute magnitudes, but only with the mutual ratios of 
the quantities A, C. For if we multiply or divide the 
equation by any constant it will still represent the same line: 
we may divide therefore by (7, when the equation will only 
A B 

contain the two constants ^ • Choosing then any of these 

forms, such as y = 7nj: + &, to represent a line in general, we 
may consider m and b as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and corresponding to the particular 
lino which satisfies these conditions. This is sufficiently illus-. 
trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line parallel to a given 
one, and passing through a given point x'y. 

If the lino y — mx + b be parallel to a given one, the con- 
stant tn is known (Uor., Art. 21). And if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point x'y\ and therefore we have y' = 7na:' + J, 
which determines b. The required equation then is 

y = mx + 5/' — mx', or y — y' = m{x — x). 

If in this equation we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point x'y'. 

29. To find the equation of a right line passing through two 
fixed points x'y', x"y". 

We found, in the last article, that the general equation of 
a right line passing through x'y' is one which may be written 
in the form 

y — y 

- — = m, 
x — x ’ 

where m is indeterminate. But since the line must also pass 
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through the point ^'y \ this equation must be satisfied when 
the co-ordinates x", y'\ are substituted for x and y ; hence 



Substituting this value of w, the equation of the line becomes" 

y-y' ^ y" - y' 

X — X x" — X ' 

In this form the equation can ho easily remembered, hut, 
clearing it of fractions, we obtain it in a form which is some- 
times more convenient, 

(y' - y") * - (a:' - x") y -1- xy" - y'x' = 0. 

The equation may also be written in the form 
(x - x') (y - y") = (x - x") {y-y). 

For this is the equation of a right line, since the terms xy, 
which appear on both sides, destroy each other; and it is 
satisfied either by making x = x', y = y'; orx = x", y = y". 
Expanding it, we find the same result as before. 

Coe. The equation of the line joining the point xy' to ike 
origin is y'x = x'y. 


- Ex. 1. Form the equations of the sides of a triangle, the co-ordinates of 

whose vertices are (2, 1), (3, - 2), (-4,-1 ). 

An». X tly 11=0, 3y - x = 1, 3x + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by 

(2, 3), (4, - 6), (- 3, - 6). Aui. x - 7y = 39, 9x - 6y = 3, 4x + y - 11. 

Ex. 3. Form the equation of the line joining the points 

, , , mx' J nr" mu' . ny" 

x'y and , — ^ . 

m + n m 7 n 

Ant. (y" - y') x - (x* - x") y + ii\f' - y'x" = 0. 
^ Ex. 4. Form the equation of the line joining 


x'y and 


z" + X"' 

2 ’ 


y" t v" 
2 ■ 


Ant. (y" + y" - 2y') i - (x" + x" - 2x') y + x";/ - + x"'y' - y'x! - 0. 

Ex. 6. Form the equations of the bisectors of the sides of the triangle 
described in Ex. 2. Ant. ITx - 3y = 25 ; 7x + 9y + 17 = 0 ; 6x - 6y = 21. 
Ex. 6. Form the equation of the line joining 

/x' - mx" lu' - my/' Ix' - nx"' ly' - ny"' 

- — - , z to z , , . 

I - m I - m I - n I - n 

Ant. x{i^in ■ n)y'i m(n-l)y" + »(/ ni)y"J -y;l(»/i-ii)x' + Mi(n - l)x" -i n(l - m)x''^ 

= Im (y'x" - x'y") + inn (y"x" - x'y") + nl {y“'x' - y'x'"). 
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30. To find the condition that three points shall lie on one 
right line. 

Wo found (in Art. 29) the equation of the line joining two 
of them, and we have only to see if the co-ordinates of the 
third will satisfy this equation. The condition, therefore, is 

(y. - y.) - (*. - *,) y, + y, - ^^.y.) = o, 

which can be put into the more symmetrical form, 

y. (a-, - *.) + y. - *.) + y, (*. - ^,) = o* 


31. 7e> find the co-ordinates ofi the point ofi intersection of two 
right lines whose equations are given. 

Each equation expresses a relation which must he satisfied by 
the co-ordinates of tlie point required ; we find its co-ordinates, 
therefore, by solving for the two unknown quantities x and y, 
fh>m the two given equations. 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its co-ordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. x = a, g = b, are the equa- 
tions of two parallels to the axes of eo-ordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right line, and two right lines can only intersect in 
one point. In the more general case, the loci represented by 
the equations are curves of higher dimensions, which will inter- 
sect each other in more points than one. 


£x. 1. To find the co-ordinates of the vertices of the triangle the equa- 
tions of whose sides ore zfy°2; z-3y = 4; 3ziA^H-7 = 0. 




• In using this and other similar formula;, which we shall afterwards have 
occasion to employ, the learner must be careful to take the co- 
ordinates in a fixed order (see engraving). For instance, in the 
second member of the formula just given, y, takes the place of 
y„ X, of z„ and z, of z,. Then, in the third member, we ad- 
vance firom yj to y,, from z, to z,, and from z, to z„ always proceeding in , 
the order just indicated. 
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Ex. 2. To find the co-ordinates of the intersections of 

3jr + y- 2 = 0j x ^r2y = b \ 2x-3y + 7=0. 



Ex. 3. Find the co-ordinates of the intersections of 

2x + 3y c: 13 ; fix - y = 7 j x - 4y + 10 = 0. 

Ant. They meet in the point (2, 3). 

Ex. 4. Find the co-ordinates of the vertices, and the equations of the 
diagonals, of the quadrilateral the equations of whose sides are 

2y - 3x = 10, 2y + X = 6, 16x - lOy = 33, 12x + 14y + 29 = 0. 

Ant. (- 1, !), (3, ?), Q , 3, i)i 6y - X = 6, 8x + 2y + 1 = 0. 

Ex. fi. Find the intersections of opposite sides of the same quadrilateral 
and the equation of the line joining them. 

Ant. (83, ^ j 162y - 199x = 4462. 


Ex. 6. Find the diagonals of the parallelogram formed by 
X = a, X = o', y = i, y >= fi'. 

Ant. (4 - fi') X - (o - o') y = a'b - ab‘; (fi - 4') x + (o - o') y = oJ - o'fi'. ' 

Ex. 7. The axes of co-ordinates being the base of a triangle and the 
bisector of the base, form the equations of the two bisectors of sides, and find 
the co-ordinates of their intersection. Let the co-ordinates of the vertex be 
0, y', those of the base angles x', 0 ; and - x', 0. 

Ant. 3x'y - y'x - x'y' = 0 j 3x'y + y'x - X’y' = 0 ; (o, ^ j . 

Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and 
the other two are 

— = i — + -y=i- 

2a ^ 24 ’ 20' ^ 24' 

find the co-ordinates of the middle points of diagonals. Ant. (a, fi'), (o', fi). 


Ex. 9. In the same case find the co-ordinates of the middle point of 
the line joining the intersections of opposite sides. 
db.b-ab'.a' a'b.b'-ab'.b 
a'b ■ 


Ant. 


and the form of the result shows 


■ «fi' o'fi - ab‘ 

(Art. 7) that this point divides externally the line joining the former two 
points, in the ratio a'b = aV. 


32. To find the equation to rectangular axes of a right line 
passing through a given point, and perpendicidar to a given line, 
y = mx -1- b. 

The couditiun that two lines should be perpendicular, being 
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«iwi' = — 1 (Art. 25), we have at once for the equation of the 
required perpendicular 


y-y'=- -(*-*')• 


It is easy, from the above, to see that the equation of the per- 
pendicular from the point xy on the line jLx + By + C=0 is 

that is to say, we interchange the coefficients of x and y, and alter 
the sign of one of them. 


y~ Ex. 1. To find the equations of the perpendiculars from each vertex on 
the opposite side of the triangle (2, 1), (3, - 2), (- 4,-1). 

The equations of the sides are (Art. 29, Ex. 1) 

* + 7y 4 11 = 0, 3y - 2 = 1, 3jt 4 y = 7 ; 
and the equations of the perpendiculars 

7* - y = 13, 3z 4 y ° 7, 3y - * = 1. 

The triangle is consequently right-angled. 

- Ex. 2. To find the equations of the perpendiculars at the middle points of 
the sides of the same triangle. The co-ordinates of the middle points being 


(- 



1 , 



The perpendiculars are 
7*-y42»0, 3z4y43 


0, 3y - 2 4 4 = 0, 


. . / 1 
intersecUng ml--. 



Ex. 3. Find the equations of the perpendiculars from the vertices of the 
triangle (2, 3), (4, - 6 ), (- 3, - 6 ) (see Art. 29, Ex. 2). 


/89 ll 

Am. 72 4 y = 17, 62 4 9y 4 26 = 0, 2 - 4y = 21 ; intersecting in f 


130 

la! 


V 


Ex. 4. Find the equations of the perpendiculars at the middle points of 
the sides of the same triangle. 

Am 724y42 = 0, 6249 y 4 l 6 = 0, 2 - 4 y- 7 ', intersecting in ^ j • 


I Ex. 6. To find in general the equations of the perpendiculars from the 
vertices on the opposite sides of a triangle the co-ordinates of whose vertices 
are given. 

Ant. ( 2 " - x") X 4 (y" - y'") y 4 (rV" 4 yy'") - (z'x" 4 y'y") = 0, 

( 2 "' - 2 )24 (y'" - y') y 4 (xTx' 4 y'y) - ( 2"2 " 4 y"y ") = 0, 

( 2 ' - 2 ") 2 4 (jf - y")y 4 (xf"x" 4 y"y') “ + y"V') = 

' ' ' Ex. 6. Find the equations of the perpendiculars at the middle points 

of the sides. 


Am ( 2 " - 2 ") 2 4 (y" - r) y = H®"' - + i (y^ - y^. 

( 2 "'- 2')2 4(y'"- y)y = i(x'"‘- 2-)4i(y'"’ - y"), 

(it - 2 ") 24 (y' - yiy-iC*" - i(y'* - y"^. 
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Ex. 7. Taking for axes the base of a triangle and the perpendicular on it 
from the vertex, find the equations of the other tvo perpendiculars, and the 
co-ordinates of their intersection. The co-ordinates of the vertex are now 
(0, r^), and of the base angles (r*, 0), (- x ", 0). 

An$. X"' (x - X ") + y*!/ = 0, x"(x + x“') -sfy = 0, ^0, • 

Ex. 8. Using the same axes, find the equations of the perpendiculars at 
the middle points of sides, and the co-ordinates of their intersection. 

An$. 2(x"'x+yV)=y*-x'"’, 2(x"x-y'y)=*"’-J^. 2x=x“-x’’, 

Ex. 9. Form the equation of the perpendicular from x'y' on the line 
X cosa -f y sina = p ; and find the co-ordinates of the intersection of this 
perpendicular with the given line. 

Am. {x” + COSO {p - f coso - y' sino), y' 4 sino (/» - x" cos« - y’ sino)}. 
Ex. 10. Find the distance between the latter point and x'y'. 

Am. ±(p - x' COSO - y' sins). 


S3. Ih find the equation of a line passing through a given 
point and making a given angle with a given line y = mx -I- h 
{the axes of co-ordinates being rectangular). 

Let the equation of the required line be 
y-y' = m'{x-x), 
and the formula of Art. 25, 


i&a<f> = 


m — m 
1 -f mni ’ 


enables us to determine 


m — tntuf) 

1 + ni tan if> ' 


34. To find the length of the perpendicular from any point 
x’y\ on the line tchose equation is x cosa-l-y cos/9— j9 = 0. 

We have already indicated (Ex. 9 and 10, Art. 32) one way 


of solving this question, and 
we wish now to show how the 
same result may be obtained 
geometrically. From the given 
point Q draw QR parallel to 
the given line, and QS perpen- 
dicular. Then OK=x\ and 
OT will be=j:'cosa. Again, 
since SQK=^, and QK = y', 
RT=^ QS = y cosfi ; 



! 

I 
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hence x' cosa + y' cob^= OR. 

Subtract OP, the perpendicular from the origin, and 

x' cos a + y cosR —p = PR = the perpendicular Q V. 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OR would have been less than OP, 
and we should have obtained for the perpendicular the expression 
p — x' coaa-y cos/9; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only eoncemed with one perpeudieular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were eomparing the perpendiculars 
from two points, sueh as Q and S, it is evident (Art. 6) that tlie 
distances QV, SV, being measured in opposite directions must 
be taken with opposite sig^ns. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±{p — x' cosa — y' cos/8). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to bo regarded as positive, and those on the other side as 
negative ; and vice versd if we choose the other form. 

If the equation of the lino had been given in the form 
Ax + By + C = 0, we have only to reduce it to the form 
X cosa+y cos/9— y> = 0, 

and the length of the perpendicular from any point x'y. 

Ax' + By + C [Ax' + By' + C) sin to 
+ B') ’ V(-4‘ + B“-2ABcoso.) ’ 

according as the axes arc rectangular or oblique. By comparing 
the expression for the perpendicular from x'y with that for the 
perpendicular from the origin, we sec that x'y lies on the same 
side of the line as the origin when Ax' + By + C has the same 
sigpi as C, and vice versd. 

The condition that- any point x'y should be on the right line 
Ax + By + (7=0, is, of course, that the co-ordinates x'y should 
satisfy the given equation, or 

Ax' -(- By + C = 0. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point x’y on the given line is = 0. 
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Ex. 1 . Find the length of the perpendicular from the origin on the line 
3x + 4y + 20 = 0, 

the axes being rectangular. An$. 4. 

Ex. 2. Find the length of the perpendicular from the point (2, 3) on 
2i + y - 4 = 0. 

3 

An$. — : and the given point is on the side remote from the origin. 

Vo 

Ex. 3. Find the lengths of the perpendiculars from each vertex on the 
opposite side of the triangle (2, 1), (3, - 2), (- 4, - 1). 

Ant. 2 v'(2)i ^ snd the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (3, - 4) on 4* + 2y - 7, 
the angle between the axes being 60°. 

3 

Ant. - ; and the point is on the side next the origin. 

Ex. 6. Find the length of the perpendicular from the origin on 

a (* - a) + 6 (y - i) = 0. Ant. •j{cf + V), 

35. To find the equation of a line bisecting the angle between 
two lines, a; cosa + y sina— ^ = 0, x cos/3 + y slnyS— p' = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

X cosa + y sina-p = ± (x cos/8 + y sin;9— j?"), 
since each side of this equation denotes the length of one of 
those perpendiculars (Art. 34). 

If the equations had been given in the form Ax+By+C=0, 
A'x + B'y + C' = 0, the equation of a bisector would be 
Ax + By + (? _ A'x + B'y + 6” 

It is evident from the double sign that there are two bisectors: 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other: the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows fi-om Art. 34 that we shall 
have the bisector of that angle in which the origin lies ; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of tbe supplemental angle. 
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Ez. 1. Reduce the equation of the bisecton of the anglea bettreen two 
lines, to the form x cosa h y sino = p. 

An*. X cos{> (o + ^) + 90“) + y sin (a + /3) + 90°) = — ; 

Z ftiu • p) 

* cos } (» + ^) + y sin } (« + /3) = 5 — JT • 

£ COS J (o - p) 

Ex. 2. Find the equations of the bisectors of the angles between 
3z + 4y - 9 = 0, 12x + fiy - 3 = 0. 

An*. 7x - 9y + 34 = 0, 9x + 7y = 12. 

36. To find the area of the, triangle formed by three points. 

If wc multiply the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen- 
dicular from on the line joining x,y,, the axes being 
rectangtilar, is (Arts. 29, 34) 

O', z -a-.y. 

and the denominator of this fraction is the length of the line 
joining x,y„ x,y„ hence 

y, (», - + y. (*. - *.) + y. (*. - *,) 

represents double the area formed by the three points. 

If the axes be oblique, it will be found on repeating the in- 
vestigation with the formulae for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by since. Strictly speaking we ought to prefix to 
these' expressions the double sign implicitly involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, we are comparing two 
triangles whose vertices are on opposite sides of the 

line joining the base angles x,y„ x,y,, we must give their areas 
different signs ; and the quadrilateral space included by the four 
points is the sum instead of the difference of the two triangles. 

Cor. 1. Double the area of the triangle formed by the lines 
joining the points x,y,, x,y, to the origin, is y,*,— y,x, as appears 
by making x, = 0, y, = 0, in the preceding formula. 

Cor. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = 0 (Art. 30). 
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37. To express the area of a polygon in terms of the co-ordi- 
nates of its angular points. 

Take any point xy within the polygon, and connect it with all 
the vertices then evidently the area of the 

polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But by the last Article double these 
areas are respectively 

+ ^. y, - 

* (y. - y.) - y K - *,) + ^,y» - ^.y.i 

* (y, - y.) - y K - + a-,y, - 

*{y.-.-y.)-y K-,-^.)+ ar..,y.-a;.y,.„ 

* (y. -y.) - y - a;.) + x,y, - x,y,. 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be indcjicndcnt of the manner in which we divide it 
into triangles ; and we have for double the area 

(*.y, - ^,y^) + (a;.y. - -c.y.) + (a-.y* - a^^y.) +• • • (a;.y. - a;,yj. 

This may be otherwise written, 

(y. - y.) + a:, (y, - y.) + a;, [y, - y,) +. . . a-, (y, -y^^), 

or else 

y. (•'. - *.) + y. {*. - «•.) + y. (*. - **) +• • • y» - *.)• 

Ex. 1. Find the area of the triangle (2, 1), (3, - 2), (- 4, ~ 1). Ant. 10. 
Ex. 2. Find the area of the triangle (2, 3), (4, - 6), (- 3, - 6). Ant. 29. 
Ex. 3. Find the area of the quadrilateral ( 1 , 1 ), (2, 3), (3, 3), (4, 1 ). Ant. 4. 


38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Aic + By -f 0, A'a? + B'y O' — Oy .A"x + J5 *y + 0" = 0. 

If they intersect, the co-ordinates of the intersection of two of 

them must satisfy the third equation. But the co-ordinates of 

, . . r ^ BC-B'G CA'-C'A 

the intersection of the first two are — 37-5, ttji tTn- 

AB — A AB — AB 

Substituting in the third, we get, for the required condition, 

A" {BC - B' ( 7 ) + B" { CA' ~ O' A) + C" {AB' - A'B) = 0, 
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which may be also written in either of the forms 
A {B'G" - B"C) + B{C'A" - C"A') + C[A'B" - A"B') = 0, 
A{B'C"-B"C')+A'[B"C-BC") +A"{BC'-B'C) =0. 

*39. To find the area of die triangle formed hy the three lines 
Ax + By +(7=0, A'x + B'y + (7’ = 0, A”x + B"y + C" = 0. 

By solving for x and y from each pair of equations in turn 
we obtain the co-ordinates of the vertices, and substituting 
them in the formula of Art. 36, we obtain for the double area 
the expression 

BC -B'G JA' G" - C'A" A" C - C"A^ 

AB' - BA' \B'A" - A'B" ~ B"A - A"b] 

. B'G" -B"G‘ (A"G- G"A AG'- CA') 

A'B" - B'A" IB"A - A"B BA' - AB'j 

. B"C - BC" (AG' - CA' A' C" - C'A") 

A"B - B' A I BA' - AB" B'A" - A'B"] ' 

But if we reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 

{A" (BC- B'G) ■¥ A (B' G" - B" C) + A' (B" C- C"B)] 
multiplied by A " ; and that the numerators of the fractions be- 
tween the second and third brackets arc the same quantity 
multiplied respectively by A and A', we get for the double area 
the expression 

(A (B'G" - B"C') + A' {B"G- BC") -\- A" [BC - B'C^i‘ 
[AB' - BA') [A'B" - [A"B- B"A) 

If the three lines meet in a point, this expression for the 
area vanishes (Art. 38) ; if any two of them arc parallel, it 
becomes infinite (Art. 25). 

40. Given the equations of two right lines, to find the equation 
of a third through their point of intersection. 

The method of solving this question, which will first occur 
to the reader, is to obtain the co-ordinates of the point of inter- 
section by Art. 31, and then to substitute these values for x'y in 
the equation of Art. 28, viz., y—y' = m [x- x'). The question, 
however, admits of an easier solution by the help of the following 
important principle : If S=0, S' = 0, he the equations of any two 
loci, then the locus represented by the equation 8 + kS' = 0 [wher^ 

D 
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k is any constant) passes through every point common to the two 
given loci. For it is plain that any co-ordinates which satisfy 
the equation S = 0, and also satisfy the equation S' = 0, must 
likewise satisfy the equation S + kS' = 0. 

Thus, then, the equation 

(Ax-{- By -I- (7 ) + A' (A'x + B'y + C") = 0, 
which is obviously the equation of a right line, denotes one 
passing through the intersection of the right lines 
Ax + By -l-f7=0, Ax-i~By~^C'=0y 
for if the co-ordinates of the point common to them both be sub- 
stituted in the equation (Ax + By + C) + k (A'x + By + C) = 0, 
they will satisfy it, since they make each member of the equa- 
tion separately = 0. 

£x. t. To find the equation of the line joining to the origin the intcr- 
•ectionof ^x + J?y + C=0, A'x + Jfy + C ^ 0. 

Multiply the first by C', the second by C, and subtract, and the equation 
of the required line is (A C - A'C) x s- {BC - CB ) y = 0 ; for it passes 
through the origin (Art. 18), and by the present article it passes through 
the intersection of the given lines. 

Ex. 2. To find the equation of the line drawn through the intersection of 
the same lines, parallel to the axis of x. Ans. {BA' - AB') y iCA' - AC = 0. 

Ex. 3. To find the equation of the line joining the intersection of the 
same lines to the point x';/. Writing down by this article the general equa- 
tion of a line through the intersection of the given lines, we determine k 
from the consideration that it must be satisfied by the co-ordinates x'y', and 
find for the required equation 

(Ax + By C) {A'x' + By' + C') = {Ax' + By' + C) {A'x + By + C). 

Ex. 4. Find the equation of the line joining the point (2, 3) to the inter- 
section of 2i 4 3y + 1 = 0, 3x -4y = 5. 

Ans. 11 (2i 4 3y 4 1) 4 14 (3x - 4y - 5) = Oj or 64x - 23y = 69. 

41. Tho principle established in the last article gives us a 
test for three lines interscctlug in the same point, often more 
convenient in practice than that given in Art. 38. Three right 
lines will pass through the same jyoint if their equations being 
multiplied each by any constant quantity^ and added together^ the 
sum is identically = 0 : that is to say, if tho following relation 
be true, no matter what x and y are — 

I (Ax By G) + m (A'x A- By -f C) + n (A"x -f- By + C") = 0. 

For then those values of the co-ordinates which make the first 
two members severally = 0 must also make the third = 0. 
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F.x. 1. The three bisectors of the sides of a triangle meet in a point. 
Their equations are (Art. 29, Ex. 4) 

(j," + y"' - 2p' ) X - (i" + i"' - 2^ ) y + (x-y - y'V ) + (x'V “ “ 0, 

(y'" 4 y' - 2y" ) x - (x"' i x' - 2x" ) y + (x"'y" - y"'x") + (x'y* - y'x" ) = 0, 

(y' + y* - 2y"') X - (x* 4- 1 " - 2x"') y 4 (x'y'" - y'x"') 4 (x'V" - yV") = 0. 

And since the three equations when added together vanish identically, tha 
lines represented by tlicm meet in a point. Its co-ordinates are found by 
Bolting between any two, to bo J (x' + x" 4 i (y 4 y" 4 y"). 

Ex. 2. Prove the same thing, taking for axes two sides of the triangle 

whose lengths are a and 4. , 2x y , „ x 2y , „ x y - 

° Am. — 4r-l=0i- + -?-I = t), — Y-cO. 

a b a b a b 

Ex. 3. The three perpendiculars of a triangle, and the three perpen* 
diculars at middle points of sides respectively meet in a point. For tbs 
equations of Ex. S and 6, Art. 32, when added together vanish identically. 

- Ex. 4. The three bisectors of the angles of a triangle meet in a point. 
For their equations are 

(x cosa 4 y sina - ) - (x oos/3 4 y sin/3 -y) “ 0, 

(x coap 4 y sin/3 - y ) - (x CO 87 4 y sin 7 -p") = 0, 

(x C 0 S 7 4 y sin 7 -y') - (x coso 4 y sino -y> ) = 0. 


*42. To find the co-ordinates of the intersection of the lim 
joining the points x'y\ x"y'\ with the right line Ax + By + C=0. 

We give this example in order to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given points is met by a 
given locus. Wo know (Art. 7) that the co-ordinates of any 
point on the line joining the given points must be of the form 
mx" + nx my" -t ny _ 

* OT-fn m + n ’ 


and we take as our unknown quantity — , the ratio, namely, in 

which the line joining the points is cut by the given locus ; and 
we determine this unknown quantity from the condition, that 
the co-ordinates just written shall satisfy the equation of the 
locus. Thus, in the present example wo have 

A + -f B -K7= 0 : 

VI -f n m + H 


hence 


nt Ax By -j- C ^ 

n Ax'+By’+C’’ 


D 2 
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and conaeqaentlj the co-ordinates of the required point are 
(Ax' + By' +C) x" - (Ax" 4 Bt/" +C)x\ 
(Ax' + By + C7) — (Ax" + By +6’) ’ 


with a similar expression for y. This value for the ratio ?n : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x'y', x'y" Is cut, Is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 34) these perpendiculars are 
Ax' + By + <7 , Ax" + By” + C 

The negative sign in the preceding value arises from the fact 
that in the case of internal section to which the positive sign of 
m : n corresponds (Art. 7), the perpendiculars fall on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 34). 

If a right line cut the sides of a triangle BC^ CA, AB, in the 
points LMN, then 

BL.CM.AN 

LC.MA.NB"^~^' 


Let the co-ordinates of the vertices be x'y', x'y”, x'''y'”, then 
BL Axi'-\-By + G 
Ec’" Ax'"+J5y“+C’ 

CM Ax'"+By"'+ 

MA^ Ax' By + C* 

AN_ _ Ax' + By + C _ 

NB~ Ax”+By”+C' 
and the truth of the theo- 
rem is manifest. 



*43. To find the ratio in which the line joining ttoo points 
xjf^, xjy,, is cut hy the line joining two other poinU xjf„ xjy^. 

The equation of this latter line is (Art. 29) 

(y. - y J » - y + *.^4 - *4^. = 0. 

Therefore, by the last article, 

« = _ (y. - ~ y- + 

« (y. K - *4) y. + *.y* - *4.v. ' 

It is plain (by Art. 36) that this is the ratio of the two trl- 
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angles whose vertices are and ar^,, xy„ as 

also is geomctricallj evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, CA, AB^ respectively^ in 
D. E, F. then 

BD.CE.AF _ 

DC.EA.FB~^^’ 

Let the assumed point be x^^, and the vertices x^,, x^,^ 
x^„ then 

^ (y. - y «) -I- (y « - y.) + (y. - y.) 

*,(y4-y.)+*«0^.-y,)+“'.(y,-y4) ’ 

9E = Cv, - y > ) + 3^. (^4 - y.) + (y. - y.) 

x,(2^,-y4)+x,(y4-jr,)+X4(y,-y,)’ 

:dZ= (y4 - y.) -t- »4 (y, - y . ) + a;, (y, - ^ 4 ) 

FB ar,(^,-y,) + x,(y,-3^J + X4(y,-yJ’ 

and the truth of the theorem is evident. 

44. 7h find the polar equation of a right line (see Art. 12). 

Suppose we take, as our fixed axis, the perpendicular on 
the given line, then let OR be 
any radius vector drawn from 
the pole to the given line 
OR = p, ROP=e-, 
but, plainly, 

OR cos 6= OP, 
hence, the equation is 
p coa0 =p. 

If the fixed axis make an angle a with the perpendicular, 
the equation is p cos(d - o) =^p. 

This equation may also be obtained by transforming the 
equation with regard to rectangular co-ordinates, 

X cosa+y sina=y>. 

Rectangular co-ordinates arc transformed to polar by writing 
for X, p CO80, and for y, p sin0 (sec Art. 12) ; hence the equa- 
tion becomes p (cos 0 cos a + sin 0 sin a) =p ; 

or, as we got before, p coa{0 - a) =p. 
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An equation of the form 

p (.<4 cos 6 + B fiinff) = C 

can be (as in Art. 2.S) reduced to the form p cob[ 0 - a) =p, by 
dividing by V( A’ + B '} ; wc shall then have 

A B C 

“ V(A’ + i?’) ’ ~ V(^l* + B')' V(A* + B') ' 

E*. 1. Reduce to rectangular co-ordinates the equation 
/) = 2a sec 4 . 

Ex. 2. Find the polar co-ordinates of the intersection of the following 
lines, and also the angle between them : p cos^O ” = 2'*' P cos^tf ~ 

Ant. p = 2o, e = ^ , angle ■= ^ . 

Ex. 3. Find the polar equation of the line passing through the points 
whose polar co-ordinates are p', O'-, p", 

Ant. ftp" - &') 4 p"p sin((?" - 0) 4 pp sin{0 - t^) ■= 0. 


CHAPTER III. 

EXAMPLES OX THE RIGHT I.INE. 

45. Having in the last chapter laid doven principles by 
which wc arc able to express algebraically the position of any 
point or right line, wc proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickne.ss 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates : since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our cxpres.sions will often be much shortened. On the other 
band, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
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The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 


46. Loci . — Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 


Ex. 1. Given base and difference of squares of sides of a triangle, to 
find the locus of vertex. 

Let us take for axes the base and a perpendicular through its middle 
point. Let the half base = c, and let the co- 
ordinates of the vertex be *, y. Then 
^C’ = y* + (c + t)V J?f7* = y* + (f - x)’, 

AC'-BC'^Act, 

and the equation of the locus is 4cx = »i*. The 
locus is therefore a line perpendicular to the base 


at a distance from the middle point t = — . 

4c 


It 



is easy to see that the difference of squares of segments of base = difference 
of squares of sides. 

Ex. 2. Find locus of vertex, given base and cotA + m cotB. 

It is evident, from the figure, that 


eot.4=-- = 


C + X 

IT' 


colB - 


• Beginners often reason that since the line AR consists of the parts 
AM = - c, and MR = x, its length is - c + x, and not c + x, and therefore 
that AC’ = + (x - c)'. It is to be observed that the sign given to a line 

depends not on the side of the origin on which it lies, but on the direction 
in which it is measured. We go from xf to by proceeding in the positive 
direction AM = c, and still further in the same direction MR = x, therefore 
the length yl/f = c + x: but we may proceed from R to B by first going in 
the negative direction RM = - x, and tlicn in the opposite direction MB = c, 
hence the length BB is c - x. 
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and the required equation is c + x + m{c - x) the equation of a 

right line. 

Ex. .3. Given base and sum of sides of a triangle, if the perpendicular 
be produced beyond the vertex until its whole length is equal to one of the 
sides, to find the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the 
co-ordinates of the point whose locus we are seeking. The x of this point 
plainly is MU, and the y is, by hypothesis, = AC; and if m be the given 
sum of sides, BC=m-y. 

Now (Euclid II. 13), 

BC'^AB'^AC'-'iAB.AR; 
or, (m - y)' = 4c* + y* - 4c (c + x). 

Reducing this equation, we get 

2my - 4c* » m*, 

the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line AB be drawn to 
intersect them parallel to a third fixed line OC, to find the locus of the point 
P where AB is cut in a given ratio : viz. PA = nAB. 

Let us take the lines OA, OC for axes, and let the equation of OB 
be y = mx. Then since the point B lies on the 
latter line, its ordinate is m times its abscissa ; or 
AB = mOA. Therefore PA - mnOA; but PA 
and OA are the co-ordinates of the point P, whose 
locus is therefore a right line through the origin 
having for its equation 

y = mnx. 

Ex. 6. PA drawn parallel to OC, as before, meets any number of fixed 
lines in points B, B‘, B‘, &c., and PA is taken proportional to the sum of 
all the ordinates BA, PA, &c., find the locus of P. 

Ant. If the equations of the lines be 

y - mx, y = wi'x t n', y = m"x + » , &c., 
the equation of the locus is 

ky = mz + {m’x + n') 4 (m"i + n") 4 &c. 

Ex. 6. Given bases and sum of areas of any number of triangles having 
a common vertex, to find its locus. 

Let the equations of the bases be 

X COSO 4 y sino -y? = 0, x cos/3 + y sin^ - Pj « 0, &c., 
and their lengths, <i, b, c, &c.; and let the given sum =m'; then, since 
(Art. 34) * COSO 4 y sino - p denotes the perpendicular from the point xy 
on the first line, a (x coso 4 y sino - p) will be double the area of the first 
triangle, &c., and the equation of the locus will be 

a(x COSO 4 y sino -p) t Mr cos/3 t y sin/l-p,) 4 c(x cos-/ 1 y sin7-p,)4&c. = 2m’, 
which, since it contains x and y only in the first degree, will represent a 
right line. 
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Ex. 7. Given vertical angle and sum of sidea of a triangle, find the locus 
of the point where the base is cut in a given 
ratio. 

The sides of the triangle are taken for 
axes ; and the ratio PK : PL is given 
= » : m. Then by similar triangles 

m n 

and the locus is a right line whose equation is — + ^ s f . 

m n m 4 n 

Ex. 8. Find the locus of P, if when perpendiculars PM, PN are 
let fall on two fixed lines, Oilf + ON 
is given. 

Taking the fixed lines for axes, 
it is evident that O JT = * 4 y cos ic, 

ON s y 4 2 cos ID, and the locus is 
2 4 y = constant. 

Ex. 9. Find the locus if MN be 
parallel to a fixed line. 

Ant. y 4 2 cosiu = m (2 4 y cosuj). 

Ex. 10. If MN be bisected [or cut in a given ratio] by a given line 
y = mx 4 n. 

The co-ordinates of the middle point expressed in terms of the co-ordi- 
nates of P axe i (x 4 y cosic), i (y 4 2 cosiu) ; and since these satisfy the 
equation of the given line, the co-ordinates of P satisfy the equation 
y 4 2 cosw - m (2 4 y cosiv) 4 2n. 

Ex. 11. 2* moves along a given line y >nx 4 n, find the locus of the 
middle point of JlfA’. If the co-ordinates of P be a, /9, and those of 
the middle point 2 , y, it has just been proved that ix = a \ p cosa>, 
2y = 4 o cosoi. Whence solving for «, /I, 

a sin*a’ = 2x - 2y cosic, fi sin ' 10 = 1y - lx cosiv. 

But «, /3 ere connected by the relation /3 = >n<».4 n, hence 

2y - 2x COSIV = m(2x >- 2y cosu>) 4 n sin'iv. 

47. It Is customary to denote by x and y ibe co-ordinates of 
a viirlable point ■which describes a locus, and the co-ordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the co- 
ordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure; and tlierc is danger of confusion 
between the x and y, which arc the running co-ordinates of a 
point on one of these lines, and the x and y of the point tyhose 
locus we seek. In such cases it is convenient at first to denote 
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the co-ordinates of the latter point by other letters such as a, /3, 
until we have succeeded in obtaining a relation connecting these 
co-ordinates. Having thus found the equation of the locus, we 
may if we please replace a, by x and y, so as to write the equa- 
tion in the ordinary form in which the letters x and y are used to 
denote the co-ordinates of the point which describes the locus. 

Ex. 1. Find the locus of the vertex of a triangle, given the base CD, 
and the ratio AM: AB of the parts into which 
the sides divide a fixed line A B parallel to the 
base. Take AB and a perpendicular to it 
through A for axes, and it is necessary to ex- 
press AM, B’B in terms of the co-ordinates 
of P. I.et these co-ordinates be and let 
the co-ordinates of C, J) be ar* x"y', the y' 
of both being the same since CD is parallel 
to AB. Then the equation of PC joining 
the points a/i, x' y' is (Art. 29) 

[p -l/) X - {a - pP - o/. 

This equation being satisfied by the x and y of every point on the line PC 
is satisfied by the point M, whose y = 0 and whose x = AM. Making then 
y = 0 in tliis equation, we get _ ay* 

p-y 

In like manner . „ px" - ay' 

; 

P-y 

and il AB = c, the relation AM = AB.V gives 

p-y \ p-y' / 

We have now expressed the conditions of the problem in terms of the co- 
ordinates of the point P-, and now that there is no further danger of con- 
fusion, we may replace ot, p by x, y ; when the equation of the locus, cleared 
of fractions, becomes ^ j. _ (yy, _ 



F.x. 2. Two vertices of a triangle ABC move on fixed right lines LM, 
and the three sides pass through three fixed points O, P, Q which lie 
on a right line ; find the locus of the third vertex. 


Take for axis of x the right line 
OP, containing the three fixed points, 
and for axis of y the line OL joining 
the intersection of the two fixed lines 
to the point O through which the 
base passes. I,ct the co-ordinates of 
C be “, p, and let 

OL = l>, OM^o, OX=a‘, 

OP = c, OQac'. 
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Then obTiously the equationi of LM, LX are 

- + ^ = 1 and _ + 2 = 1. 
a 6 a b 

The equation of CP through and P (y = 0, jr = c) is 
{a - c) y - fix pc = 0. 

The co-ordinates of A, the intersection of tliis line with 

a b 

ah (a - c) + oc/3 _ h (g - c) ft 

6 (o - e) + a/3 ’ 4 (a - c) f a^ ' 

The co-ordinates of B are found by simply accentuating the letters in the 


preceding : 


r, = - 


a'4(n - c') + a'c'p 


4 (a - c') + a'p ' 


yi ^ 


4 1“ - c'/ + o'/3 

Now the condition that two points, x,y^, rj/^, shall lie on a right line pass- 
ing through the origin, is (Art. 30) 

Applying this condition we have 

4 ( a - c) /3 ^ _ 4 ((^- c'lp 

ab (o - c) + oc/3 a'b (a - c') + a'c'p " 

We have now derived from the conditions of the problem a relation which 
must be satisfied by “p the co-ordinates of C : and if we replace a, p hy x, y 
we have the equation of the locus written in its ordinary form. Clearing 
of fractions, we have 

(a - c) [o'4 (x - c') 4 o'c'y] = (a' - o') [a4 (i - c) 4 aey]. 


{at/ - a'c) X 


. -4f=I, 

aa (c - c ) b 


cc (a - a ) ■ 

the equation of a right line through the point L. 

Ex. 3. If in the last cxamido the points P, Q lie on a right line passing 
not through O but through 7. find the locus of vertex. 

AVe shall first solve the general problem in which the points P, Q have 
any position. AVe take the fixed lines L3£, LX for axes. Let the co-ordi- 
nates of P, Q, O, C be respectively x'y', x“y", x‘"y"‘, ap ; and the condition 
which we want to express is that if we join CP, CQ and then join the points 
A, B, in which these lines meet the axes, the line AB shall pass through O. 
The equation of CP is {p - y') x - {a - x') y = px' - ay'. 

And the intercept which it makes on the axis of x is 

p-y' 

In like manner the intercept which CQ makes on the axis ofy is 


LB = 


a;i" - px" 


The equation of yfP is 
r 


y _ w 
LA ^ LB ' 


or 4 .Vf" -j") _ V 

pt' 


ay' ay ' - px" 
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And the condition of the problem is that this equation shall be satisfied by 
the co-ordinates In order then that the point C may fulfil the condi- 

tions of the problem its co-ordinates aft must be connected by the relation 

ft^ - ay' ay'' - ftx" 

MTien this equation is cleared of fractions, it in general inTolves the co- 
ordinates aft in the second degree. But suppose that the points z'y', z"y" 
lie on the same line passing through the origin y = nur, so that we have 
y' = mx', y" = mx", the equation may be written 

- y'\ + ^ 1 . 

x'ift-am) z"(am-ft) 

Clearing of fractions and replacing /I by z and y, the locus is a right line, 
Til., x"'x"(y -y')- y"'x' {x - x") = x'x" (mx - y). 


48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the co-ordinates of the 
point whose locus we arc seeking, to express them in the first 
instance in terms of some other lines of the figure ; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the co-ordinates of the point 
whose locus is sought. The following Examples will suflSciently 
illustrate this method. 


Ex. 1. To find the locus of the middle points of rectangles inscribed in 
a given triangle. 

Let us take for axes CIt and AS ; let CR = p, RB « t, AR = (f. The 
equations of AC and BC are 

and?!+? = l. 

p if pi 

Now if we draw any line FS parallel to the 
base at a distance FR = k, we can find the 
abscisss of the points F and S, in which the 
line FS meets A Cand SC, by substituting in 
the equations ot AC and JSC the value, y = k. 

Thus we get from the first equation 

- - -, = 1 a: or RK i' ( I - ; 

pi \ pi 

and from the second equation 

- + - = 1 z or RL = I (l - -V 

pi \ pi 

Having the abscissm of F and S, we have (by Art. 7) the abscissa of the 



middle point of FS, vis., z 



TItis is evidently the abscissa 
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of the middle point of the rectangle. But its ordinate is y = JA. Now we 
want to find a relation which will subsist between this ordinate and abscissa 
whatever k be. We have only then to eliminate k between these equations, 
by substituting in the first the value of k (= '2y), derived from the second. 


when we have 


2x = (s 




t - ^ p 

This is the equation of the locus which we seek. It obviously represents a 
right line, and if we examine the intercepts which it cuts off on the axes we 
shall find it to be the line joining the middle point of the perpendicular C'R 
to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points 
where it meets the sides joined to any two fixed points on the base ; to find 
the locus of the point of intersection of the joining lines. 

We shall preserve the same axes, &c., as in Ex. 1, and let the co-ordinates 
of the fixed points, T and V, on the base, be for T{m, 0), and for F(n, 0). 

The equation of FT will be found to be 


•^s' ^1 - - j + »n^ y \kx- km = 0, 

and that of SV to be 

^1 - -j - y - Ax -f An = 0. 

Now since the point whose locus we are seeking lies on both the lines FT, 
SV, each of the equations just vrritten expresses a relation which must be 
satisfied by its co-ordinates. Still, since these equations involve A, they 
express relations which are only true for that particular point of the locus 
which corresponds to the case where the parallel FS is drawn at a height A 
above the base. If, however, between the equations, we eliminate the inde- 
terminate A, we shall obtain a relation involving only the co-ordinates and 
known quantities, and which, since it must be satisfied whatever be the posi- 
tion of the parallel FS, will be the required equation of the locus. 

In order, then, to eliminate A between the equations, put them into the form 


FT (s' tm) y - A y - * + *n j " 0, 

and SV (s - n)y -k(^y ^ x - nj = 0 j 

and, eliminating A, we get for the equation of the locus 

(s - n) y - X + m j = (S' + m) y -I x - n j . 

But this is the equation of a right line, since x and y are only in the first 
degree. 

Ex. 3. A line is drawn parallel to the base of a triangle, and its extre- 
mities joined transversely to those of the base; to find the locus of the point 
of intersection of the joining lines. 


Digitized by Google 


4G 


EXAMPLES O.V THE lUGUT LINE. 


This is a particular case of the foregoing, l)ut admita of a simple solution 
by choosing for axes the sides of the triangle A C and CB. Let the lengths 
of those lines be a, A, and let the lengths of the proportional intercepts made 
by the parallel be fia, nb. Then the equations of tho transversals will be 


- + -^ = 1 
a lib 


and — + f = 1. 
/la b 


Subtract one from tlio other ; divide by the constant 1 , and we get for 

the equation of the locus ^ 


which wo have elsewhere found (see p. 33) to be the equation of the bisector 
of the base of the triangle. 


Ex. 4. Given two fixed points A and B, one on each of the axes; if 
A' and S' be taken on the axes so that OA' + OB' = OA + OB-, find the 
locus of the intersection of AB , A'B, 

Let OA = a, OB = b, OA' = a + then from the conditions of the pro- 
blem OB' ~ b - k. The equations of AB', A'B are respectively 


X y 
■ 4 ^ 


O + K 6 


a b ~ k 

or 4 ay - oi 4 A (o - x) =» 0, 

Ax 4 ay - ai 4 i (y - 6) = 0. 

Subtracting, we eliminate k, and find for the equation of the locus 

X 4 y = o 4 A. 


Ex. 5. If on tho base of a triangle we take any portion A T, and on tho 
other side of the base another portion BS, in a fixed ratio to AT, and draw 
E'T and FS parallel to a fixed line CB, to find the locus of O, the point 
of intersection of EB and FA. 

Take AB and CB for axes j let AT=k, BB=t, AB = i, CB-p, let the 
fixed ratio bo »i, then BS will mk ; the 
co-ordinates of S will be (s - tnk, 0), and of 
r{- (s' - *), 0}. 

The ordinates of E and F will be found 
by substituting these values of x in th» equa- 
tions of.<4Candi?C. We get for 

E, X = — (s' - k), y * 

. . 7 

and for T, x = a - mk, y = — ^ . 

Now form the equations of the transverse lines, and the equation of EB is 

(s4s'-i)y4'^x - = 0, 

and the equation of .^lEis 


C 



A T 11 S B 


Digitized by Google 



EXAMPLES ON THE EIGHT LINE. 


47 


To eliminate k, subtract one equation from the other, and the result, 
divided by k, will be 

which is the equation of a right line. 


Ex. 6. PP' and QQ‘ arc any two parallels to the sides of a parallelo- 
gram; to find the locus of the intersection of the lines PQ and P'Q'. 

Let us take two of the sides for our axes, and let the lengths of the 
sides be a and b, and let ..4 O' = m, AP = n. 

Then the equation of PQ, joining P(0, n) 
to Q (m, b) is 

(b - n) X - my + mn - 0 , 
and the equation of FQ‘ joining i*'(a, n) 
to Q!(m, 0) is 

nx - [a - m) y - tun = 0. 

There being (wo indetcrminotcs, m and n, we should at first suppose that 
it would not be possible to eliminate them from lico equations. However, 
if we add the above equations, it will be found that both vanish together, 
and we get for our locus 

bx - ay = 0 , 

the equation of the diagonal of the parallelogram. 



Ex. 7. Given a point and two fixed lines : draw any two lines through 
the fixed point, and join transversely the points where they meet the fixed 
lines, to find the loeus of intersection of the transverse lines. 

Take the fixed lines for axes, and let the equations of the lines through 
the fixed point be 

* y . j * V , 

— + 2 = 1, and — , + = 1. 

m n m n 

The condition that these lines should pass through the fixed point zy gives us 


or, subtracting. 


a! 3 ^ y ■, 

— -I — » 1, and — + — = 1 : 
m n m n 


*'(- + = 0- 
\m m/ \n n/ 


Now the equations of the transverse lines clearly ore 


or, subtracting. 


X 

— 4 - 


1, 

and — , 


m 

n' 


m' 

n 


fi 

1 


-iV 



m' 

/ 

nj 


Now irom this and the equation just found we can eliminate 


/I _ i-\ and , 

\m m) \n n) 


and we have x'y + y'x = 0, 

the equation of a right line through the origin. 
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Ex. 8. At any point of the base of a triangle is drawn a line of given 
length, parallel to a given one, and so as to be cut in a given ratio by the 
base: find the locus of the intersection of the lines joining its extremities to 
those of the base. 

49. The fundamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its co-ordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, but , 
the method of arriving at the equations, which is all with which 
we are here concerned, is precisely the same as when the locus 
is a right line. In fact until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, ac- 
cording to the order of which they arc arranged. In each of 
the answers given it is supposed that the same axes arc chosen, 
and that the letters have the same meaning as in the corre- 
sponding previous example. 

Ex. I. Find the locus of vertex of a triangle, given base and sum of 
squares of sides. Ant. ^ + y‘ = ^ (m* - c’}. 

Ex. 2. Given base and m squares of one side ± n squares of the other. 

Ant. (tn + n) (x* +^*) + 2 (m + n) c* + (m ± n) c' «y>*. 

Ex. 3. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of base angles. 

In this and the Examples next following, the learner will use the values 
of the tangents of the base angles given Ex. 2, Art. 46. 

Ant. y* + mV = mV. 

Ex. 6. Given base and vertical angle, or, in other words, base and sum 
of base angles. A ns. *• + y* - 2cy cotC = c'. 

Ex. 6. Given base and difference of base angles. 

Ans. z* - y* + 2xy cotD = c*. 

Ex. 7. Given base, and that one base angle is double the other. 

Am. 3x* - y* + 2cx = e*. 

Ex. 8. Given base, and tan C=m tan .B. .dns. m (x' + y*-c*) = 2c(c-z). 
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Ex. 9. PA is drawn parallel to OC, as in Ex. 4, p. 40, meeting two fixed 
lines in points B, B j and PA' is taken = PB . PB, find the locus of P. 

Am, mx {m'x + n") = y + m'x + n'). 
Ex. 10. PA is taken the harmonic mean between AB and AB. 

Am. 2mx (m'x + »') = y (>»* + + •• )• 


Ex. 11. Given vertical angle of a triangle, find the locus of the point 
where the base is cut in a given ratio, if the area also is given. 

Am. xy ~ constant. 

Ex. 12. If the base is eiven. . ar* ^ 2jrv cosw V 

® Am, ^ 5 • 

m' n’ mn t»n + n)r 

Ex. 13. If the base pass through a fixed point mr' ^ ^ ^ ^ „ 

' * y ” 

Ex. 14. Find the locus of P [Ex. 8, p. 41] if MB is constant. 

Am. x“ ^ y’ i 2xy coaw = constant. 
Ex. 13. If MB pass through a fixed point 



X + y COSO) y + X cosai 

Ex. 16. If MB pass through a fixed point, find the locus of the inter* 
section of parallels to the axes through M and B. l 

Ex. 17. Find the locus of P [Ex. 1, p. 42] if the line CD be not 
parallel to AB. 


Ex. 18. Given base CD of a triangle, find the locus of vertex, if the 
intercept AB on a given line is constant 

Am. (x-y - y'x) (y - y*) - (x"y - y"x) (y - y”) = c (y - y") (y - y"). 


50. Problems where it is required to prove that a moveable 
right line passes through a Juced point. 

We have seen (Art 40) that the line 

.dx + By + A: (.A x -(r B y (7)=0j 
or, what is the same thing, 

(A + hA') X + {B+kB') y+CJrkC' = % 
where k is indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 

Ax + + (7= 0, and A'x + B'y 4 C" = 0, 

Hence, if the equation of a right line contain an indeterminate 
quantity in the first degree., the right line will always pass through 
a fixed point. 

Ex. 1. Given vertical angle of a triangle and the sum of the reciprocals 
of the sides ; the base will always pass through a fixed point. 

E 
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Take the sides for axes ; the equation of the base is “ ^ 
are given the condition 


1 1 

V 


— , or T- 


therefore, equation of base is 


a m a 


^ - y) + ^ - 1 ' 


where m ia consUnt end a indeterminate, that ia, 

= 0 , 

where - is indeterminate. Hence the base must always pass through the 
a 

intersection of the two lines * - y = 0, and y = m. 

Ex. 2. Given three fixed lines OA, OB, OC, meeting in a point, if the 
three vertices of a triangle move one on each of these lines, and two sides 
of the triangle pass through fixed points, to prove that the remaining side 
passes through a fixed point. 

Take for axes the fixed lines OA, OB, on which the base angles move, 
then the line OC on which the vertex moves 
will have an equation of the form y = mx, 
and let the fixed points be *'y', x"y" • Now, 
in any position of the vertex, let its co-or- 
dinates be * = a, and, consequently, y = ma ; 
then the equation ol AC is 
(if - a) y - (y - ma) * + o (y' - nuT) = 0. 

Similarly, the equation of £ C is 

(jc" - a) y - (y" - mo) * 4 a (y" - mx*) = 0. 

Now, the length of the intercept OA is found hy making x s 0 in equa- 
tion .4C, or _ a (y-- nix') 

Similarly, OS is found by making y = 0 in JC, or 
_ o(y”-mx") 

X — ^ • 

^ - ma 

Hence, from these intercepts, equation of la 
y*' - ma x - a 
y” - mx" ^ y” - mx” 

But since a is indeterminate, and only in the first degree, this line always 
passes through a fixed point. The particular point is found hy arranging 
the equation in the form 





mx" y* - mx' 


- + 1 


y" - mil' y" - mx" 

Hence the line passes through the intersection of the two lines 

y" . * 


) = 0 . 


and 


'-mx" 

mx 

-mx"' 


y - mx 


?y = o> 


' mx* 


4 1 - 0 . 
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Ex. 3. If in the last example the line on which the vertex C moves do 
not pass through O, to determine whether in any case the base will pass 
through a fixed point. 

We retain the same axes and notation as before, with the only difference 
that the equation of the line on which C moves will be y ^ mx -i- n, and the 
co-ordinates of the vertex in any position will be a, and ma 4 n. Then the 
equation of .d C is 

(x' - o) y - (y' - nuj - n) * 4 o (y' - mx^ - fix' = 0. 

The equation of BC is 


(x” - a) y - (y* - TOO - n) X 4 a (y" - tox^) - nx" = 0, 


OA 


o (y - mx') - nx' 


OB 


a(y' - mx ") - BX" 
y - ma - n 

X* - o 


The equation of ..IE is therefore 

y* - TOO - n ^ ^ j 

* ‘ o (jf" - mx ") - tui' ^ ' o (y - ma!) - fix' 

Now when this is cleared of fractions, it will in general contain a in the 
second degree, and therefore, the base will in general not pass through a 
fixed point ; if, Aoteever, tie points x'y', x"y, lie in a right line (y = hx) 
patting through O, we may substitute in the denominators y = Xw", and 
x.y’ = ha!, and the equation becomes 
y - TOO - n 


y- 


> a (k - m) -H, 


which only contains a in the first degree, and, therefore, denotes a right line 
passing through a fixed point. 


Ex. 4. If a line be such that the sum of the perpendiculars let fall on it 
firom a number of fixed points, each multiplied by a constant, may = 0, it 
will pass through a fixed point. 

Let the equation of the line be 

X COSO 4 y sino - p o 0, 
then the perpendicular on it from x'y is 

X' COSO 4 y aino -p, 

and the conditions of the problem give us 

m' (x* COSO 4 y' sino -p) 4 to" (x" coso 4 y' sino - p) 

4 to'" (x" COSO 4 y" sino - p) 4 See. » 0, 
or, rising the abbreviations 2 (mx") for the sum* of the mx, that is, 
to'x' 4 TO'y' 4 TO'"x" 4 &C., 
and in like manner E (my) for 

m'y 4 TO'y 4 m"y" 4 &C., 
and E (m) for the sum of the m’s or 

to' 4 m" 4 to'" 4 &c. 


* By sum we mean the algebraic sum, for any of the quantities m', m", &a. 
may be negative. 


e2 
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We may write the preceding equation 

S COSO + E (my') sino -pE (m) ■= 0. 

Substituting in the original equation the value of p, hence obtained, we get 
for the equation of the moveable line 

*E (m) COSO + yE (m) sino - E (nix') coso - E (my') sino = 0, 
or xE (m) - E (nix') 4 (yE (m) - E (my')J tana = 0. 

Xow as this equation involves the indeterminate tana in the first degree, 
the line passes through the fixed point determined by the equations 
xE (m) - 2 (nix') = 0, and yE (m) - E (myO = 0, 
or, writing at full length, 

m'x” + m''x‘' + m“'x" + &c. m'l/ * rn’i/ + ni'"u"' + &c. 

g M «J a — i , 

m' + m" + m'" + &c. m' + m" + m"' t &c. 

This point has sometimes been called the centre of mean poeHion of the 
given points. 


51. If the equation of any line involve the co-ordinates of 
a certain point in the first degree, thus, 

{Axi + %' + C) X 4 (^'x' + B'y’ + C') y + (^I'V + B"y’ 4- C") = 0. 
Then if the point x'y' move along a right line, the line whose^ 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 
Xx' + %'4JV=0, 

then if, by the help of this relation, we eliminate x from the 
given equation, the indeterminate y' will remain in it of the first 
dcg^ree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax 4 By 4 (7= 0, 
he connected hy the relation aA + hB+cC=0 {where a, h, c are 
constant and A, B, C may vary) the line represented by this equa- 
tion will always pass through a fixed point. 

For by the help of the given relation we can eliminate C 
and write the equation 

[cx — a) A -i- (cy — b) B = 0, 

a right line passing through the point ^x = ^ , y = ^ j . 


52. Bolar co-ordinates . — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

£x. 1. A and B are two fixed points ; draw through B any tine, and let 
fall on it a perpendicular from A, AP-, produce AP to that the rectangle 
AP.AQ may be constant ; to find the locus of the point Q. 
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Take A for the pole, and AB for the fixed axis, then is our radios 
vector, designated by p, and the angle QAB - 0, and 
our object is to find the relation existing between 
P and 0. Let us call the constant length AB = e, 
and from the right-angled triangle ABB we have 
AP » e eo»0, but AP.AQ = const. • k', therefore, 

pe cosO = V, or p cos0 » — j 
c 

but we have seen (Art 44) that this is the eqtutlon of a right line perpen- 
dicular to AB, and at a distance from A^ 

c 

Ex. 2. Given the angles of a triangle ; one vertex A is fixed, another B 
moves along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular to the fixed 
line for axis, then AC = p, CAP = 0. Now since 
the angles of ABC are given, AB is in a fixed 
ratio to ..4C(=mjlC) and BAP = 0-a; but 
AP = AB cotBAPi therefore, if we call AP, a, 
we have f^p coa{0 - «) = a, 

which (Art 44) is the equation of a right line, making 
an angle a with the given line, and at a distance from 

A^~. 
m 




Ex. 3. Given base and sum of sides of a triangle, if at either extremity 
of the base B a perpendicular be erected to the conterminous side BC; to 
find the locus of P the point where it meets the external bisector of vertical 
angle CP. 

Let us take the point B for our pole, then BP will bo our radius vector 
p ; and let us take the base produced for our 
fixed axis, then PBD = 0, and our object is to 
express p in terms of 0. Let us designate the 
sides and opposite angles of the triangle a, b, e, 

A, B, C, then it is easy to see, that the angle 

BCP - 9(P - \ C, and from the triangle PCB, ^ 

that a ^ p tan J C. Hence it is evident, that if ® 

we could express a and tan j C in terms of 0, we could express p in terms 
of 0. Now from the triangle ABC we have 



A* = «' + c* - 2ac COS.9, 

but if the given sum of sides be m, we may substitute for A, m - a ; and cos B 

plainly = sin^j hence _ 2am t «• = a* t c* - 2«c siu0, 

, m’ - c* 

ftnd a = , . 

2 (m - c sinti) 

Thus we have expressed a in terms of 0 and constants, and it only remains 
to find an expression for ten J C. 
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Now tanJC=z— y^. 

6 (1 + cosC’) 

But ftiinC-csmBae cos0 ; and 6 cosC < a - e co«B = a - c ain(7. 

Hence tanJC = — . 

m - c am® 

We are now able to express p in terms of 0, for, substitute in the equa> 
tion a B p tan i C the values we have found for a and tan | C, and we get 

m’ - o’ pc COS0 . m* - o’ 

• = — , or /> COSO «* • 

2(m-csm0) (m-esinO) 2c 

Hence the locus is a line perpendicular to the base of the triangle at 

a distance from S = . 

2c 

The student may exercise himself with the corresponding locus, if CP had 
been the tnicrnaj bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point O ; if through this point 
any radius vector be drawn meeting the right lines in the points 

1 .t? , . .n 1 1 1 1 . 


and on this a point R be taken such that ■=-= = + -p— + +... 7 T - 1 

find the locus of J?. O'-’ 

Let the equations of the right lines be 

/>cos(0- p cos(0 - /3) &c. 

Then it is easy to see that the equation of the locus is 
n cos(0-“) cos(0-/3) . 

P Pi P2 

the equation of a right line (Art. 44). This theorem is only a particular 
case of a general one which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher 
degree. 

Ex. 6. BP is a fixed line whose equation is p cosO = m, and on each 
radius vector is taken a constant length PQ, to find the locus of Q 
[see fig.. Ex. 1]. 

AP is by hypothesis - j therefore AQ = p== 4 d, which trans- 

CO80 cost? 

formed to rectangular co-ordinates is (x - >»)’ (x* 4 y*) = iTx*. 

Ex. 6. Find the locus of Q, if P describe any locus whose polar equa- 
tion is given, p = 0 (0). Wc are by hypothesis given AP in terms of 0, but 
AP is the p of the locus - </; we have therefore only to substitute in the 
given equation p - d tor p. Am. p - d^ <f> (0). 

Ex. 7. If .i4Q be produced so that AQ may be double AP. Then AP 
is half the p of the locus, and we must substitute half p for p in the given 
equation. 

Ex. 8. If the angle PAB were bisected and on the bisector a portion 
AP" be taken so that AP* = niAP, find the locus of P, when P describes 
the right line p cos0 = ni. PAB is now twice the 0 of the locus, and there- 
fore AP ^ , and the equation of the locus is p’ cos2t? = m’. 

cos 20 


Or,*'" Or, 


t i therefore AQ = p== 4 d, which trans- 

cos 0 cost? 
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•CHAPTER IV. 

APPLICATION OP ABRIDGED NOTATION TO THE EQUATION 
OF THE RIGHT LINE. 

58. We have Been (Art. 40) that the line 
(x cosa+y sina— ^) — A; (x cos/S + y sin/S 
denotes a line passing through the Intersection of the lines 
X cosa + y slna—^ = 0, x cos/3+y sin/9— j>' = 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let ns call 

X cosa+y sina—p, a; x cos/3+-y sinyS— p', /9, 

Then the theorem just stated may be more briefly expressed, the 
equation a — A/3 = 0, denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /8 = 0. We shall for 
brevity call these the lines a, /S, and their point of intersection 
the point a/3. We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax + .By + C=0. 
We shall in these cases make use of Homan letters, reserving the 
letters of the Greek alphabet to intimate that the equation is in 
the form a, + y glna —p = 0. 

54. We proceed to examine the meaning of the coefficient k 
in the equation a — A/3 = 0. We saw (Art. 34) 
that the quantity a (that is, x cosa + y sina—p) 
denoted the length of the perpendicular PA let fall 
from any point xy, on the line OA (which we 
suppose represented by o). Similarly, that /3 is the O B 
length of the perpendicular PB from the point xy, on the line 
OH, represented by /3. Hence the equation a — kfi = 0^ asserts, 
that if from any point of the locus represented by it, perpen- 
diculars be let fall on the lines OA, OH, the ratio of these per- 
pendiculars, that is, PA : PB will be constant, and = A. Hence 
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the locus representcjQ by a— ^-y9=0 is a right line through 0, and 
, _ PA _ slnPOA 

^~PB' “ smPOB' 

It follows from the conventions concerning signs (Art. 34) that 
a + ^/3 = 0 denotes a right line dividing externally the angle 

A OB into parts such that = k. It is of course as- 

‘ sin POB 

Burned in what we have said that the perpendiculars PA, PB 
are those which we agree to consider positive ; those on the op- 
posite sides of a, B being regarded as negative. 

Ex. 1. To express in this notation the proof that the three bisectors of 
the angles of a triangle meet in a point 

The equations of three bisectors are obriously ( see Arts. 36, 64) « - /3 = 0, 
/ 3~7 = 0 , 7 -a = 0 , trhich, added together, vanish identically. 

„ Eit 2. Any tvo of the external bisectors of the angles of a triangle meet 
oA theNhii;^ internal bisector. 

Attending to the convention about signs, it is easy to see that the equa- 
tidns of two external bisectors are af/3»0, 047 ^ 0 , and subtracting one 
from tbe other we get /3 - 7 = 0 , the equation of the third internal bisector. 

-Ex. 3. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides «>, /3, 7 , be A, B, C, respectively. 
Then since the perpendicular divides any angle of the triangle into parts, 
which are the complements of the remaining two angles, therefore (by 
Art. 64J^eir equations are 

a cosA - /3 <so»B = 0 , p coiB - 7 cosC= 0, 7 cosC- « cosA «> 0, 
which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 

The ratio of the perpendiculars on the sides from the point where the 
bisector meets the base plainly is sin A : sin.B. Hence the equations of the 
three bisectors are 

a sinA - /3 sinH « 0, /3 sin A - 7 sinC = 0, 7 sinC- a sinA = 0. 

Ex. 6 , The lengths of the sides of a quadrilateral are a, b, c, d, find the 
equation of the line joining middle points of diagonals. 

Ant. aa - A/J 4 C 7 - = Oj for this line evidently passes through the 

intersection of aa - bp, and cy - dt; but, by the last example, these are the 
bisectors of the base of two triangles having one diagonal for their common 
base. In like manner oa - di, bp - cy, intersect in the middle point of the 
other diagonal. 

Ex. 6 . To form the equation of a perpendicular to the base of a triangle 
at its extremity. _ Ant. 047 cotB 0. 
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Ex. 7. If there be two triangles such that the {^rpendiculars from the 
vertices of one on the sides of tlic other mcc^t in e point, then, vira ceraa, 
the perpendiculars from the vertices of the second on the sides of the first 
will meet in a point. 

Let the sides be a, p, 7, a, fit, 7', and let us denote by (a/J) the angle be- 
tween a and p. Then the equation of the perpendicular 
from a/3 on 7' is a cos(/3Y) - /3 008(07') = 

from fi~i on a' is /3 008(70') - 7 co8(/3o') = 0, 

from 07 on is 7 008(0/3") - o 000(7/3') ■= 0. 

The condition that these should meet in a point is found by eliminating p 

between the first two, and examining whether the resulting equation coin- 
cides with the third. It is 

cos(o0') cos(^Y) cos(7a') = cos(a'^) C0S(/3'7) COS(7'o). 

But the symmetry of this equation shows that this is also the condition that 
the perpendiculars from the vertices of the second triangle on the sides of 
the first should meet in a point. 


65. The lines a — i/9 = 0, and ia — /9 = 0, are plainly «nch 
that one makes the same angle with the line a which fhe other 
makes with the line /8, and are therefore equally inclined to the 
bisector a — /9. 

Ex. If through the vertices of a triangle there he drawn any three lines 
meeting in a point, the three lines drawn through the same angles, equally 
inclined to the bisectors of the angles, will also meet in a point. 

Let the sides of the triangle be o, p, 7, and let the equations of the first 
three lines be U-mP = 0 , mp-ny = 0 , n~i - U = 0 , 
which, by the principle of Art. 40, are the equations of three lines meeting 
in a point, and which obviously pass through the points o/3, prf, and 70. 
Now, from this Article, the equations of the second three lines will bo 


“ ^„0, = and^-? 

I m m n n I 

which (by Art. 40) must also meet in a point. 


0 , 


56. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem If a pencil of four 
right lines meeting in a point 0 he intersected by any transverse 
right line in the four points P, P', P, then 
, . AP.FB . 

the ratio -,^ 5 — jTf, IS constant, no matter how 
AF. rli 

the transverse line he drawn." This ratio is 
called the anharmonic ratio of the pencil. In o 
fact, let the perpendicular from 0 on the transverse line =p ; then 
p.AP— OA. OP.timA OP (both being double the area of the triangle 



Digitized by Google 



58 


THE RIGHT LINE — ABRIDGED NOTATION. 


AOP)] p.PB=OF.OBsmFOB-, p.AF=OA.OF imAOF \ 
p.PB= OP.OB.smPOB) hence 

p\ AP. PB=OA. OP. OF. OB. sin^ OP. fimP OB 
p\ AP.PB=OA.OP. OP. OB. sin A OP. sm POB ; 
AP.PB imAOP.^mPOB 
AP.PB imAOP.imPOB' 

but the latter is a constant quantity, independent of the position 
of the transverse line. 


57. If a — kfi = 0, a — Jc'fi = 0, be the equations of two lines, 
k . 

then will be the anharmonic ratio of the pencil formed by the 

four lines a, )9, a — Ay9, a — i'/3, for (Art. 54) 

, sin A OP ,, sin A OP* 

sinPOP’ * “sinPOP’ 


therefore 


k _ sin A OP. sin P OB 
k' sin A OP. sin POB ’ 


but this is the anharmonic ratio of the pencil. 

k 

The pencil is a harmonic pencil when = — 1, for then the 

angle A OB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important theo- 
rem, two lines whose equations are a — k^ = 0, a-i- kff = 0, form 
with a, /9 a harmonic pencil. 


58. In general the anharmonic ratio of four lines, a — /t/3, 

a — l^,a — m^. a — wy3, is ^ . For let the pencil be 

(n — m)[l — k) ^ 

cut by any parallel to ^ in the four points K, L, M, N and the 

. . NL.MK ^ . 

ratio 18 -TT ,, y - 7 v Hut smee B 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the 
lines) proportional to k, l,m,n', and AK,AL,AM,AN, are evi- 
dently proportional to these perpendiculars ; hence NL is propor- 
tional to n — 1] MK to 7)1 — k ; NM tow — m ; and LK to I — k. 
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69. The theorems of the last two articles are true of lines 
represented in the form P—kP, P— IP, &c., where P, P de- 
note ax + b^ + c, ax + b'y + c, &c. For we can bring P to the 
form X cosa + y sina— ^ by dividing by a certain factor. The 
equations therefore P— 4P = 0, P— IP = 0,&c. are equivalent 
to equations of the form a - kp^ = 0, a — Ipff = 0, &c., where p 
is the ratio of the factors by which P and P must be divided 
in order to bring them to the forms a, /3. But the expressions 
fur anhannonic ratio are unaltered when we substitute for k, I, 
m, n ; kp, Ip, mp, np. 

It is worthy of remark, that since the expressions for an- 
harmonic ratio only Involve the coefficients k, I, m, w, it follows 
that if we have a system of any number of lines passing through 
a point, P—kP, P—IP, &c. ; and a second system of lines 
passing through another point, Q—kQ, Q- IQ', &c., the lino 
P—kP being said to correspond to the line Q — kQ, &c. ; then 
the anharmonic ratio of any fout lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homographic systems. 

60. Given three lines a, /8, y, forming a triangle,* the equation 
of any right line, a* + 4- c = 0, can be thrown into the form 

la + w»/9 + ny = 0. 

Write at full length for a, yS, y the quantities which they 
represent, and la + »i/3 + ny becomes 
(I cosa + wi eos^ + n cosy) a:+ (/ slna + »t sin/S + w siny)y 

— (Ip + mp' + np") = 0. 

This will be identical with the equation of the given lino, 
if we have 

I eosa + m cosyS + n cosy = a, I sina + m siuy3 + n siny = b. 

Ip + mp' + np" = — c, 

and we can evidently determine I, m, n, so as to satisfy these 
three equations. 

• We say “ forming a triangle,” for if the lines a, P, y meet in a point, 
la + m/3 ny must always denote a line passing through llie same point, 
since any values of the co-ordinates which make a, ft, y separately » 0, 
must make /« + mft + ny = 0. 
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The following examples will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
in tenns of any three a = 0, y3 = 0, 7 = 0. 

£z. 1. To deduce analytically the harmonic properties of a complete 
quadrilateral. 

Let the equation of C be o = 0 ; ot AB, 0-, of BD, 7 = 0 j of AD, 
la - m/J = 0 j and of BC, m/9 - B7 = 0. Then 
\te are able to express in terms of these 
quantities the equations of all the other 
lines of the figure. 

For instance, the equation of CD is 
la - m/9 + B7 = 0, 

for it is the equation of a right line passing 
through the intersection o[ la - mfi and 7, 
that is, the point D, and of a and m(3 - >«7, B 

that is, the point C. Again, la - = 0 is the equation of OB, for it passes 

through ay or E, and it also passes through the intersection of AD and BC, 
since it is = (/a - m/9) + {mfi - ny). 

EF joins the point ay to the point {la - m/3 + ny, P), and its equation 
will be found to be /a + >17 = 0, 

From Art. 57 it appears, that the four lines EA, EO, EB, and EF, form 
a harmonic pencil, for their equations have been shown to be 
0 = 0, 7 = 0, and la ± ny ~ 0, 

Again, the equation of FO, which joins the points {la 4 >17, p) and 
(/o - mp, mP-ny)ia ^ _ 2mp ♦ 07 = 0. 

Hence (Art 67) the four lines FE, FC, FO, and FB, are a harmonic 
pencil, for their equations are 

la - mP 4 »7 = 0, /9 = 0, and la - mP 4 «7 ± m/3 = 0. 

Again, OC, OE, OD, OF, are a harmonic pencil, for their equations are 
la - m/3 = 0, mp - ny = 0, and la - mp ± {mp - >17) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing 
through the angles of a triangle three lines meeting in a point. 

Let the equation of AS be 7 = 0; of AC, /3 = 0/ of BC, «> = 0; and let 
the lines OA, OB, OC, meet- 
ing in a point be mp - ny, 
ny - la, la - mp, (see Art. 55). 

Now we can form the equa- 
tions of all the other lines in 
the figure. 

For example, the equation 
of EF is 

mp 4 «7 - To = 0, 

since it passes through the points (p, ny - la) or E, and (7, m/3 - la) or F. 


M 
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In like manner, the equation of DF ia 

la - m/9 f = 0, 
and of DE la + m/9 - n~/ = 0. 

Now we can prove, that the three pointa X, M, If are all in one right 
line, whose equation is fc 4 m^ + 07 = 0, 

for this line passes through the points {la f mP ~ ny, 7) or iV; (fa - m/9 4 »7, /9) 
or if; and (m/9 4 n7 - fn, a) or X. 

The equation of CE is ^ ^ q 

for this is evidently a line through («, P) or C, and it also passes through N, 
since it = (fa 4 m/9 4 »7) - 07. 

Hence BN is cut harmonically, for the equations of the four lines CN, 
CA, CF, CB are, 

a = 0, /8 = 0, fa - mP = 0, fa 4 mP = 0. 

The equations of this example can be applied to many particular cases 
of frequent occurrence. Thus ( see Ex. 3, p. 56 ) the equation of the line joining 
the feet of two perpendiculars of a triangle is a cos.<f 4 p cosX - 7 cosC= 0; 
while a cosjI 4 p cosB 4 7 cosC passes through the intersections with the 
opposite sides of the triangle of the lines joining the feet of the perpen- 
diculars. In like manner a sin ..4 4 sin X - 7 sin C represents the line joining 
the middle points of two sides, &c. 

Ex. 3. Two triangles are said to be homologous, when the intersections 
of the corresponding sides lie on the same right line called the axis of 
homology : prove that the lines joining the corresponding vertices meet in a 
point [called the centre of homologij]. 

Let the sides of the first triangle be a, p,y; and let the line on which 
the corresponding sides meet be fa 4 mP 4 n7 : then the equation of a line 
through the intersection of this with a must be of the form fo 4 mp 4 «7 = 0, 
and similarly those of the other two sides of the second triangle are 
la 4 m'p 4 «7 = 0, la + mp 4 «'7 = 0. 

But subtracting successively each of the last three «quations from an- 
other, we get for the equations of the lines joining corresponding vertices 

{l-f)p~{m- m‘) P, (m- m') p = {n- n') 7, (n - n') 7 = (I - t) a, 
which obviously meet in a point. 

61. To find the condition that two lines la -1- «ij3 + ny, 
Va + WjS -b n'y may he mutually perpendicular. 

Write the equations at full length as in Art. 60, and apply 
the criterion of Art. 25, Cor. 2, {A A' + BB' = 0), when we find 

ll + mm’ -1- nn + {mn + m'n) cos(/8 — 7) + (nf + n'T) cos(7 — a) 

+ [hn -b Im) cos(a — /3) = 0. 

Now since /8 and 7 are the angles made with the axis of x hy 
the perpendiculars on the lines /?, 7 ; /3 — 7 is the angle between 
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those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle, and A, B, C Xo the angles 
of the triangle, — 7 is the supplement of A. The condition 
for perpendicularity therefore is 

nn'—(tnri'+m’n) coBA—[nr+nT) co8B—{lm-\-l'm)coaC=0. 
As a particular case of the above, the condition that la-X-m^+ny 
may be perpendicular to 7 is 

n = m cos A + 1 cosB. 

In like manner we find the length of the perpendicular firom x'y 
on la+mB+ny. Write the equation at full length and apply the 
formula of Art. 34, when, if we write x cosa + y' sina— /> = a', 
&c., the result is 

Ja 4 + ny' 

V(f4 «t*4 2«m cosA — 2nl cosB— 2lm cos (7) * 

£x. 1. To find the equation of a perpendicular to 7 through its ex- 
tremity. The equation is of the form la -f 07 = 0. And the condition of 
this article gives n » / cosB, as in Ex. 6, p. 56. 

Ex. 2. To find the equation of a perpendicular to 7 through its middle 
point. The middle point being the intersection of 7 vriih a sin .<4 - /3 sin .B, 
the equation of any line through it is of the form a sin.^ - ^ sin B 4 »7 = 0, 
and the condition of this article gives n ^ sin (A - B). 

Ex. 3. The three perpendiculars at middle points of sides meet in a 
point. For eliminating «, p, 7 in turn between 

a sinA - P sinB 4 7 sin(.4 - B) = 0, p sinB - 7 sinC4 « sin(B - C) = 0, 
we get for the lines joining the intersection of two perpendiculars to the 

three vertices, ^ - = — T- ; and the symmetry of the equations 

cosvl cosB cosC 

proves that the third perpendicular passes through the same point. The 
equations vanish when multiplied by sin'C, sin'.i4, sin’B, and added together. 

Ex. 4. Find, by Art 25, expressions for the sine, cosine, and tangent of 
the angle between la 4 mp 4 ny, fa 4 m'p 4 n'y. 

Ex. 6. Prove that acosA + PcosB + ycosCis perpendicular to 
a sin.d cosA sin(B- C) f sinB cosB sin(C- .,4) 4 7 sinCcosCsin(A[ -B). 

62. We have seen that we can express the equation of any 
right line in the form la + m/S 4 ny = 0, and so solve any problem 
by a set of equations expressed in terms of a, /9, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding ce 
as a mere abbreviation for the quantity a: cosa4y sina— p, we 
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may look upon it as simply denoting the length of the perpen- 
dieular from a point on the line a. We may imagine a system 
of triUnear co-ordinates in which the position of a point is de- 
fined by its distances from three fixed lines, and in which the 
position of any right line is defined by a homogeneous equation 
between these distances of the form 

la. + »i/3 + ny = 0. 

The advantage of trilinear co-ordinates is, that whereas in 
Cartesian (or x and y) co-ordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of co-ordinates, we can in trilinear co-ordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, /3, y. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. II. 

63. The perpendiculars from any point 0 on a, /3, y are 

connected by the relation aa + J/3 + cy = -S/j where o, J, c are 
the sides, and M double the area, of the triangle of reference. 
For evidently aa, 5/3, cy are respectively double the areas of 
the triangles OBC, OCA, OAB. The reader may suppose 
that this is only true if the point 0 bo taken within the triangle ; 
but he is to remember that if the point 0 were on the other 
side of any of the lines of reference (a), we must give a negative 
sign to that perpendicular, and the quantity oa + -I- oy would 

then bo double OCA + OAB— OBC, that is still = double the 
area of the triangle. Since sin A is proportional to a, it is plain 
that a sinA /3 sin^ + y sinC is also constant, a theorem which 
may otherwise be proved by writing a, /8, y at full length as in 
Art. 61, multiplying by sin(/8 — y), sin(y — a), sin(a — /8), re- 
spectively, and adding, when the coefficients of x and y vanish, 
and the sum is therefore constant. 

The theorem of this article enables ns always to use homo- 
geneous equations in a, /8, y, for if we are given such an equa- 
tion as a = 3, we can throw it into the homogeneous form 
Ma = 3 {aa + 5/3 + cy). 

64. To express in trilinear co-ordinates the equation of the 
parallel to a given line la + m/3 4- ny. 
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In Cartesian co-ordinates two lines Ax+By+C, Ax+By+C'^ 
are parallel if their equations differ only by a constant. It 
follows then that 

ia + wi/3 + ny-i-k (a sin.4 + y9 sin^ + 7 sin C) = 0 , 
denotes a line parallel to la + viB + ny, since the two equations 
differ only by a quantity which has been just proved to be 
constant. 

In the same case Ax + By + C+ [Ax -f- By -f C) denotes a 
line also parallel to the two given lines and half way between 
them : hence if two equations P= 0 , P* = 0 are so connected 
that P— P = const., then P-|- P denotes a parallel to P and P 
half way between them. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn 
through the vertex. Ans. a sin.<< i ain.8 = 0. 

For this, obviously, is a line through aft, and writing the equation in the 
7 sinC- (a sin..! + ^ sinj + 7 sinC) = 0, 
it appears that it differs only by a constant from 7 = 0. 

We see, also, that the parallel a sin.,d 4 sin.S, and the bisector of the 
base a sin..! - p sin B form a harmonic pencil with a, p (Art. 67). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel 
to the base. Its equation (see Ex. 2, p. 61) is 
o Bin.A f p sinS - 7 sinC= 0, or 27 sinCa a sin..! + p sinB + y sinC 

Ex. 3. The line aa - bp + cy - dt (see Ex. 6, Art. 64) passes through the 
middle point of the line joining ay, pt. For (oa + 07 ) + {bp + di) is constant, 
being half the area of the quadrilateral ; hence aa ^ ey, bp + di are parallel, 
and (oa + C7) - {bp + di) is also parallel and half-way between them. It 
therefore bisects the line joining {ay) which is a point on the first line, to 
{pi) which is a point on the second. 

65. To write in the form la -h mB H7 = 0 the equation of the 
line joining two given points xy\ x"y". 

Let o', as before, denote tbo quantity x' coso-fy' sino— 
Then the condition that the co-ordinates x'y shall satisfy the 
equation la -f- wi/3 -f ny = 0 , may be written 
la -f mB' + ny = 0. 

Similarly we have Zo" 4 wyS"4 ny" = 0 . 

X 7Tl> 

Solving for - , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a [B" 7 " — y'^') 4 B [y'o-" - y"a') 4 7 (a'B" - a"B') = 0 - 
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It Is to be observed that the equations in trilinear co-ordi- 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa.', p^, py, for a', /S', y- 
Accordingly if a point be given as the intersection of the lines 


- = ^ 
I 7/1 


7 


we may take I, m, n as the trilinear co-ordinates 


of that point. For let p bo the common value of these fractions, 
and the actual lengths of the perpendiculars on a, / 8 , y are 
Ip, mp, np where p is given by the equation alp+bmp-\-cnp=M, 
but, as has been just proved, we do not need to determine p. 
Thus, in applying the equation of this article, we may take for 
the co-ordinates of intersection of bisectors of sides, sin 5 sinC, . 
sin C sin .4, Bui.4sini?; of intersection of perpendiculars, 
cosjB cosC’, cos(7 cob^, cos./1 of centre of inscribed circle 

1 , 1 , 1 ; of centre of circumscribing circle cos.4, cos5, cosC, &c. 


Ex. 1 . Find the equation of the line joining intersections of perpen- 
diculars, and of bisectors of sides. 

Ans. asioA cosA sin(£-C)+^ coaB aiD(C~A)^y ainCcosCBin(AS)=0. 

Ex. 2 . Find equation of line joining centres of inscribed and circum- 
scribing circles. 

Ans. a (cotS - cosC) + /3 (coaC - cos..d) + 7 (cos..< - cosS) = 0. 


66 . It is proved, as in Art. 7, that the length of the per- 
pendicular on a from the point which divides in the ratio I : m, 
the line joining two points whose perpendiculars are a', a" is 

■ Consequently the co-ordinates of the point dividing 

in the ratio I : m the line joining a/ 8 ' 7 ', a"fi"y" are la' + rna'\ 
Iff + mff', ly' + my". It is otherwise evident that this point 
lies on the line joining the given points, for if a'ff y, a"ff'y” 
both satisfy the equation of a line Aa + B^-\- Cy = 0, so will 
also la' 4 ma", &c. It follows hence without difficulty that 
la' — ma", &c. is the fourth harmonic to la' 4 ma", a', a" : that 
the anharmonic ratio of a' — kd', a' — la', o' - md', d — wo", is 


()l - J) (7 « - k ) , 

\n — m) [I — k) ’ 


and also that given two systems of points on 


two right lines, o'- Ao", d-la",&c., d" - kd"‘, d"-la"",&c., 
these systems are homograjjfn'c, the anharmonic ratio of any four 
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points on one line being equal to that of the four corresponding 
points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the 
centre of circumscribing circle lie on a right line. For the co-ordinates of 
these points are cosE cosC, &c., sin.8 sinC, &c., and cosA, &c. But the 
last set of co-ordinates may be written sin.B sinC- cosB cosC, &c. 

The point whose co-ordinates are cos(B - C), cos(C- A), cos(.^ - B) 
evidently lies on the same right line and is a fourth harmonic to the three 
preceding. It will be found hereafter that this is the centre of the circle 
through the middle points of the sides. 

67. To examine volrnt line is denoted hy the equation 

a sinA -I- /3 sin2?-l-7 sinO=0. 

This equation is included in the general form of an equation 
of a right line, but we have seen (Art. 63) that the left-hand 
member is constant, and never =0. Let us return, however, 
to the general equation of the right line. Ax + By + (7=0. We 

(7 C 

saw that the intercepts cut off on the axes are — ^ j - ^ j 

consequently, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line re- 
presented. Let A and B be both = 0, then the intercepts become 
infinite, and the line is altogether situated at an infinite distance 
ftom the origin. Now it was proved (Art. 63) that the equation 
under consideration is equivalent to 0* -I- Oy -I- (7 = 0, and though 
it cannot be satisfied by any finite values of the co-ordinates, 
it may by infinite values, since the product of nothing by infinity 
may be finite. It appears then that a sinA -|-/9 sin^B-by sin (7 
denotes a right line situated altogether at an infinite distance from 
the origin ; and that the equation of an infinitely distant right 
line, in Cartesian co-ordinates, is 0.a:-b O.y-f- (7 = 0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate form C=0. 

68. We saw (Art. 64) that a lino parallel to the lino a = 0 
has an equation of the form «+ (7=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For, a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a -b C = 0 represents a line through the intersection of the lines 
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a = 0, (7=0, or (Art. 67) through the intersection of the line a 
with the line at infinity. 

69. We have to add that Cartesian co-ordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difference between them, since trilinear equations 
are always homogeneous, while we arc accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difference is only apparent, and 
that Cartesian equations must be equally homogeneous in reality, 
though not in form. The equation x=3, for example, must 
mean that the line x is equal to three feet or three inches, or, in 
short, to three times some linear unit ; the equation xy = 9 must 
mean that the rectangle xy is equal to nine tquare feet or square 
inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by z, and write the 
equation of the right line 

Ax + By + Cs = 0. 

Comparing this with the equation 

Aa + + (77 = 0 ; 

and remembering (Art. 67) that when a line is at an infinite dis- 
tance its equation takes the form z = 0, we learn that equations 
in Cartesian co-ordinates are only the particular form assumed by 
trilinear equations when two of the lines of reference are what are 
called the co-ordinate axes^ while the third is at an infinite distance. 

70' Wo wish in conclusion to give a brief account of what is 
meant by systems of tangential co-ordinates^ in which the position 
of a right line is expressed by co-ordinates, and that of a point by 
an equation. In this volume wo limit ourselves to what is not 
so much a new system of co-ordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be Xx + + vz = 0, then evidently, if 

X, /i, V be known, the position of the line is known : and we 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the co-ordinates of the right 
line. If the line pass through a fixed point x'y't', the relation 

f2 
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must be fulfilled x'X + yV + 2 V= 0; if therefore we are given 
any equation eonneeting the eo-ordinates of a line, of the form 
a\ + bfi + cv = 0, this denotes that the line passes through the 
fixed point (a, b, e), (see Art. 51), and the given equation may 
be ealled the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
at, /9 the quantities x'X+y/i + z'y, x”X + + z"v j then it is 

evident that la + m/9 = 0 is the equation of a point dividing in 
a given ratio the line joining the points a, /9; that Ia = mff, 
mff = ny, ny = la, are the equations of three points which lie on 
a right line ; that a + a - k^ denote two points harmonically 
conjugate with regard to a, /3, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully ; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can be inferred, and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems. 

Ex. Interpret in tangential co-ordinates the equations used Art. 60. Ex. 2. 

Let a, /3, y denote the points A, B, C\ mfl - ny, ny - la, la - m/3, the 
points X, JU, N\ then m/3 ny - la, ny la - m/i, la + m/3 - ny denote 
the vertices of the triangle formed by LA, MB, NC-, and la + m/3 + ny 
denotes a point O in which meet the lines joining the vertices of this new 
triangle to the corresponding vertices of the original : mft t ny, ny -t la, 
la 4 - m/3 denote JD, E, F. It is easy hence to see the points in the figure 
which are harmonically conjugate. 


CHAPTER V. 

EQUATIONS ABOVE THE FIRST DEGREE REPRESENTING 
RIGHT LINES. 

71. Before proceeding to speak of the curi-es represented 
by equations above the first degree, we shall examine some cases 
where these equations represent rifflu lines. 

If we take any number of equations, L=0, M=0, X=0, &c. 
and multiply them together, the compound equation LMX, &c.=0 
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will represent the aggp'egate of all the lines represented by its 
factors ; for it will be satisfied by the values of the co-ordinates 
which make any of its factors = 0. Conversely, if an equation of 
any degree can be resolved into others of lower degrets, it will repre- 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the n“' degree can be resolved into n 
factors of the first degree, it will represent n right lines. 


72. A homogeneous equation^ of the degree in x and y 
denotes n right lines passing through the origin. 

Let the equation be 

x' —px''~'y + qx'~^y‘ - &c. . . . + ty* = 0. 


Divide by y", and we get 



— &c. = 0. 


Let a, J, c, &c. be the n roots of this equation, then it is re- 
solvable into the factors 


and the original equation is therefore resolvable into the factors 
{x — ay) {x - by) {x - cy) &c. •= 0. 

It accordingly represents the n right lines x — ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

X* —pxy + qy* = 0 

represents the two right lines x — ay = 0, x — 6y = 0, where a and 
b are the two roots of the quadratic 

It is proved, in like manner, that the equation 
(x- a)"-^(x-a)"'‘(y- i) + y(x-a)"‘’(y-i)’...+ t(y-J)" = 0 
denotes n right lines passing through the point (a, b). 

£x. 1. What locus is represented by the equation zy = 0 ? 

Ant. The two axes, since the equation is satisfied by either of the sup- 
positions z = 0, y => 0. 

Ex. 2. What locus is represented by z" - y* = 0 ? 

Ant. The bisectors of the angles between the axes, z iy a 0 (see Art. 36). 
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Ex. 3. What locus is represented by x* - 6xy 4 6y’ = 0 ? 

Am. X - 2y = 0, x - 3y = 0. 

Ex. 4. What locus is represented by x* - 2xy sec0 4 y* = 0 ? 

Am. X = y tan(4S° ± 10). 

Ex. 6. What lines are represented by x* - 2xy tanO - y* = 0 ? 

Ex. 6. What lines are represented by x* - 6x*y + I liy" - Sy* = 0 ? 

73. Let ns examine more minutely the three cases of the 
solution of the equation x‘ —pxy + jy* = 0, according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, when a = h, it was once usual among 
geometers to say that the equation represented but one right 
line {x- ny = 0). We shall find, however, many advantages in 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say 
that it represents only one line, but that it represents ttoo coin- 
cident right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
co-ordinates can be found to satisfy the equation, except the co- 
ordinates of the origin x = 0, y = 0 ; hence it was usual to say 
that ill this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that ftco equations 
are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
difftnrent equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point; for it is obviously immaterial 
what the values of p and q are, provided only that they give ima- 
ginary values for the roots, that is to say, provided that bo less 
than 4g. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra; and 
as we do not say that the equation above has no roots when p* 
is less than 4j, but that it has two imaginary roots, so we shall 


Digitized by Google 



EQUATIONS REPRESENTINQ RIGHT LINES. 


71 


not Bay that, in this case, it represents no right lines, but that 
it represents two tmaginary right lines. In short the equa- 
tion a? — jrxy + jy’ = 0 being always redueible to the form 
{x — ay] {x — by) = 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these lines are real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of in- 
difference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the langpiage here recommended. 

Similar remarks apply to the equation 

Ad^-\-Bxy->e (7y’ = 0, 

which can be reduced to the form a? —pxy + qy* = 0, by dividing 
by the coefficient of a?. This equation will always represent 
two right lines through the origin; these lines will be real if 
B*—\AC be positive, as at once appears from solving the equa- 
tion ; they will coincide if B* — ^AC=Q’, and they will be ima- 
ginary if B* — 4A C be negative. So, again, the same language 
is used if we meet with equal or imaginary roots in the solution 
of the general homogeneous equation of the n'" degree. 


74. To find the angle contained by the lines represented by the 
equation x^ — pa~y + qtf = 0. 

Let this equation be equivalent to (a: — ay) {x — by) = 0, then 

the tangent of the angle between the lines is (Art. 25) , 

but the product of the roots of the given equation = ’ *’'»ir 

difference = - 4q). Hence 


tan.^=^M. 

1+5 

If the equation had been given in the form 
Aid + Ba^ + Cfi = 0, 


it will be found that 


tan<^ = 


diB'-iAC) 

A+C 


Cor. Tlie lines will cut at right angles, or tan0 will become 
infinite, if 5 = — 1 in the first case, or if .4 + C= 0 in the second. 
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Ex. Find the angle between the lines 

I* + - By* = 0. Ans. 46°. 

I* - 2jry tecO + y* = 0. Ans. 0. 


*If the axes be oblique, we should find, in like manner, 
sine* — iAC) 

A -i- C— B COSO) 


tan^ : 


75. To find the equation tchich will represent the lines bisecting 
the angles between the lines represented by the equation 
Ax' + Bxy + Cy' = 0. 

Let these lines be x — = 0, a; — = 0 ; let tbe equation of 

the bisector be x — /i^ = 0, and we seek to determine p. Now 
(Art. 1 8) /X. is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 
2/i a 4 & _ 

1 — /x’ 1 — ’ 

but, from the theory of equations. 



therefore 

or 


2/x B 

A^' 


p'-i /X - 1 = 0. 


This gives us a quadratic to determine p, one of whose roots 
will be the tangent of the angle made with the axis of y by the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made by the external bisector. We 
can find tbe combined equation of both lines by substituting in 

the last quadratic for p its value = - , and we get 


* It is remarkable that the roots of this lost equation will always he real, 
even if the roots of the equation Aj^ + Bxy 4 Cy* = 0 be imaginary, which 
leads to the curious result, that a pair of imaginary lines may have a pair 
of real lines bisecting the angle between them. It is the existence of such 
relations between real and imaginary lines which makes the consideration of 
the latter proBtabIc. 
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and the fonu of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming (Art. 
35) the equations of the internal and external bisectors of the 
angle between the lines os — ay = 0, * — 5y = 0, and multiplying 
them together, when he will have 

(a; -ay)’ _ {x-hyY 
14 a’ 14 4’’ 

and then clearing of fractions, and substituting for a 4 4, and ab 
their values in terms of A, B, C, the equation already found is 
obtained. 

76. We have seen that an equation of the second degree 
way represent two right lines ; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, imless its coefficients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

o.e’ 4 2hxy 4 4y* 4 2yx 4 + c = 0,* 

or ao^ 4 2 (4y +g) x + by* 4 2/y 4 c = 0. 

Solving this equation for ar, we get 

ax = -[hy+g)± V{(A“ - o4) y’ 4 2 [hg - a/) y 4 (y’ - ac)}. 

In order that this may be capable of being reduced to the 
form a; = »jy4n, it is necessary that the quantity under the 
radieal should be a perfect square, and the equation will then 
denote two right lines according to the different signs we give 


* It might seem more natural to write this equation 
+ bxy + cy’ + dr + «y + / = 0, 

but as it is desirable that the equation should be written with the same 
letters all through the book, I have decided on using, from the first, the 
form which will hereafter be found most convenient and sj'mmctrical. It 
will appear hereafter that this equation is intimately connected with the 
homogeneous equation in three variables, which may be most symmetrically 
written ox* t iy* + ra* + y</t + 2yar t ihxy = 0. 

The form in the text is derived from this by making e = 1. The coefficient 
2 is affixed to certain terms, because formuls connected with the equation 
which we shall have occasion to use, thus become simpler and more easy to 
be remembered. 
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the radical. But the condition that the radical should be a 
perfect square is 

[h'-ah){<f-ac) = {hg-af)\ 

Expanding, and dividing by a, we obtain the required condition, 
ahe + ‘ifyh — af* — hg‘ — c1i = 0 . 

Ex. 1. Verify that the following equation represents right lines, and find 
the Unes : *• - Sjry + 4y* + x + 2y - 2 = 0. 

Ant. Solving for z as in the text, the lines are found to be 
z-y-l=0, z-4y + 2 = 0. 

Ex. 2. Verify that the following equation represents right lines ; 

(az + ^y - r*)* = (a* + - r*) (z* + y* - r"). 

Ex. 3. What lines are represented by the equation 
z’-zy+y'-z-y+l = 0? 

Ant. The imaginary lines z + Oy + O' = 0, z 4 <?*y + 0 = 0, where 0 is one 
of the imaginary cube roots of 1 . 

Ex. 4. Determine A, so that the following equation may represent right 
z* + 2Azy4y'-5z-7y + 6 = 0. 

Ant. Substituting these values of the coefficients in the general condition, 
we get for A the quadratic, 12A’ - 33A + 2d = 0, whose roots are { and f. 


*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees; we therefore give 
another solution of the same problem. It is required to ascertain 
whether the given equation of the second deg^ree can be identical 
with the product of the equations of two right lines 
{ajc + ^y-\) {ax + ffy-l} = 0; 
multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
BO as to make the absolute term in each equation = 1. We thus 
obtain five equations: four of them enable us to determine the 
four unknown quantities, a, a', /3, y8', in terms of the coefficients 
of the general equation ; and then these values being substituted 
in the fifth give the condition required. The five equations 
actually arc 

aa'=-, a4«' = -^, ^/9' = ^ 13 + ^^-^, aff + afi = -^-. 
c c c c ^ c 
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From the first four we can at once form two quadratic equa- 
tions for determining o, a’, /S', as indeed we might have other- 

wise inferred from the consideration that these quantities are 
the reciprocals of the intercepts made by the lines on the ases ; 
and that the intercepts made by the locus on the axes are found 
(by making alternately * = 0, y = 0, in the general equation) 
from the equations 

aj^ + 2^x + c = 0, iy* -f ‘ify + c = 0. 

Now if the locus meet the axes in the points i, 11 ; M' ; it 
is plain that if it represent right lines at all, these must be either 
the pair LM, LM\ or else LM\ L'M, whose equations are 
(aa! + /3y- l)(a’x + /9'y-l)=0, or (aa:+/9'y-l) (a'x+jSy-l)=0. 


2h 

Multiplying out, we see that — might not only have the value 

given before a/9' + /9a', but also might he a/8 + a',8'. The sum 
of those quantities 

= (a+a')(/9+/9')=^, 

and their product 

= aa’ (/9* + + /9/9' (a* + a-*) = - . 

c c c c 

hence - is given by the quadratic 

A’ /f/ 2A qf^ + Ay’ — ahe 
^ • "T " > 


which, cleared of fractions, is the condition already obtained. 

FiX. To determine h so that x* f 2Axy + y*-5x-7y + 6c0 may repre- 
sent right lines (see Ex. 4, last page). 

The intercepts on the axes are given by the equations 
X* - 6x + 6 = 0, y* - 7y + 6 = 0, 

whose roots are x = 2, x°3;y=l, y°6. Forming, then, the equation of 
the lines joining the points so found, we see that if the equation represent 
right lines, it must be of one or other of the forms 

(X + 2y - 2) (2x 4 y - 6) = 0, (x 4 3y - 3) (3x 4 y - C) = 0, 
whence, multiplying out, A is determined. 


*78. To find how many conditions must be satisfied in order 
that the general equation of the «“ degree may represent right lines. 
Wc proceed as in the last Article; we compare the general 
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equation, having first by division made the absolute term = 1, 
■with the product of the n right lines 

(ouc + ySy — 1 ) («'* + /9’y — 1) (a"ir + — 1) &c. = 0 . 

Let the number of terms in the general equation be then 
from a comparison of coefficients we obtain ^V — 1 equations 
(the absolute term being already the same in both) ; 2 n of these 
equations are employed in determining the 2 « unknown quan- 
tities a, a, &c., whose values being substituted in the remaining 
equations afford N—l—2n conditions. Now if w’e write the 
general equation ^ 

+ BJC+ Cy 

+ Dx' 4- -Exy + Fy' 

+ Gx’ + Ilx'y 4 Axy’ 4- Lf 
+ &c. = 0 , 

it is plain that the number of terms is the sum of the arithmetic 


senes 

X= 14 - 24 - 34 -... 


hcnco 

, n (« 4- 3) . 
^ 1.2 ’ 

.V I 


CHAPTER VI. 

THE CIUCLE. 

79. Before proceeding to the discussion of the general equa- 
tion of the second degree, it seems desirable that we should 
show in the simple ease of the circle, how all the properties of a 
cuiwe may be deduced from its equation, without as.suming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point (ay9) and radius is r, has already (Art. 17) been 
found to be (x - a )’ 4 (y - (S)” = r*. 

Two particular cases of this equation deserve attention, as 
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occurring frequently in practice. Let the centre be the origin, 
then a = 0, = 0, and the equation is 

x' + if = r\ 

Let the axis of a: be a diameter, and the axis of y a per- 
pendicular at its extremity, then a = r, /3 = 0, and the equation 
becomes x’ + y’ = 2rx. 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term xy, and that the 
coeflScients of x* and y‘ are equal. The general equation there- 

nx* + + 2i^x + "2/^ -f- 0 = 0, 

cannot represent a circle, unless we have h = 0, and a = b. Any 
equation of the second degree which fuliils these two conditions 
may be reduced to the form (x — o)" + {y — = r*, by a pnicess 

corresponding to that used in the solution of quadratic equations. 
If the common coefficient of x“ and y^ be not already unity, by 
division make it so ; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
on the right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 


Ex. Iteduce to the form {x - a)' + (y - fi)' = r*, the equations 
X* + / - 2x - 4y = 20; 3x* t -V - 5x - 7y + 1 = 0. 

Ant. (x - !)• + (y - 2)* = 28 : (x - S)’ + (y - J)’ = JJ ; and the co-ordi- 
nates of the centre and the radius are (1, 2) and 8 in the first case ; (|, I) 
and ^ v'(62) in the second. 


If we treat in like manner the equation 

a (x* -I- y*) -h 2gx + ^fy 4 c = 0, 


we get (x4f) = 


,A‘ 

a* 


and the co-ordinates of the centre are — - , ~ , and the radius 

a ’ a ’ 


*8 ^ V(/+/'-ac). 

If g' 4/* is less than ae, the radius of the circle is imaginary, 
and the equation being equivalent to (x — a)’ 4 (^ — /8)* 4 r* = 0, 
cannot be satisfied by any real values of x and y. 

If/ 4/* — ac, the radius is nothing, and the equation being 
equivalent to (x — o)’ 4 (y — = 0, can be satisfied by no co- 
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ordinates save those of the point (a^). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call It the equation of an 
infinitely small circle having that point for centre. We have 
seen (Art. 73) that It may also be considered as the equation of 
the two Imaginary lines {x — a) ±{y — ft) \/{ — 1) passing through 
the point {aft). So In like manner the equation x’ + y = 0 may 
be regarded as the equation of an Infinitely small circle having 
the origin for centre, or else of the two Imaginary lines x±y V(~l)- 


81. The equation of the circle to oblique axes Is not often 
used. It is found by expressing (Art. 5), that the distance of 
any point from the centre is equal to the radius ; and Is 
(x — a)* + 2 (x — a) (j^ — ft) cosw + (^ — ^)’ = r*. 

If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = b, and A = a coso). 
When these conditions are fulfilled, we find by comparison of 
coefficients that the co-ordinates of tlie centre and the radius are 
given by the equations 

a+ftco8(o = —-, ft -i- a coaat = , a* +/9*-f-2o/9coso) . 

a a a 

Since a, ft are determined from the first two equations which 
do not contain c, we learn that two circles loill be concentric if 
their equations differ only in the constant term. 

Again if c = 0, the origin is on the curve. For then the 
equation Is satisfied by the co-ordinates of the origin x = 0, y = 0. 
The same argument proves that if an equation of any degree want 
the absolute term., the curve represmted qmsses through the origin. 


62. To find the co-ordinates of the qmints in which a given 
right line x cos a -t- y sin a = y, meets a given circle x* + y* = r*. 

Equating to each other the values of y found from the two 
equations, we get for determining x, the equation 
n — X cosa ,, , 

= -X* , 

sma 

or, reducing x’ - 2yx cosa -i-y* — >•’ sin'a = 0 ; 
hence, x=y cosa±sina v/(r'‘— y‘), 

and, in like manner, 

y =y sina T cosa v(r* — y’). 
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(The reader may satisfy himself, by substituting these values 
in the given equations, that the — in the value of y eorresponds 
to the + in the value of x, and vioi versa.) 

Sinee we obtained a quadratie to determine x, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when p is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
co-ordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corres- 
ponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both of whoso co-ordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically; just as when we find imaginary values for 
roots of an equation, we do not try to attach an arithmetical 
meaning to our result. And attention to these imaginary 
points is necessary to preserve generality in our reasonings, for 
we shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When ^ = r, it is evident geometrically that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of x in this case become equal., as do 
likewise the two values of y. Consequently the points answer- 
ing to these two values, which are in general different, will in 
this case coincide. We shall therefore, not say that the tangent 
meets the circle in only one point, but rather that it meets it in 
two coincident points; just as we do not say that the corres- 
ponding quadratic has only one root, but rather that it has two 
equal roots. And in general we define the tangent to any curve 
as the line joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 
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points where the line By+C meets a circle given by the 

general equation. When this quadratic has equal roots, the line 
is a tangent. < 

Kx. I . Find the co-ordinates of intersection of a:* + y* = 65 ; 3jr 4 y = 25. 

Ant. (7, 4) and (8, 1). 

Ex. 2. Find intersections of (x - c)’ 4 (j/ - 2c)' = 25c* j 4;r 4 3y = 35c. 

-4)14. The line touches at the point (5c, 5c). 

Ex. 3. 'When will y = TOX 4 i touch i'4 y*= r* ? -4)is. When 6's=r'(l 4 m'). 

Ex. 4. When will a line through the origin y = mx touch 
o (z* 4 2iy COSO- 4 y") 4 2yz 4 2fy 4 c ? 

The points of meeting arc given by the equation 

a (1 4 2m cos ft) 4 m*) z* 4 2 (y 4 fm) z 4 c = 0, 
which will have equal roots when 

(y 4 fm)' = ac (1 f 2m cosiu 4 m'). 

We have thus a quadratic for determining m. 

Ex. 5. Find the tangents from the origin to z* 4 y’ - 6z - 2y 4 8 = 0. 

Am. z - y = 0, z 4 7y = 0. 

84. When seeking to determine the position of a eircle re- 
presented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when 
three points on it are known ; the determination, therefore, of 
the four points where the circle meets the axes serves com- 
pletely to fix its position. By making alternately y = 0, x = 0 
in the general equation of the circle, we find that the points in 
which it meets the axes are determined by tlie quadratics 

+ 2yx + c = 0, ay* -f 2 fy c = 0. 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when y* = ac, and the axis of y when y^ = «c. 
Conversely, if it bo required to find the equation of a circle 
making intercepts X, X' on the axis of a*, we may take <1 = 1, and 
we must have 2j = — (X + X'), c = XX'. If it make intercepts 
fi, fx on the axis of y, we must have 2f= — [iJL + fi), c = fi/x. 
Thus we see that we must have XX' = /a/x' (Euc. III. 36). 

Ex. 1 . Find the points where the axes are cut by z * 4 y’ - 5z - 7y 4 6 = 0. 

Ant. X - 3, X - 2 ) y = 6, y=l. 

Ex. 2. What is the equation of the circle which touches the axes at dis- 
tances from the origin = a? Ant. z' r y* - 2az - 2ay 4 o* = 0. 
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Ex. 3. Find the equation of a circle, the axes being' a tangent, and any 
line through the point of contact. Here we hare X, X', all = 0 ; and it if 
easy to see from the figure that ft' = 2r sinw, the equation therefore is 
*• + 2xy cosiu + y’ - 2ry sinw = 0. 


86. To find the equation of the tangent at the point x'y' to a 
given circle. 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the eurve, its equation will he 
found by first forming the equation of the line joining any two 
points {x'g\ x"g") on the curve, and then making x' = x" and 
y' = y" in that equation. 

To apply this to the circle : first, let the centre be the orig^, 
and, therefore, the equation of the circle + = r*. 

The equation of the line joining any two points (x'y') and 
{x"y") 13 (Art. 29), y_y _ y'_ y» _ 

x—x' x' — x"’ 


now if we were to make in this equation y' — y" and a;'<=aj", the 
right-hand member would become indeterminate. The canse 
of this is, that we have not yet introduced the condition, that 
the two points (x'y', x"y") are on the circle. By the help of this 
condition we shall be able to write the equation in a form which 
will not become indeterminate when the two points are made 
to coincide. For, since 

r* = x'* + y" = x"* + y'”, we have x” - x"* = y"* - y-, 

y'-y" a='+®'' 

ic — SC 


and, therefore. 


y'+y" 

Hence the equation of the chord becomes 
y — y _ * +x 

x-x‘~ y' + y”' 

And if we now make x' = x" and y’ = y", we find for the equation 
of the tangent, y_y- a,- 




x—x y 

or, reducing, and remembering that x'*+y'* = r*, we get finally 
xx'+yy' = r*. 

Otherwise thus :* The equation of the chord joining two points 
on a circle may be written, 

(x-x')(x-x") + (y-y')(y-y")=x^ + y*-r*. 

* This method is due to Mr. Burnside. 
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For thia is the equation of a riglit line, since the terms 
*• + y on each side destroy each other ; and if we make x = x\ 
y = y'^ the left-hand side vanishes identically, and the right-hand 
side vanishes since the point x'y' is on the circle. In like 
manner the equation is satisfied by the co-ordinates x"y". This 
then is the equation of a chord ; and the equation of the tangent 
got by making x = x'\ y = is 

(x - a;')" + (y - y)’ = x’ 4- y - ri, 

■which reduced, gives, as before, xx + yy = r*. 

If we were now to transform the equations to a new origin, 
so that the co-ordinates of the centre should become a, /9, we 
must substitute (Art. H) x — a, x — a, y - y — /3, for x, x', y, y\ 
respectively : the equation of the circle would become 
(x-ar+(y-/S)» = r«, 
and that of the tangent 

(x- a) (x - a) + (y -^) (y - fi) = r’ ; 
a form easily rememhered, from its similarity to the equation of 
the circle. 

Cor. The tangent is perpendicular to the radius, for the 
equation of the radius, the centre being origin, is easily seen to be 
x'y — y'x = 0 ; but this (Art. 32) is perpendicular to xx + yy = r*. 

86. The method used in the last article may he applied to 
the general equation* 

ox" + 2?ixy + ty + 2yx + 2fy 4 c = 0. 

The equation of the chord joining two points on the curve may 
be written 

a (x - x') (x - x") + 2h{x-x'){y-y") + b{y-y) {y- y") 

= rtx“ 4 2hxy 4 hy* 4 2gx 4 2fy 4 r. 
For the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 


• Of course when this equntion represents a circle we must have 6 = o, 
h = a cosie; hut since the process is the same, whether or not i or A have 
these particular values, we prefer in this and one or two similar cases to 
obtain at once formulm which will afterwards be required in our discussion 
of the general equation of the second degree. 
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satisfied by tlic two points on the eurve x'y, x’y". Putting 
x" — X, y" = y\ we get the equation of the tangent 

a{x- x'Y + 2h {x -x'){y- y') ^-b{y- yj 

= ax' +■ 2fixy + hy' + 2yx + 2jy + c ; 

or, expanding, 

2ax'x + 2h [x'y + y'x) + 2by'y 4 '2gx 4 2fy 4c = ax' 4 2hx'y 4 by’'. 
Add to both sides 2yx' 4 2fy 4 c, and remembering that x'y satis- 
fies the equation of the curve, the equation of the tangent becomes 

ax'x 4 h {x'y 4 y'x) 4 by'y 4 ^ (x 4 x') 4/(y 4 y) 4 c = 0. 

This equation will be more easily remembered if we compare 
it with the equation of the cuire, when we see that it is derived 
from it by writing x'x and y'y for x* and y, x'y 4 y'x for 2xy, 
and x' + X, y + y for 2x and 2y. 

Ex. 1 . Find the equations of the tangents to the curves sy ° e*, and 
y* = pz. Ant. z'y + y'x = 2c' and 2yy" = p (x + *'). 

Ex. 2. Find the tangent at the point (6, 4) to (x - 2)* + (y - 3)* = 10. 

Ant. 3x + y = 19. 

Ex. 3. Wliat is the equation of the chord joining the points x'y', x”y"on 
the circle x* 4 y* = r* ? Ant. (x* 4 x") X4 (y'4y")y = r*4 x'x" 4 y'y" . 

Ex. 4. Find the condition that Az 4 jFy 4 C = 0 should touch 


(x-«)*4(y-^)*=r*. 

ji.a -f + 0 

Ant. — ^ - =r; since the perpendicular on the line from o/3 is equal tor. 

V(-<* + 


87. To draic a tangent to the circle *’4y’ = r*, from any 
point x'y. Let the point of contact bo x"y"^ then since, by hypo- 
thesis, the co-ordinates x'y satisfy the equation of the tangent at 
x"y", we have the condition x'x" 4 y'y" = r*. 

And since x”y" is on the circle, we have also 
X -ty = r . 

These two conditions are suflScient to determine the co-ordinates 
x", y". Solving the equations, we got 

„ r’x'i ry V(x'’4^'’-r*) „ r’y' T rx' Vlx” 4 3 /” - r") 

x"4y‘ ’ ^ ~ x' + y' 

Hence, from every point may be drawn tico tangents to a eircle. 
These tangents will be real when x' 4 - y” is > r*, or the point 
outside the circle; they will be imaginary when x'*4y'* is <r*, 
or the point inside the circle ; and they will coincide when 
x' 4 y” = r’, or the point on the circle. 

G2 
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88. We have seen that the co-ordinates of the points of 
contact are found bj solving for x and ^ from the equations 

xx' + yy' = r’ ; x’ 4 y* = r”. 

Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle x’ 4 y’ = r* 
with the right line xx' 4 yy = r*. This last then is the equation 
of the right line joining the points of contact of tangents from 
the point x'y ; as may also be verified by forming the equation 
of the line joining the two points whose co-ordinates were found 
in the last article.* 

We see, then, that whether the tangents from x'y be real or 
Imaginary, the line joining their points of contact will be the real 
line XX 4 yy = r’, which we shall call the 2>oJar of x'y' with 
regard to the circle. This line is evidently perpendicular to the 
line {x'y - y’x = 0), which joins x'y to the centre ; and its dis- 

tance from the centre (Art. 23) is Hence, the polar of 

V{a: 4^“) 

any point P is constructed geometrically by joining it to the 
centre C, taking on the joining line a point M, such that 
CM.CP=r*, and erecting a perpendicular to CP at M. We 
sec, also, that the equation of the polar is similar in form to that 
of the tangent, only that in the former case the point x'y is not 
supposed to be necessarily on the circle : if, however, x'y be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of the ])olar of x'y with regard to 

the. curve ^hxy 4 by” 4 2gx 4 2fy 4 c = 0. 


* In general the equation of the tangent to any curve expresses a rela- 
tion connecting the co-ordinates of any point on the tangent, with the co- 
ordinates of the point of contact. If we are given a point on the tangent 
and required to find the point of contact, we have only to accentuate the 
co-ordinates of the point which is supposed to be known, and remove the 
accents from those of the point of contact, when we have the equation of 
a curve on which that point must lie, and whose intersection with the given 
curve determines the point of contact. Thus if the equation of the tangent 
to a curve at any point bo zx” 4 yy" = r’, the points of contact of tan- 
gents drawn from any point x'y' must lie on the curve r'j* 4 y'y* = r*. It is 
only in the case of curves of the second degree that the equation which 
determines the points of contact is similar in form to the equation of the 
tangent. 
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We have seen (Art. 86) that the equation of the tangent is 
axx + h {x'y + 3^'x) + h>jy + <;(x + x')+/(^ + 2/') + c = 0 . 

This expresses a relation between the co-ordinates xy of any 
point on the tangent, and those of the point of contact x’y. 
We Indicate that the former co-ordinates are known and the 
latter unknown, by accentuating the former, and removing the 
accents from the latter co-ordinates. But the equation being 
symmetrical with respect to the co-ordinates xy, x'y is un- 
changed by this operation. The equation then written above, 
(which when x'y is a point on the curve, represents the tangent 
at that point) ; when x'y' is not on the curve, represents a line 
on which lie the points of contact of tangents real or imaginary 
from x'y. If we substitute x'y for xy in the equation of the 
polar, we get the same result as if we made the same substitution 
in the equation of the curve. This result then vanishes when 
x'y is on the curve. Hence the polar of a point passes through 
that point only when the point is on the curve, in which case 
the polar is the tangent. 

CoR. The polar of the origin is gx +jy -1- c = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (x - 1)* + (y - 2)* = 13. 

Ant. 3x + 2y = 20. 

Ex. 2. Find the polar of (4, 6) with regard to i* + y* - 3x - 4y = 8. 

Ant. 5x i 6y = 48. 

Ex. 3. Find the pole of Ax + By + C = 0 with regard to x* + y* = r*. 

— as appears from comparing the given equation with 
xx" 4 yy' = r'. 

Ex. 4. Find the pole of 3x 4 4y = 7 with regard to X* 4 y*> 14. ..4nx. (6, 8). 

Ex. 6. Find the pole of 2x 4 3y = 6 with regard to (x - 1 / 1 (y - 2)' = 1 2. 

Ant. (- II, - IG). 

90. To find the length of the tangent drawn from any point to 
the circle (x — a)* + (y — ^)’ — r* = 0. 

The square of the distance of any point from the centre 
= (x-a)’-|-(^-^)’; 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point for x and y 
in the first member of the equation of the circle 
(x-a)*-Ky-/9)*-r* = 0. 
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Since the general equation to rectangular co-ordinates 
« + y') + + 2^ + c = 0, 

when divided by a, Is (Art. 80) equivalent to one of the form 
(x-a)‘ + (y-/3)‘-r‘ = 0, 

we learn that tlic square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of a;", and then substituting in the equation the 
co-ordinates of the given point. 

The square of the tangent from the origin is found by making 
X and y = 0, and is, therefore, = the absolute term in the equa- 
tion of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the. ratio in which the Une Joining two given 
points x'g\ ai'y", is cut Ig a given circle. 

We proceed precisely as in Art. 42. The co-ordinates of any 
point on the line must (Art. 7) be of the fonn 
fx" + mx Ig" + mg' 
f 4 ’ / + m 

Substituting the.se values in the equation of the circle 
a:* + y_r' = 0, 

and arranging, we have, to determine the ratio I : m, the quadratic 
(a;"* + g'"‘ — r’) + 2?wi {x’x" 4- g'g" — r’) 4- (a:'* 4 g' - r') = 0. 
The values of I : m being determined from this equation, we have 
at once the co-ordinates of the points where tlie right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 82. 

If x"g" lie on tlie polar of x'g', we have x'x" + g'g" — r' = 0 
(Art. 88), and the factors of the preceding equation must be of 
the form ?4 pm, 1-pm ; the line joining x'g', x"g” is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, ang line drawn through a jtoinf is cut har- 
monicnlhg hg the 2 >oint, the circle, and the polar of the point. 

*92. To find the equation of the tangents from a gii'en point 
to a given circle. 

We have already (.\rt. 87) found the co-ordinates of the 
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points of contact ; substituting, therefore, these values in the equa- 
tion x.x' + yy" — r" = 0, we have for the equation of one tangent 
r [xx 4 yy' - - y"^) 4 {xy - yx) v'(a:'’ 4 - O = 
and for that of the other, 

r [xx 4 yy - a;"* - y") - [xy - yx) -J[x^ 4- y" - r*) = 0. 
These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I ; m will have 
equal roots if the line joining x'y\ x"y" touch the given circle ; 
if then x'y" be any point on either of the tangents through xy', 
its co-ordinates must satisfy the condition 

[^- + y- _ r“) (x> 4 y - r») = (xx' 4 yy - r*)’. 

This, therefore, is the equation of the pair of tangents through 
the point x'y'. It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. \Vc find in precisely the 
same way that I : m is determined from the quadratic 
r (ox"* 4 2hx"y" 4- by"* 4- 2yx" 4- 2fy" + c) 

4 2hn [ax'x" 4 h [x'y" 4 x"y') 4 hyy" 4 y [x 4 x") 4- f[y 4 y") 4 c} 
4 «i’ (nx'’ 4 2hx'y 4- hy"‘ 4 2gx -(- 2fy 4 c) = 0 ; 
from which we infer, as before, that when x"y" lies on the polar 
of x'y' the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y' is 
(rtx'*4 2hx y + 2yx ->r ‘iyy4c)(ax’4 2/ixy4^y*42</x4 2^4c) 

= {ox'x 4- h. (x'y 4 xy') 4 hyy 4 y(x 4 x') 4/(y 4 y) 4- c}“. 

93. To fiml the equation of a circle passing through three 
given jwints. 

We have only to write down the general equation 
x' 4 y’ 4 2yx 4 2/y 4 c = 0, 

and then substituting in it, successively, the co-ordinates of each 
of the given points, we have three cciuations to determine the 
three unknown (juantities y, f c. We might also obtain the 
equation by determining the co-ordinates of the centre and the 
radius, as in Ex. .5, p. 4. 
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Ex. 1. Find the circle through (2, 3), (4, 5), (6, 1). 

An$. (* - V)' + (y - I)* = V (»e« p. 4). 
Ex. 2. Find the circle through the origin and through (2, 3) and (3, 4). 
Here c » 0, and we have 13 + 4y + 0, 25 + ^ ^ = 0, whence 

2y--23, 2/= 11. 

Ex. 3. Taking the tame axes aa in Art. 48, Ex. 1, find the equation of 
the oircle through the origin and through the middle pointa of aidea ■, and 
•how that it alao paaaea through the middle point of baae. 

Ant. 2^ (j* + y*) -y (a - s') * - (y* + aa") y = 0. 

*94. To express the equation of the circle through three points 
{B’y* , ®’"y" ' in terms of the co-ordinates of those points. 

We have to substitute b 

**+y‘ + 2yx4 2^ + c = 0, 
the values of g,fc derived from 

[x* +y" ) + igx +2fy +c = 0, 

(x"* + y"* ) + 2^x" + 2/y" + c = 0, 

(x'"*+y'"*) + 2yx"'+ 2/y'" + c = 0. 

The result of thus eliminating g^ f c between these four equa* 
tions will be found to be 

+y* ){*' (y"-y'") + x" {f-y' -f)] 
-(x'*+y'«){x"(y"’-y ) + x'"(y -y")+x (y"-y'")) 

+ {x"*+y"’) |x'"(y -y )4x (y' -y"')+x' (y'"-y )} 
-{x'"*+y'"') {x (y' -y") + x (y" -y )+x" (y -y )}=0, 

as may be seen by multiplying each of the four equations by the 
quantities which multiply (x*4y*)&c. in the last written equa- 
tion, and adding them together, when y, f c will be found to 
vanish identically. 

If it were required to find the condition that four points 
should lie on a circle, we have only to write x^, y^ for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If B, 
(7, 27 be any four points on a circle, and 0 any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCBf &c., then 

OA\BCD+ OC\ABD= OB\ACD+ OIT.ABC. 

95. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 
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We may either obtain it by substituting for x, p cosff, and 
p sin 0 (Art. 12), in either of the equations of the circle 
already given, 

a(x* ■hy’) + 2ffx + 2jy + c = 0, or (a: - a)’ + (j/ - yS)’ = r*, 
or else we may find it independently, from the definition of the 
circle, as follows : 


Let 0 bo the pole, G the centre of the circle, and OC the 
fixed axis; let the distance OC = d, 
and let OP be any radius vector, and, 
therefore, =p, and the angle POC=0, 
then we have 

PC7*=0P*+ eC*-20P0C cosPOC', 

that is, r* = p* + P — 2pd cos^, 

r p* — 2dp cos 0 + P — = 0. 



This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 44, 
p* — 2dp cos(0 — a) + <?* - r” = 0. 

K we suppose the pole on the circle, the equation will take a 
simpler form, for then r = d, and the equation will be reduced to 


p = 2r cos 8, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) ®* + y’ = 2rx. 


CHAPTER VII. 

THEOREMS AND EXAMPLES ON THE CIRCLE. 

96. Having in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
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reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the co-ordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given ba^e and vertical angle, find the locus of vertex, the axes 
having any position. 

Let the co-ordinates of the extremities of base be x’y', z"y'. Let the 
equation of one side be y - y' = m (i - x'), 

then the equation of the other side, making with this the angle C, will be 
(Art. 33) ^ tanC) (y - y") = (m - EinC) (x - 

Eliminating m, the equation of the locus is 

tan C {(y - y') (y - y") + (x - y) (x - x' )) + x (y' - y") - y (x' - 1 ") + x'y" - y'z" = 0. 
If C be a right angle, the equations of the sides are 

y - y = m(z - x') j m (y - y”) + (x - x") = 0, 
and that of the locus 

(y - y') (y - if") 4 (x - x') (x - x") = 0, 

Ex. 2. Given base and vertical angle, find the locus of the intcrscstion 
of perpendiculars of the triangle. 

The equations of the perpendieulars to the sides are 
m (y - y") + (x - x") = 0, (m - tanC) (y - y') + (1 4 »n tanC) (x - x’) * 0. 
Eliminating m, the equation of the locus is 

tan C j(y - y') (y - y" ) 4 (x - x') (x - x")) = x (y ' - y") - y (x' - x") 4 x'y" - y'z' j 
an equation which only differs from that of the last article by the sign of 
tanC, and which is therefore the locus we should have found for the vertex 
had we been given the same base and a vertical angle equal to the supple- 
ment of the given one. 

Ex. 3. Given any number of points, to find locus of a point such that 
m' times square of its distance from the first 4 m" times square of its dis- 
tance from the second 4 &c. = a constant; or (adopting the notation used 
in p. 51) such that 2 (nir*) may be constant. 

The square of the distance of any point xy from x'y' is (x - x')* 4 (y - y')*. 
Multiply this by m', and add it to the corresponding terms found by express- 
ing the distance of the point xy from the other points x"y", &c. If we adopt 
the notation of p. 51 we may write, for the equation of the locus, 

E (m) I* 4 s (m) y' - 2S (nix') x - 21 (my') y ~ (mx") 4 X (my'') = C. 
Hence the locus will be a circle, the co-ordinates of whose centre will be 
_ X (mx') S(»ny') 

* ^ («•) ’ ^ X(m) ’ 

that is to say, the centre will be the point which, in p. 52, was called the 
centre of mean position of the given points. 
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If we investigate the value of the radius of this circle, we shall find 
IPs (m) = S (mr*) - S (»>/>'), 

where S (mr)* = C = sum of m times square of distance of each of the given 
points from any point on the circle, and (m/>*) = sum of m times square of 
distance of each point from the centre of mean position. 

Ex. 4. Find the locus of a point O, such that if parallels be drawn 
through it to the three sides of a triangle, meeting them in points B, C\ 
C, A'\ A", B“ ; the sum may be given of the three rectangles 
BO.OC^C'O.OA' ^A"0. OB". 

Taking two sides for axes, the equation of the locus is 

*(a-x-ey) + y(6-y-|x)+^ = m*, 

or X* + y* + 2xy cos C - ax - 6y + m* = 0. 

This represents a circle, which, as is easily seen, is concentric with the cir- 
cumscribing circle j the co-ordinates of the centre in both cases being given 
by the equations 2 (n t ^ cosC) = a, 2 (/3 + a cosC) ■» b. These equations 
enable ns to solve the problem to find the locus of the centre of circumscrib- 
ing circle, when two sides of a triangle are given in position, and any relation 
connecting their lengths is given. 

Ex. fi. Find the locus of a point O, if the line joining it to a fixed point 
makes the same intercept on the axis of x, as is made on the axis of y, by 
a perpendicular through O to the joining line. 

Ex. 6. Find the locus of a point, such that if it be joined to the vertices 
of a triangle, and perpendiculars to the joining lines erected at the vertices, 
these perpendiculars meet in a point. 

97. Wc shall next give one or two examples involving the 
problem of Art. 82, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle, 
drawn parallel to a given line. 

Let the equation of any of the parallel chords be 
X cosa + y sina -p = 0, 

where « is, by hypotliesis, given, and p is indeterminate ; the nbscissie of the 
points where this line meets the circle are (Art. 82) found from the equation 
X* - 2px cos a ^ p' - r* sin'a = 0. 

Now, if the roots of this equation be x' and x", the i of the middle point of 
the chord will (Art. 7) be i (x' + x"), or, from the theory of equations, will 
= p COSO. In like manner, the y of the middle point will equal p sinn. 
Hence the equation of the locus is y = i tan«, that is, a right line drawn 
through the centre perpendicular to the system of parallel chords ; since o is 
the angle made with the axis of x by a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the circle on 
the line x coso + y sin® = p 

should subtend a tight angle at the point x'y'. 
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We found (Art. 96, Ex. 2)-the condition that the lines joining the points 
x"y", *"y" to xy should be at right angles to each other ; viz. 

(* - a") (a - *"') + (y - y"} (y - y"') = 0. 

Let z"y", x"'y"' be the points where the line meets the circle, then, by 
the last example, 

*" + *"' = 2p cosa, ar"a"'=y»*-r* sin’n, y" + y"' = 2^ sina, y"y"'=y)’-r’ cos'o. 
Putting in these values, the required condition is 

*" + y^ - COSO - 2/)y' sin o + 2y>* - r* = 0. 

Ex. 3. To find the locus of the middle point of a chord which subtends 
a right angle at a given point. 

If X and y be the co-ordinates of the middle point, we have, by Ex. 1 , 
COSO = a, p sin o = y, = i* + y*, 

and, substituting these values, the condition found in the last example becomes 
(a - x')' + (y - y'/ + a* + y* = r*. 

Ex. 4. Given a line and a circle, to find a point such that if any chord 
be drawn through it, and perpendiculars let fall &om its extremities on the 
given line, the rectangle under these perpendiculars may be constant. 

Take the given line for axis of a, and let the axis of y be the perpendicular 
on it from the centre of the given circle, whose equation will then be 

*' + (y - /3)’ = 

Let the co-ordinates of the sought point be a'y' ; then the equation of any 
line through it will be y - y' = m (a - a'). Eliminate a between these two 
equations and we get a quadratic for y, the product of whose roots will be 
found to be (y- _ maO’ 4 m* (^ - r*) 

1 4 m' 

This will not be independent of m unless the numerator be divisible by 1 4 m*, 
and it will be found that this cannot be the case, unless a* 0, y^ = /3* - r*. 

Ex. 6. To find the condition that the intercept made on a cos a 4 y sin a -p, 
by the circle a* 4 y’ 4 ^ya 4 2/y 4 c = 0 

may subtend a right angle at the origin. The equation of the pair of lines 
joining the extremities of the chord to the origin may be written down 
at once. For if we multiply the terms of the second degree in the equation 
of the circle byp', those of the first degree by p (a cosa 4 y sins), and the 
absolute term by (a cos« 4 y sin a)*, we get an equation homogeneous in a 
and y, which therefore represents right lines drawn through the origin ; and 
it is satisfied by those points on the circle for which a cos a 4 y sina = p. 
The equation expanded and arranged is 

(jf 4 2gp C08« 4 o’ cos*a) a* 4 2 (y sina 4 f cosa 4 e sina cos“) ay 

4 (p* 4 7fp sina 4 c* ein’a) y* = 0. 
These two lines cut at right angles (Art. 74) if 

2p* 4 2p (y cosa 4 / sina) 4 c’ = 0. 

Ex. 6. To find the locus of the foot of the perpendicular from the origin 
on a chord which subtends a right angle at the origin. The polar co-ordi- 
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nates of the locus are p and o in the equation last found ; and the equation 
of the locus is therefore 

2 (** + + Igx + 2^ + c* = 0. 

It will be found on examination that this is the same circle as in Ex. 3. 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a 
circle and its extremities joined to either end of the diameter, the joining 
lines cut off on the tangent at the other end, portions whose rectangle is 
constant. 

Find, as in Ex. 5, the equation of the lines joining to the origin the 
intersections of x* 4 y* - 2rz with the chord y = m (z - z') which passM 
through the fixed point (z', 0). The intercepts on the tangent are found by 
putting z - 2r in this equation and seeking the corresponding values of y. 
The product of these values will be found to be independent of m, viz. 


98. We sball next obtain from tbe equations (Art. 88) a few 
of tbe properties of poles and polars. 

point A lie on the polar of then B lies on the polar of A. 
For tbe condition that x'y should lie on tbe polar of x"y" is 
x'x" + y'y" = 1 ^] but this is also tbe condition that tbe point 
x"y" should lie on tbe polar of x'y. It is equally true if we 
use the general equation (Art. 89) that the result of substituting 
the co-ordinates x"y" in the equation of the polar of x’y is the 
same as that of substituting the co-ordinates x'y in the polar 
of x"y". This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus: if the polar of B pass through a fixed point A, the locus of 
B is the polar of A. 

99. Given a circle and a triangle ABC^ if we take the polars 
with respect to the circle, of A, B, Cj we form a new triangle 
A'B'C called the conjugate triangle. A' being the pole of BG^ 
B' of and C' of AB. In the particular case where the polars 
of A, B, C respectively, are BC, CA, AB, the second triangle 
coincides with the first, and the triangle is called a self-conjugate 
triangle. 

The lines A A', BB', CC', joining the corresponding vertices of 
a triangle and of its conjugate, meet in a point. 

The equation of the line joining the point x'y to the inter- 
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section of the two lines xx" + iiy" -r“ = 0 and xar'" 4 - "—>•*= 0 
is (Art. 40) 

A A' {xx" + y'}i"' — r*) [xx" + yy" — r’) 

- (or'x" + y’y" - r’) [xx" + yy" - r’) = 0. 

In like manner 

BB' [xx" + y'y" — r*) [xx" + yy'" — r*) 

- {x"x" + y"y"' - r*) [xx + yy' - r*) = 0 ; 
and C C [x"x"' + y"y" — r’) [xx + yy' — r*) 

- [x'x" + y'y" - r') {xx" + yy" - r”) = 0 ; 

and by Art. 40 these lines mnst pass through the same point. 

The following is a particular case of the theorem just proved. 
y a circle be inner ihed in a triangle, and each vertex of the tri- 
angle joined to the yoint of contact of the circle icith the og>posite 
side, the three joining lines trill meet in a gntint. 

The proof just given applies equally if we use the general 
equation. If we write for shortness T*, = 0 for the equation of 
the polar of x'y, {ax'x + &c. = 0) ; and in like manner P,, P, for 
the polars of x"y", x'y" ; and if we write [1 , 2] for the result of 
substituting the co-ordinates x'y" in the polar of xy, {ax'x"-(-&c.), 
then the equations are easily seen to be 

AA' [1,3]P, = [1,2JP„ 

BB' [1,2]P, = [2,3]P„ 

CC [2,3]P. = [1,.3]P„ 

which denote three lines meeting in a point. It follows (Art. 
60, Ex. 3) that the intersections of corresponding sides of a 
triangle and its conjugate lie in one right line. 


100. Given any point 0, and any two lines through it; join 
both directly and transversely the points in which these lines meet 
a circle ; then, if the direct lines intersect each other in P and the 
transverse in Q, the line PQ will be the polar of the point 0, with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be \ and X', p and pi. Then 



- 1 = 0 , 



1 = 0 , 
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will be the equations of the direct lines ; and 

the equations of the transverse lines. Now, the equation of the 
line PQ will he 

^ X X V v 

r + -, + + -2=0, 

h K ft, \t, 

for I see Art. 40) this line passes through the intersection of 



X « 

V + - 1, 


and also of r ^ ~ 

K fj. \ fJ. 


If the equation of the circle be 


ax' + 2/ixy + hy' + 2gx + + c = 0, 

A. and X' are determined from the equation ax' + 2gx + c = 0 
(Art. 84), therefore. 



2g ,11 

, and — H — , =■ 
c ’ ^ 


c 


Hence, equation of PQ is 

9^ +.f9 + c = 0 ; 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Hence it appears that if the point 0 were given, 
and the two lines through it were not fixed, the locus of the 
points P and Q would be the polar of the point 0. 


101. Oiven any two points A and B, and their jjolars, with 
respect to a circle whose centre is 0 : let fall a perpendicular AP 
from A on the polar of B, and a perpendicular BQfrom B on the 

j . . . OA OB 

polar of A ; then jp=jjg- 

The equation of the polar of A [x'y') is xx' + yy—r'=0‘, and 
BQ, the perpendicular on this line from B[x"y"), is (Art 34) 
x'x" + y'y" — r' 

Hence, since f {x'' + y"*) = OA, we find 

OA.BQ = x’x" + y'y'-r'- 
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and, for the same reason, 

OB.AP=xx'+y'y"-r^. 

OA OB 
AP = BQ' 

102. In working out questions on the circle it is often con- 
venient, instead of denoting the position of a point on the curve 
by its two co-ordinates x'y\ to express hoth these in terms of a 
single independent variable. Thus, let ff be the angle which 
the radius to xy makes with the axis of a;, then x' = r cosffy 
y' = r sinO', and on substituting these values our formule will 
generally become simplified. 

The equation of the tangent at the point x'y' will by this sub- 
stitution become g. & -\-y sin^ = *"5 

and the equation of the chord joining xy\ x"y", which (Art. 86) is 
X (*' + x") + y{y' ■¥ y") = r* + x'x" + yy", 
will, by a similar substitution, become 

X cos^(0' + 0") +y sin + 6") = r coa^{0' — 0"), 

0' and 0" being the angles which radii drawn to the extremities 
of the chord make with the axis of x. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 23) x cosa + y sina=y>, 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities ; and the perpendicular on the chord 
= r cos)[{0' - ff'). 

Ex. 1. To 6nd the co-ordinates of the intersection of tangents at two 
given points on the circle. The tangents being 

X cos O' + y sin 0’ = r, x cos 0" + y sin 0" ■= r, 
the co-ordinates of their intersection are 

cos J (O' + 0") sin } (O' + 0”) 

* *" cos J (O' - 0") ’ ^ *" cos i (O' - O') ' 

Ex. 2. To find the locus of the intersection of tangents at the extremities 
of a chord whose length is constant. 

Making the substitution of this article in 

(x' - x")* + (y - y")’ = constant, 

it reduces to cos (O - O') = const., or O - 0" = const. If the given length of 
the chord be 2r sin then ff - ff' = 2>. The co-ordinates therefore found in 
the last example fulfil the condition * 

(x* + y’) co8*i = r*. 
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Ex. 3. What is the locus of a point vhere a chord of a constant length 
is cut in a given ratio ? 

Writing down (Art. 7) the co-ordinates of the point where the chord is out 
in a given ratio, it will be found that they satisfy the condition *• + y* = const. 

103. We have seen that the tangent to any circle ** fy* = r* 
has an equation of the form 

X CQ90 y sin = r ; 

and it would appear, in like manner, that the equation to the 
tangent to (x - a)* -I- (y — y9)* = r* may be written 
(x — o) cos 0 + {y — ff) sin0 = r : 

conversely, then, if the equation of any right line contain an in- 
determinate 6 in the form 


(x — o) aoiO + iy — P) sin^ = r, 
that line will touch the circle (x — a)’ (y — /9)’ = r*. 

Ex. 1. If a chord of a constant length he inscribed in a circle, it will 
always touch another circle. For, in the equation of the chord 
X cos i (^ + Of) + y sin Kd' 4 ff") « r cos - 0^ 
by the last article. O' -0" is known, and & indeterminate ; the chord, 
therefore, always touches the circle 

** + y* = r* cos’ 4. 

Ex. 2. Given any number of points, if a right line be such that m’ timeMpa 
the perpendicular on it from the first point, + m' times the perpendicular 
from the second, -f &c., be constant, the line will always touch a circle. 

This only differs from the question, p. 51, in that the sum, in place of 
being = 0, is constant Adopting then the notation of that Article, instead 
of the equation there found, 

{xS (m) - S (my)} cosa + {yS (m) - R (myO) sin> ° 0, 
we have only to write 

{iRm - R (mx')} coso + (yS (m) - R (my^) siha = const 
Hence this line must always touch the circle 



Rimy) 

R(m) 




iOjivOl* 
R(m) / 


= const. 


whose centre is the centre of mean position of the given points. 


104. We ehall conclude this Chapter with some examples of 
the use of polar co-ordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rect- 
angle under its segments will be constant (Euclid III. 35, 36). 

Take the fixed point for the pole, and the polar equation is (Art 65) 

ff - 2pd COS0 + (i* - P* = 0 : 

the roots of Which are evidently OP, OP', the values of the radius vector 
aaswering to any given value of 0 or POC. 

H 
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Now, by the theory of equations, OP. OP, the product of these roots 
will o d* - r*, a quantity independent of 0, and therefore constant, whatever 
be the direction in which the line OP is drawn. If the point 0 be outside 
the circle, it is plain that if - r’ must be the square of the tangent, 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and 
OQ taken an arithmetic mean between the segments OP, OP-, to find the 
locus of Q. 

We have OP + OP, or the sum of the roots of the quadratic in the last 
example, = 2d cosO j but OP + OP = 20Q, 
therefore OQ = d coaO. 

Hence the polar equation of the locus is 
p = d coaO, 

Now it appears from the final equation 
Art. 95, that this is the equation of a circle 
described on the line OCas diameter. 

The question in this example might have been otherwise stated : “ To find 
the locus of the middle points of chords which all pass through a fixed point.” 



Ex. S. If the line OQ had been taken a harmonic mean between OP 
and OP, to find the locus of Q. 

OOP OP' 

That is to say, O Q - , but OP. OP' = d>- r^, and OP+ 07>= 2d cos0, 

therefore, the polar equation of the locus is 

d* - r* d* - r* 

This is the equation of a right line (Art. 44) perpendicular to OC, and 

r* r* 

at a distance from O ° d - -z , and, therefore, at a distance from C= -j . Hence 
a d 

(Art 88) the locus is the polar of the point O. 

We can, in like manner, solve this and similar questions when the equa- 
tion is given in the form 

a (i* + y’) + 7gx f 2fy + c = 0, 

for, transforming to polar co-ordinates, the equation becomes 

P* + 2 cosO + sin0^ p + - = 0, 

\o a I a 

and, proceeding precisely as in this example, we find, for the locus of 
harmonic means, e 

^ g coaO -rJ'ainO' 

and, returning to rectangular co-ordinates, the equation of the locus is 
gx +/y + c = 0, 

the same as the equation of the polar obtained already (Art. 89). 

Ex. 4, Given a point and a right line ; if OQ be taken inversely as OP, 
the radius vector to the right line, find the locus of Q. 

Ex. 6. Given vertex and vertical angle of a triangle and rectangle under 
sides ; if one base angle describe a right line or a circle, find locus described 
by the other base angle. 
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Take the vertex for pole; let the lengths of the sides be p and p', and the 
angles they make with the axis 0 and then we have pp‘ = k' and 0-0 =C. 

The student must write down the polar equation of the locus which one 
base angle is said to describe ; this wilt give him a relation between p and 0 ; 
k' 

then, writing for p, — , and for 0, C+ 0, he will find a relation between 
P' 

p' and 0, which will be the polar equation of the locus described by the 
other base angle. 

This example might be solved in like manner, if the ratio of the sides, 
instead of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find 
the locus of the middle point of the portion intercepted between the circles. 
The equations of the circles will be of the form 

p m 2r CO8{0 - a); p = 2»^ COS(0 - o') I 
and the equation of the locus will be 

p = r coa(0 - a) r' cob (0 - o'); 
which also represents a circle. 

Ex. 7. If through any point O, on the circumference of a cirele, any three 
chords be drawn, and on each, as diameter, a circle be described, these three 
circles (which, of course, all pass through O) will intersect in three other 
points, which lie in one right line. (Sec Cumh. Math. Jour., vol. I., p. 169). 

Take the fixed point O for pole, then if d be the diameter of the original 
circle, its polar equation will be (Art. 95) 

pod cos 0. 

In like manner, if the diameter of one of the other circles make an angle 
o with the fixed axis, its length will be ^ d coso, and the equation of this 
circle will be p = d cos a cos(0 — o). 

The equation of another circle will, in like manner, be 
pod cos/3 cos(0 - /3). 

To find the polar co-ordinates of the point of intersection of these two, 
we should seek what value of 0 would render 

COBo cos{0 - a) = cos^ cos(0 - /9), 

and it is easy to find that 0 must = a + and the corresponding value of 
p = d cosa cos/3. 

Similarly, the polar co-ordinates of the intersection of the first and third 
circles arc 0 = o + ry, and p = d cosa cos 7. 

Now, to find the polar equation of the line joining these two points, take 
the general equation of a right line, p cos (ft - 0) (Art. 44) and substitute 
in it successively these values of 0 and p, and we shall get two equations to 
determine p and ft. We shall get 

pad cosa COS^ cosjft - (a + /3)) = d cosa C0S7 cos{ft - (a + 7)}. 

Hence ft » a + /3 f 7, and pad cosa cos/3 COS7. 

The symmetry of these values shows that it is the same right line which 
joins the intersections of the first and second, and of the second and third 
circles, and, therefore, that the three points are in a right line. 

H 3 
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CHAPTER VIII. 

PROPBKTIE8 OF A SYSTEM OF TWO OR MORE CIRCLES. 

105. To find the equation of the chord of intersection of two 
circles. 

If S=0, 8' = 0, be the equations of two circles, then any 
equation of the form 8 — Je8' = 0 will be the equation of a figure 
passing through their points of intersection (Art. 40). 

Let us write down the equations 

S =(*-«)*+ (y-/8)‘-r^=0, 
8’={x-ay+(2/-8'y-r’* = 0, 

and it is evident that the equation 8 — k8' = 0 will in general 
represent a circle, since the coefficient of xy = 0, and that of 
= that of y. There is one case, however, where it will repre- 
sent a right line, namely, when ^ = 1. The terms of the second 
degree then vanish, and the equation becomes 

- S' = 2 (a' - a) ® + 2 (/S' - /9) y + r" - r‘ + a* - a" + /S' - /S'* = 0. 
This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

106. The points of intersection of the two circles are found 
by seeking, as in Art. 82, the points in which the line 8—8' 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the 
chord of intersection, S — S' = 0, always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art. 82), that 
the line joining two points may preserve its existence and its 
properties when those points have become imaginary. 

In order to avoid the harshness of calling the line S— S' the 
chord of intersection in the case where the circles do not geo- 
metricallg appear to intersect, it has been called* the radical 
axis of the two circles. 

* By M.Oaultiei of Toun {Journal do t EcolePolytechniqus, Cahier XVI., 1813.) 
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107. We saw (Art. 90) that if the co-ordinates of any point 
ay bo substituted in 8, it represents the square of the tangent 
drawn to the circle 8, from the point ay. So also 8' is the 
square of the tangent drawn to the circle 8 ' ; hence the equation 
8— 8' = 0 asserts, that if from any point on the radical axis tan- 
gents be drawn to the two circles^ these tangents will be equal. 

The line [8— 8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan- 
gents to two circles have a given ratio, it appears, from Art. 90, 
that the equation of the locus will be iS— h!‘8' =0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8'. When the circles 8 and 8' do not 
intersect in real points, we may express the relation which they 
bear to tbe circle 8 - k^‘8' by saying that the three circles have 
a common radical axis. 

108. Given any three circles, if we take the radical axis of 
each pair of circles, these three lines will meet in a point, which 
is called the radical centre of the three circles. 

For the equations of the three radical axes are 
S-8' = 0, 8'-8"=^0, 8"-8=Q, 

which, by Art. 40, meet in a point. 

From this theorem we immediately derive the following ; 

If several circles pass through two fixed points, their chords of 
intersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two lines determine, by their 
intersection, a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 
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Ex. 1. Find the radical axia of 

** + j/*-4j:-Sy47 = 0} x’+y" + 6x + 8y-9 = 0. 

Atu. lOx 4 13y s 16. 

Ex. 2. Find the radical centre of 

(x-l)*4(y-2)* = 7i (x-3)*4y* = 5; (x 4 4)* 4 (y 4 1)* = 9. 

(- - f I). 


•109. A ajstem of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily inves- 
tigated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of *. Then the equation of any 
circle will be x* + y* - 2Ax ±S‘ = 0, 


where h* is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to k. For it is evident (Art. 80) that the centre is on 
the axis of x, at the variable distance k ; and if we make x = 0 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y’ ± S* = 0. These points are imaginary when we give S" the 
sign +, and real when we give the sign — . 


*110. The polara of a given pointy with regard to a system of 
circles having a common radical axis, always pass through a 
fixed point. 

The equation of the polar of x'y' with regard to 
x’ + y’-2fcc + S* = 0, 

is (Art. 89) xx' + yy — (x + x') + 8* = 0 ; 
therefore, since this involves the indeterminate k in the first 
degree, the line will always pass through the intersection of 
XX + yy + 8’ = 0, and x + x' = 0. 


•111. There can always he found two points, however, suck 
that their polars, with regard to any of the circles, will not only 
pass through a fixed point, but will be altogether fixed. 

This will happen when xx' + yy + 8* = 0, and x + x’ = 0, re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 
we must have y'^Q and x" = 8’, or x' = ± 8. 

The two points whose co-ordinates have been just found have 
many remarkable properties in the theory of these circles, and 
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arc such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may bo written in the form 
y* + {x-ky = k’‘-S‘, 

which evidently cannot represent a real circle if be less than 
8*; and if k'‘ = S‘, then the equation (Art. 80) will represent a 
circle of infinitely small radius, the co-ordinates of whose centre 
arc y = 0, x = ±S. Hence the points just found may themselves 
bo considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
cirelcs. 

•112. If from any point on the radical axis we draw tan- 
gents to all these circles, the locus of the points of contact must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 

The square of the tangent from any point (* = 0, y = h) to the 
circle *’ + y’‘-2ia; + 8’ = 0, 

being found by substituting these co-ordinates in this equation, 
is 4“ + S’ ; and the circle whoso centre is the point (x = 0, y = 4), 
and whose radius squared = 4’ + S’, must have for its equation 
*« + (y-4)’=4’fS“, 
or x’ + y — 24y = S’. 

Hence, whatever be the point taken on the radical axis (t.e. 
whatever the value of 4 may be), still this circle will always pass 
through the fixed points (y = 0, x = ± S) found In the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system. 

£x. 1. Find the circle cutting orthogonally the three circles, Art. 108, 

An,. (X + Ay + (y + f jy - AW. 


• Traite det Pruprictis Projective,, p. 41. 
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Es. 2. If AB be a diameter of a circle, the polar of A with respect to 
any circle which cuts the first orthogonally, will pass through B. 

Ex. 3. Find the circle cutting three given circles orthogonally. This 
is done as in Ex. 1, or else (Ex. 2), by seeking the locus of a point 
whose polars with respect to the three circles meet in a point 

Ex. 4. The square of the tangent from any point of one circle to 
another is in a constant ratio to the perpendicular from that point upon 
their radical axis. 


Ex. 6. To find the angle («) at which two circles intersect 
Let the radii of the circles be iZ, r, and let D be the distance between 
their centres, then D* = iZ* 4 r* - 2iZr cos «. 

Since the angle at which the circles intersect is equal to that between the 
radii to the point of intersection. 

Ex. 6. If a moveable circle cut two fixed circles at constant angles, it 
will cut all circles having the same radical axis at constant angles. 

Let the equations of the two fixed circles be 5 = 0, S' = 0, and their 
radii r, r'; then the co-ordinates of the centre of the moveable circle fulfil 
the relations, iP - 2iZr cosa = S, iZ* - 2iZr' cos/J = S', 
since iP - r* = the square of the tangent to the first fixed circle = S (Art. 90). 
Then, we have *r cos a 4 Zr- cos fl *S4ZS' 

AM itAM = -1 — I 

k y I k y-l 

which is precisely the condition that the moveable circle should cut the circle 
kS 4 IS' at the constant angle 7 ; where (k -y 1) r" cos'/ = kr cos a 4 Ir’ cos/3, 
r'" being the radius of the circle kS 4 IS'. 


Ex. 7. A circle which cuts two fixed circles at constant angles will also 
touch two fixed circles. 

For we can determine the ratio k:l,ao that '/ shall = 0, or C0S7 = 1. It 
will easily be found that if 2) be the distance between the centres of S and S', 
(* 4 OV-* = (k 4 1) (*r* 4 Zr'*) - klD". 

Substituting this value for r" in the equation of the last example, we get a 
quadratic to determine k : 1. 


113. To draw a common tangent to two circles. 

Let their equations be 

(*-a)‘ + (y-/9)» = r« (S), 

and (a;-a')*-h(y-/9')* = r'* [8'). 

We saw (Art. 85) that the equation of a tangent to (S') was 
(x - a) (x' - a) + {g- 8) (y - S) = »•“ ; 
or, as in Art. 102, writing 


x' — a 


r 


= cos 0, 




= sin^. 
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(x — a) CO80 + (y — P) sin 0 = r. 

In like manner, any tangent to (,S ) is 

[x - a'J COB 6' + {y - ff) sin ff = r. 

Now, if we seek the conditions necessary that these two 
equations should represent tJie smite right line ; first, from com- 
paring the ratio of the coefficients of x and y, we get tan0 = tan^, 
whence ff either = or = 180° + 6. If cither of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a — a') cos^ + (/8 — /9') sin0 + r — r' = 0, 
and in the second case, 

(a — a') cos 0 + (/9 — /S') sin S + r + r' = 0. 

Either of these equations would give us a quadratic to deter- 
mine 0. The two roots of the first equation would correspond 



to the direct or exterior common tangents, An^ A'd ; tlie roots 
of the second equation would correspond to the transverse or in- 
terior tangents, Bh, B'b'. 

If we wished to find the co-ordinates of the point of contact 
of the common tangent with the circle (<S), we must substitute, 

in the equation just found, for cosS, its value, — — , and for 

V — 

sin 0. , and we find 

' r ' 

(a - a') (x - a) + (^ - /S') {y - ^) + r (r - r') = 0 ; 

OX* else 

(a - a') (*' - a) + (^ - /S') [y' - /8) + r (r + r') = 0. 

The first of these equations, combined with the equation (S) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and A\ in which the direct conunou 
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tangents touch the circle (S) ; and It will appear, as in Art. 88, 
that ^ — r') 

is the equation of AA’, the chord of contact of direct common 
tangents. So, likewise, 

(a' - a) (j: - a) + (/S' - /3) (^ - /8) = r (r + r') 
is the equation of the chord of contact of transverse common 
tangents. If the origin be the centre of the circle (S), then a and 
/3 = 0 ; and we find, for the equation of the chord of contact, 
a'ar+ /3'y = r (r 7 r'). 

Ex. 1. Find the common tangents to the circles 

I* + y* - 4x - 2y + 4 = 0, x' + y’ + 4x + 2y - 4 « 0. 

The chords of contact of common tangents with tlie first circle are 
2x + y = 6, 2x + y = 3. 

Tlic first chord meets the circle in the points (2, 2), f), the tangents at 

which arc y = 2, 4x - 3y = 10, 

and the second chord meets the circle in the points (1, 1), (5, J), the tan- 
gents at which are * = 1, 3x + 4y = 5. 


114. The points 0 and O', in which the direct or transverse 
tangents intersect, arc (for a reason explained in the next 
Article) called the centres of simiUtmle of the two circles. 

Their co-ordinates arc easily found, for O is the pole, with 
regard to circle (»S), of the chord AA', whose equation is 

r— r r— r ' 

Comparing this equation with the equation of the polar of the 
point x'f, _ a) (x - a) -h(^’ - /9) (y - /9) = r», 

aV — ar 


, (a— a)r 

>vc get ic - a = f— , or x 


r ^ r ' 
^'r —^r 


So, likewise, the co-ordinates of O' are found to be 


X 


a’r a. r 
r + r' ’ 


and y = 


/9'r + j3r' 
r + r’ 


These values of the co-ordinates indicate (see Art. 7) that the 
centres of similitude arc tlie points where the line joining the 
centres is cut externally and intc*^u.illy in the ratio of the radii. 
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Ex. Find the common tangents to the circles 

X* 4- y* - 62: - 8y = 0, x* + y" - 4x - 6y = 3. 

Tho equation of the pair of tangents through ar'y' to 
(X - «)• + (y - /3)’ = r* 

18 found (Art 92) to be 

{(x- - a)* + (y- - /3)« - r*J ((x - «)■+ (y-ftf- 1^1 = l(x - a)(x' - a) 4 (y - ^ 8 X 1 /-^) - r*}*- 
Now, the co-ordinates of the exterior centre of similitude are found to be 
(- 2, - 1), and hence the pair of tangents through it is 
25(x' + y’-6i-8y)n(6x + 6y- 10)*; or xy + x + 2y + 2 - 0 ; or (x + 2)(y 4 1) = 0. 

As the given circles intersect in real points, the other pair of common tan- 
gents become imaginary; but their equation is found, by calculating the pair 
of tangents through the other centre of similitude (’„*, V)i to he 
40x’ + xy 4 40y* - 199x - 278y 4- 722 = 0. 

115. Every riyht line drawn through the intersection of com- 
mon tangents is cut similarly by the two circles. 

It is evident that if on the radius veetor to any point P there 
bo taken a point Q, such that OP= m times OQ, then the x and 
y of the point P will be respectively m times the x and y of tho 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mx, my for x and^ in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if wo 
denote Oa by a, OA by o', the equations of the two circles arc 
(iVrt. 84, Ex. 2) 

** + y + cos <0 — 2ax — 2ay -f o* =0, 
id + y" + 2xy cosm - 2a'x — 2a'y -1- o'* = 0. 

But the second equation is what we should have found if we 

had substituted ^ ^ , for a;, y, in the first equation ; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : o'. ' 

Cor. Since the rectangle Op. Op' is constant (see fig. next 
page), and since we have proved OR to be in a constant ratio to 
Op, it follows that the rectangle OR .Op’ = OR .Op is constant, 
however tho line be drawn through 0 . 

116. If through a centre of similitude we draw any two lines 
meeting the first circle in the points R, R, S, S', and the second in ' 
the points p, p', a, <r', then the chords RS, pa ; R S', p'a ; will be 
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parallel, and the chorda liS, p'a-' j M'S', p<r] will meet on the 
radical axis of the ttco circlea. 

Take Oil, OS for axes, then 
we saw (Art. 115) that OB=mOp, 

OS — m Oo, and that if the equa- 
tion of the circle pop o' bo 
a (x* + 2xy cosw + y*) 

+ 2gx + 2/^ 4 c = 0, 
that of the other will be 
a (x* 4 2xy cos o) 4 y*) 

4 2m {yx 4 fy) 4 wiV = 0, 
and, therefore, the equation of the 
radical axis will be (Art. 105.) 

2 + (»« 4 1) c =0. 

Now let tbe equations of po and of p’d be 



X y 

+ f = 


X V 
- -I- — = 1 
' ^ A' 


a b *’ a' ' 5' 
then the equations ot RS and R S' must bo 

XV. * V . 

1 j = 1 ) — . + = 1 • 

ma mb ma mb 

It is evident, from the form of the equations, that RS is 
parallel to po ; and RS and p'o' must intersect on the line 




or, as in Art. 100, on 

2 G?-® +fy) + ('« + 1) c = 0, 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p' meet on the radical 
axis. 


117. Given three circles S, S', S" ; the line joining a centre 
of similitude of S and S' to a centre of similitude of S and S" 
will pass through a centre of similitude of S’ and S". 

Form the equation of the line joining the points 

/ra' — ar rR — Sr'\ /rtx" — ar" r/9" — /9r"\ 

\ r — ’ r — r ) \ r — r" ’ r ~r" ) ^ 
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(Art. 114), and we get (see Ex. 6, p. 24), 

{r (/S' - /3") + r' (/3" - /9) + r" (/3 - /S')} x 
— \r (a' - a") + r (a" - a) + r" (a - d)]y 
+ r (/S'*" - /S"a') + r' (/S"a - /Sa") + r" (/Sa' - /S'a) = 0. 

Now the symmetry of this equation sufficiently shows, that the 
line it represents must pass through the third centre of similitude, 


y=- 


r'/S"-r"/S' 


This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are twocen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r', or r", in the equation 
just given. 



COR. If a circle (s) touch two others [8 and 8’) the line join- 
ing the points of contact will pass through a centre of similitude of 
8 and 8'. For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If 2 touch 8 and S', cither both externally or both internally, 
the line joining the points of contact will pass through the exter- 
nal centre of similitude of 8 and S'. If S touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude. 

*118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

Let the equation of a circle be 8=0, or 
(x-o)’+ (y-^)’-r’ = 0, 

then the square of the distance of any point from its centre is 
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{x — aY + {y — ^Y, or S+r". If then a circle ■whose radius is 
Ji cut S at an angle a, the co-ordinates of its centre must fulfil 
the condition (Art. 112, Ex. 5) S = in' — 2Jir cosa. And in like 
manner, if it cut two other circles at the same angle, we have the 
conditions S' = E‘-2Rr' cos a, S" = R‘- 2Rr" cos a. 

From these conditions we can at once eliminate R!^ and 
R cosa. Thus, by subtraction, 

S— S' = 2R {r — r) cosa, 8— S" = 2R (/' — r) cosa, 
whence {S- S') {r - r") ={S— S") (r — r), 

the equation of a line on which the centre must lie. It obviously 
passes through the radical centre (Art. 108) ; and if we write for 
S—Sj S—S', their values (Art. 105), the coefficient of x in 
the equation is found to be 

— 2 (a (r — r") + a' (r" — r) + a." (r — r')|, 
while that of y is 

— 2[S (/ - r") + S' {r" - r) -1- /9" (r - r')}. 

Now if we compare these values with the coefficients in tho 
equation of the axis of similitude (Art. 117), we infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used, assumes that the angle 
at which two circles cut, is measured by the angle which the 
distance between their centres subtends at the point of meeting : 
and with this convention the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes S=R ±2Rr cosa ; 
or, in other words, we may change the sign of either r, /, or r" 
in the preceding foiTnulse, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

* In fact all circles cutting three circles at equal angles have one of the 
axes of similitude for a common radical axis. Let £, X" be three circles 
cutting the given circles at angles o, p, 7 respectively. Then the co-ordi- 
nates of the centre of 5 must fulfil the conditions 

X = r* - 2rR cos a, X' ■= r* - 2rR cos /9, X" = f* - 2rii" cos 7 ; 
whence (iJ cos a - Jt' cos 7) (X - X') = (ii cos o - ^ cos /3) (X - 2"). 
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When two circles touch internally, their angle of intersec- 
tion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180°, one radius to the point 
of meeting being a continuation of the other. It follows, from 
what has been just proved, that the pcrpendicuLir on the external 
axis of similitude, contains the centre of a circle touching three 
given circles, cither all externally or all internally. If we 
change the sigpi of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching S externally, 
and the other two internally, or vice versa. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude. 

*119. To describe a circle touching three given circles. We 
have found one locus on which the centre must lie, and we could 
find another by eliminating R between the two conditions 
S=R‘-2Rr, S' = R:‘-2Rr'. 

The result however would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of seeking 
the co-ordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. We 
have already one relation connecting these co-ordinates, since 
the point lies on a given circle, therefore another relation be- 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for qjigin the centre of the circle, 
the point of contact with which we arc seeking, that is to say, 
let ns take a = 0, = 0, then if A and B be the co-ordinates of 

the centre of S, the sought circle, we have seen that they fulfil 
the relations 

S-S' = 2R{r-r'), S- S"=2R{r-r"). 

Now this which appears to be the equation of a right line is satisfied by the 
co-ordinates of the centre of S, of S', and of S", three points which are not 
supposed to be on a right line. It denotes therefore an identical relation 
of the form 2 = kT IT" shewing that the three circles have a common 
radical axis. 

* This solution is by M. Oergonne, Annaltt d*» THathematiques, vol. VII., 
p. 289. 
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But if X and y be the co-ordinates of the point of contact of 2 
with 8y we have from similar triangles 

^^ x{R + r) ^^y [R + r) ^ 


Now if in the equation of any right line we substitute wur, my for 
X and y, the result will evidently be the same as if we multiply 
the whole equation by m and subtract (m — 1) times the absolute 
term. Hence, remembering that the absolute term in S— S' is 
(Art. 105) r” — r’ — a'* — the result of making the above sub- 
stitutions for A and B in [S— S') = 2if (r — r') is 

^ (S- S') + j (a'* + /S'* + r* - O = 2iZ (r - r'), 


or {R + r){S-S') = R{{r-r')'-a'*-S''‘]. 

Similarly (i? -\-r){S- S") = R{{r- r’’)* - a"* - 

Eliminating R, the point of contact is determined as one of 
the intersections of the circle S with the right line 

S- S' S- S" 

a” + - (r - r'Y ~ - (r - r")' ' 


120. To complete the geometrical solution of the problem it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows. Write 
at full length for S— S' (Art. 105), and the equation is 
2«'x + 2/9’j/ + r"*— r*- 2a"x + 2R"y + r"*- r*- a'”— /S"* 

Add 1 to both sides of the equation, and we have 

a'x + S'y + (r' — r)r a'x + S"y + {r" — r)r 

showing that the above line passes through the intersection of 
a'x + S'y + (r - r) r = 0, a"x + S"y + (r" — r) r = 0. 

But the first of these lines (Art. 113) is the chord of common 
tangents of the circles /Sand S' ; or, in other words (Art. 114), is 
the polar with regard to S of the centre of similitude of these 
circles. And in like manner the second line is the polar of the 
centre of similitude of S and /S"; therefore (since the intersection 
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of any two lines is the pole of the line joining their poles) the 
intersection of the lines 

(LX + 4 (/ — r) r = 0, ol'x 4 /8"y 4 (r" — r) r = 0, 

is the pole of the axis of similitude of the three circles, with 
regard to the circle 8. 

Hence we obtain the following construction : 

Drawing any of the four axes of similitude of the three 
circles, take its pole with re- 
spect to each circle, and join S*, 
the points so found (P, P, P') 
with the radical centre ; then, 
if the joining lines meet the 
circles in the points g' 

(a, J ; a', 6' ; a", 6"), 
the circle through a, a', a" will S 
be one of the touching circles, 
and that through 6, b\ h" will 
be another. Repeating this 
process with the other three 
axes of similitude, we can determine the other six touching 
circles. 

121. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, tbe lines db, a'b\ d'b" meet in a point, 
viz., the centre of similitude of the circles oa'a", hb'b". 

(2) In like manner a'a", b'b" intersect in 8, the centre of 
similitude of C\ C". 

(3) Hence (Art. 116) the transverse lines o'J', a"b" intersect 
on the radical axis of O', C". So again a’%", ab intersect on 
the radical axis of O", C. Therefore the point B (the centre of 
similitude of oa’a”, bb'b") must be the radical centre of the 
circles C, O', C". 

(4) In like manner, since a'b', a"b" pass through a centre of 
similitude of ad a", bb'b"’, therefore (Art. 116) a'a", b'b" meet on 
the radical axis of these two circles. So again the points S’ and 
8" must lie on the same radical axis ; therefore 88’ 8", the axis of 
eimilitude <f the circles V, C, C", is the radical axis of the cirdea 
oa'a", bb'b". 

I 
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(5) SuQce d'b" passes through the centre of similitude of 
aa'd\ bb'b", therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis SS'S". But 
this point of intersection must plainly be the pole of a"b" with 
regard to the circle C". Now since the pole of a"b" lies on 
SS'S", therefore (Art. 98) the pole of SS'S" with regard to C" 
lies on a"b". Hence a"b" is constructed by joining the radical 
centre to the pole of SS'S" with regard to C". 

(6) Since the centre of similitude of two circles is on the lino 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
ad a", bb'b" passes through B, and is perpendicular to SS'S". 


•CHAPTER IX. 

APPLICATION OP ABRIDGED NOTATION TO THE EQUATION 
OF THE CIRCUE. 

122. If we hare an equation of the second degree expressed 
in the abridged notation explained in Chap, iv., and if we desire 
to know whether it represents a circle, wo have only to transform 
to X and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent (xcosa-f-ysina— y>); and then to examine whether 
the coefficient of in the transformed equation vanishes, and 
whether the coefficients of and of y’ are equal. This is suffi- 
ciently iilnstrated in the examples which follow. 

When will the hocus of a point be a circle if the product of 
perpendiculars from it on two opposite sides of a quadrilateral be 
in a given ratio to the product of perpendiculars from, it on the 
other two sides ? 

Let a, /8, 7 , S be the four sides of the quadrilatwal, then the 
equation of the locus is at once written down ay = kSb, which 
represents a curve of the second degree passing through the 
angles of the quadrilateral; since it is satished by any of the four 
suppositions, 

0 = 0, /9 = 0; 0 = 0, S = 0; /9 = 0, 7 = 0; 7 = 0, S = 0. 
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Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

{x cosa +y sina —p) [x cos7 + y siny— ^') 

= Jc{x cos/9 + y sin/9 —p') (x cosS +y sinS —p'")- 
Multiplying out, equating the coefficient of as" to that of y*, and 
putting that of ay = 0, wo obtain the conditions 

cos (a + 7) = ft cos(;8 + 5) ; sin (a + 7) = ft sin(/8+ S). 
Squaring these equations, and adding them, wo find ft=±l j and 
if this condition be fulfilled, we must have 

a + 7 = /9 + 8, or else = 180° + /9 + 8 ; 
whence a — /9 = 8 — 7, or 180 +8 — 7. 

Kecollecting (Art. 61) that a-/9 is the supplement of that 
angle between a and /9, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by afiyS be 
inscribable in a circle (Euc. ill. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take ft = — 1, and that the angle (in which the origin lies) 
between a and /9 is supplemental to that between 7 and 8 ; but 
that we are to take ft = + 1, when the origin is without the quad- 
rilateral, and that the opposite angles are equal. 

123. When mU the locus of a point be a circle^ if the square 
of its distance from the base of a triangle be in a constarU ratio to 
the product of its distances from the sides f 

Let the sides of the triangle bo a, /8, 7, and the equation of 
the locus is a/9 = fty*. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the 
perfect square t“= 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
ay. Similarly, /9 touches the locus at the point /9y. Hence a 
and are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locos is a circle, writing at full length 
as in the last article, and applying the testa of Art. 80, we obtain 
the conditions 

cos(a + /9) =ft CO827; sin(a + /9)=»ft Bin2y; 
whence (as in the last article) we get ft=l, a — 7 = 7— j9, or the 
triangle is isosceles. Hence we may infer that if from any poird 

12 


Digitized by Coogle 



118 the circle — ABRIDGED NOTATION. 

of a circle perpendiculars he let fall on any two tangents and on 
their chord of contact, the square of the last will be equal to the 
rectangle under the other two. 

Kx. When will the locux of a point be a circle if the sum of the square! 
of the perpendiculars from it on the sides of any triangle be constant. 

The locus is a* + /S' + 7* = «*: and the conditions that this should re- 
present a circle are 

cos2o + cos 2/3 f cos 27 « 0 ; sin 2o + sin 2^ + sin 27 = 0. 

cos 2 a = - 2 cos (/3 + 7) cos (/3 - 7) ; sin 2 a = - 2 sin (/3 + 7) cos(^ - 7). 
Squaring and adding, ^ 4 cos '(/3 - 7) ; /3 - 7 = 60 “. 

And so, in like manner, each of the other two angles of the triangle is 
proved to be 60 °, or the triangle must be equilateral. 

124. To dtain the equation of the circle circumscribing the 
triangle formed by the lines a = 0, /8 = 0, 7 = 0. 

Any equation of the form 

Z/87 + mya + nafi — 0, 

denotes a curve of the second degree circumscribing the given 
triangle, since it is satisfied by any of the suppositions 
a = 0, /3 = 0; /8 = 0, 7 = 0; 7 = 0, a = 0. 

The conditions that it should represent a circle are found, by the 
same process as in Art. 122, to be 

I cos(/8 + 7) + »rt cos(7 -i- a) + n cos(a -p /9) = 0, 

Z sin (/3 -I- 7) -h ni sin (7 + a) + n sin (a 4 - ^) = 0. 

Now we have seen (Art 65) that when we are given a pair 
of equations of the form 

Za' + w/S' + n7' = 0, lal' + + nrf = 0 , 

Z, m, n must be respectively proportional to ^ y"-^'y, y a" -y" a', 
a'/9" — o"/9'. In the present case then Z, «i, n must be pro- 
portional to sin(y3-7), sin (7 -a), sin(a-^), or (Art. 61) to 
sin A, sinS, sinCJ. Hence the equation of the circle circum- 
scribing a triangle is 

^y sinA -I- ya smB -h o/9 sin(7= 0. 

125. The geometrical interpretation of the equation just 
found deserves attention. K from any point 0 we let fall per- 
pendiculars OP, OQ, on the lines a, /9, then (Art. 54) «, /8 are 
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the lengths of these perpendicniars ; and since the angle be- 
tween them is the supplement of (7, the 
quantity ayS sin C is double the area of the 
triangle OPQ. In like manner, 7a sin P 
and J87 sin^ are double the triangles 
OPR, OQR. Hence the quantity 
^87 sin.4 4 7« sinP4 <iR sin (7 
is double the area of the triangle PQR, '7 
and the equation found in the last article 
asserts, that if the point 0 be taken on the circumference oi 
the circumscribing circle, the area PQR will vanish, that is 
to say {Art. 36, Cor. 2), the three points P, Q, R will lie on 
one right line. 

If it were required to find the locus of a point from which, 
if wo let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQR so formed should have a constant 
magnitude, the equation of the locus would be 

Ry sin A 4 7« sinP4- a/3 sinC= const., 

and, since this only differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle. 

126. The following inferences may be drawn from the equa- 
tion IRy 4 mya 4 naR = 0, whether or not I, m, n have the values 
siuA, siuP, sInC; and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
scribing the triangle. Write the equation in the form 
7 [IR 4 ma) 4 noR — 0 ; 

and we saw in Art. 1 24 that 7 meets the curve in the two points 
where it meets the lines aR ; since if we make 7 = 0 in the 
equation, it reduces to a.R = 0 . Now, for the same reason, the 
two points in which JR 4 ma. meets the curve, are the two points 
where it meets the lines a and R. But these two points coin- 
cide, since IR 4 ma passes through the point aR, Hence the line 
IR 4 mot, which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point aR. 

In the case of the circle the tangent is a sinP 4 y9 sinA. 
Now we saw (Art. 64) that a sin A 4/9 sinP denotes a parallel 
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to the base 7 drawn through the vertex. Hence (Art. 63) the 
tangent makes the same angle with one side that the base makes 
with the other (Euc. III. 32). 

Writing the equations of the tangents at the three vertices 
in the form 

— I — =0, — 4-7=0, 74-- — 0, 

m 71 ’ n I ’ I 7ti ' 

we see that the three points in which each intersects the opposite 

side are in one right line, whose equation is 

a P y . 

7 4- - 4- = 0. 

I m n 

Subtracting one from another, the equations of the three 

tangents, we get the equations of the lines joining the vertices 
of the original triangle to the corresponding vertices of the 
triangle formed by the three tangents : viz., 

•r-l-o, 

three lines which meet in a point (Art. 40).* 

127. If dp!y\ d’^'y" be the co-ordinates of any two points 
on the curve, the equation of the line joining them is 


a'a" ^ ^ 77 " 


for if we substitute in this equation d^y for a/ 87 , the equation 
is satisfied, since d'^"y' satisfy the equation of the curve which 

may be written I m n 

- 4- 3 4- - = 0. 
a P 7 

In like manner the equation is satisfied by the co-ordinates 
d'ff'y". It follows that the equation of the tangent at any 
point a'/Sy may be written 
fa 

and conversely, that if \a 4 - 4 - V 7 = 0 is the equation of a tan- 

gent, the co-ordinates of the point of contact d^'y\ are given by 

the equations I m n 

^ = A, ^. = P, = 


* The theorems of this article are by M. Bobillier {AnnaUi dt Mathe- 
tnatig7u$, Vol. XVIII, p. 320). The first equation of the next article is by 
M. Hermet. 
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Solving for a', )8', 7' from these equations, and substituting in 
the equation of the curve, which must be satisfied by the point 
O'/S' 7', we get = q. 

This is the condition that the line \a + fi^ + V7 may touch 
Wy + mya + na^ •, or it may be called (see Art. 70) the tan- 
gential equation of the curve. The tangential equation might 
also be obtained by eliminating 7 between the equation of the 
line and that of the curve ; and forming the condition that the 
resulting equation in a : may have equal roots. 

128. To find the condition that the general equation of the 
second degree in a, )8, 7, 

aa’ + b^' + C7* + 2^7 + 2gyai + Ihafi = 0, 
may represent a circle. [Dublin Exam. Papers, Jan. 1857.J 

It is convenient to avail ourselves of the result of Art. 124, 
Since the terms of the second degree, ** 4 y*, are the same in 
the equations of all circles, the equations of two circles can only 
differ in the linear part ; and if 8 represent a circle, an equation 
of the form >S4t«!4»«y4n = 0 may represent any circle what- 
ever. In like manner, in trilinear co-ordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la + wyS 4 ny, (which in order that the equation may be 
homogeneous we multiply by the constant asin.44-f3siiLB47Bin C) 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
be thrown into the form 
{la + mfi + ny) (a sin.d 4/8 sinJ547 sinC) 

4 h {^y sin.4 4 7a sin J5 4 ajS sin C) = 0. 

If now we compare the coefficients of a*, /8", 7* in this form 
with those in the general equation, we sec that, if the latter re- 
present a circle, it must be reducible to the form 

(si^ “ + sO^ + sl^'y) ^ 

4 k [8y siaA-\-yaainB + a8 sinC) = 0 
and a comparison of the remaining coefficients, gives 

2/ sin^ sin C = c sin’'J54 i sin’C-t-^: sin.4 sin5 smO, 

2y sinC'sin.4 = a sin*C4 c sin*.4 4-^' sin.4 sin.Bsin(7, 

2 A sin 4 8\nB = b sin ’A + a sin ’.B 4 A sin 4 sin B sin (7, 
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whence eliminating k, we have the required conditions, via. 
b Bin* C + c Bin* B — 2/ einB ainC = c Bm“ A + asin* C - 2g Bin<7sin.4 

= a sin’ B + h sinM — 2h sin A BinB. 

If we have the equations of two circles written in the form 
(Za + nj/9 + ny) (a sin.4 +/9 sin£ + 7 sin (7) 

+ k sin .4 + ya BinB + aB sinC) = 0 , 
(?a + m'B + w’ 7 )(a buiA + /3 ainB+y sinC) 

+ k (j3y sin .4 + 7 a sin P + ay9 sin C) =0, 
it is evident that their radical axis is 

la + mB + ny — {I'a + tn '/8 + n' 7 ), 

and that la + mB + ny is the radical axis of the first with the 
circumscribing circle. 

Ex. 1. Verify that 0^-7* represents a circle il A = B (Art. 123). 

The equation may be written 

0/3 sinC+ /S7 sin4 + 70 sinE - 7 (o sin4 4 p sinE + 7 sinC). 

Ex. 2. The three middle points of sides, and the three feet of perpen- 
diculars lie on a circle. The equation 

o'sin4 cos4 4^sinEcos£ 1 y' ainC co»C-[py sin4 +7osinE i o/3sinC)=0, 
representa a curre of the second degree passing through the points in ques- 
tion. For if we make 7 = 0, we get 

o* sin 4 cos 4 4- /3* sin B cot B - aft (sin 4 cos E + sin cos 4) o 0, 
the factors of which are o sin 4 - /3 sin B and o cos 4-/3 cos B. Now 
the curve is a circle, for it may be written 
(a cos4 + /3 coail 4 7 cosC) (o sin4 4 /3 sin B 4 7 sinC) 

- 2 (fiy sin 4 4 70 sin B 4 o/3 sinC) = 0, 
Thus the radical axis of the circumscribing circle and of the circle through 
the middle points of sides is a cos 4 4 /3 cosB 4 7 cosC, that is, the axis 
of homology of the given triangle with the triangle formed by joining the 
feet of perpendiculars. 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, / 8 , 7 . The 
general equation of a curve of the second degree touching the 
three sides, is 

Z* 0 (* -i- ot’/S* -t- n* 7 * - 2mnBy — 2nlya - 2lmaB = 0.* 


* Strictly speaking, the double rectangles in this equation ought to be 
written with the ambiguous sign 4, and the argument in the text would 
apply equally. Tr however we give all the rectangles positive signs; dr if 
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Thus 7 is a tangent, or meets the curve in two eoincident 
points, since if we make 7 = 0 in the equation, wo get the per- 
fect square fa’ + w’/S* - 2lma^ = 0. This equation maj also bo 
written in a convenient form 

V(^a) + V(»»i8) + v'(n7) = 0 ; 

for if we clear this equation of radicals, we shall find it to be 
identical with that just written. 

Before determining the values of I, m, n, for which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

«7 (717 — 2la — 2m fi) + {la - wiy 9 )’ = 0, 
we see that the line [la — m/3)^ wliich obviously passes through 
the point a/ 3 , passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
triangle are 

la — in /3 = 0, tw/ 8 — «7 = 0, r.7 — fa = 0, 
and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny — 2la - 2 ?n /9 touches the curve, for when this 
quantity is put = 0, we have the perfect square [la — wi(8)’ = 0 ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — w /3 passes through the point of con- 
tact. Hence, if tlie vertices of the triangle be joined to the 
points of contact of opposite sides, and at the points where the 
joining lines meet the circle again, tangents be drawn, their 
equations are 

2ia + 2 m /3 — M7 = 0, 2 m /3 + 2n7 — fa = 0, 2ny + 2la — = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 
fa + »n /3 4 ny = 0, 

we give one of them a positive sign, and the other two negative, the equation 
does not denote a proper curve of the second degree, but the square of soma 
one of the lines h ± m /3 ± ny. And the form in the text may be considered 
to include the case where one of the rectangles is negative and the other 
two positive, if we suppose that I, m, or n may denote a negative as well 
as a positive quantity. 
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for this line passes through the intersection of the first line with 
7, of the second with a, and of the third with y8. 

•130. The equation of the chord joining two points a'/9Yi 
on the curve is 

a V(?) Iv/(/ 9'7") + V(y3"7’)l + ^ {V(7'«") + V(7"«')} 

+ 7 VM (V(a'/3") + V(«'W} = 0.* 
For substitute a', /S', y for a, / 9 , y, and it will bo found that the 
quantity on the left-hand side may be written 

{V(a'/3'7")+V(^V«'') + V(7'«'>3")} {v^(^a') + V(»i^') + V(«7')} 

- V(a'/9 7 ) (V(fa") + V(«*/9") + V(n7")}, 
which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", / 3 ", y" = a', /S', y in the 
above. Dividing by 2 V(«'/8'7'), it becomes 

Conversely, if \o + /*/S + V7 is a tangent, the co-ordinates 
of the point of contact are given by the equations 


^/(^)-• /!)- v'(7)= 


V. 


Solving for a'/S'7', and substituting in the equation of the curve, 
we get I m n ^ 

\ fi V ' 

which is the condition that \a + /i/3 + vy may be a tangent ; 

that is to say, is the tangential equation of the curve. 

The reciprocity of tangential and ordinary equations will be 

better seen, if we solve the converse problem, viz. to find the 

equation of the curve, the tangents to which fulfil the condition 

. I m n . 

^ + --(-- = 0. 

\ V 

We follow the steps of Art. 127. Let X'a -I- /i'/3 + v' 7 , 
\"a + /i”/3 + v'y be any two lines, such that X'/i'r', satisfy 

the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

7X wii nv 

VTTTi -I- -A, + — = 0, 

XX /i/i vy 

* This equation is Dr. Hart’s. 


Digitized by Coogle 


THE CIRCLE — ABRIDGED NOTATION. 


128 


is the tangential equation of their point of interaection. For 
(Art, 70) any equation of the form = is the 

condition that the line Xa + fiB + K 7 should pass through a 
certain point, or, in other words, is the tangential equation of a 
point ; and the equation we have written being satisfied by the 
tangential co-ordinates of the two lines is the equation of their 
point of intersection. Making X', v'= X", /*", v" we Icam that if 

there be two consecutive tangents to the curve, the equation of 
their point of Intersection, or in other words, of their point of 


contact, IS 


iK mu nv 
Vi + ^ + pi-O- 


The co-ordinates then of the point of contact are 


a 


I m 

X"’ 


n 


Solving for X', /i’, v' from these equations, and substituting in the 
relation, which by hypothesis X'/iV satisfy, we get the required 
equation of the curve 

V(/a) V(”t/3) + V(»7) = 0. 


131. The conditions that the equation should represent a 
circle are (Art. 128) 

m’ sin'C'-Hn* sin'‘.B-|- 2 »nn sln^sinC—n* sin*A4 P sin*C7 

+ 2?il sinA sinC=r‘ sin’ .B + »n* Bln’A-)-2/m sinA sin^, 
or »n 8in(7+ n sin^ = ± (n sinA + ? sinC) =± (^sinjB-t- m sin A). 

Four circles then may be described to touch the sides of the 
given triangle, since by varying the sign, these equations may 
bo written in four different ways. If we choose in both cases 
the 4 sign, the equations are 

ZsinO— w»sin(74 n (sinA — sin5) = 0 ; 

Z sin 5 4 m (sin A — sin (7) — « sin B=0. 

The solution of which gives (see Art. 124), 

Zc 3 sinA (sini ?4 slnO— sin A), w = ain5(sinC4 sinA - sin.B), 
n = siuC (sinA 4 ainB— sinf7). 

But since in a plane triangle 

sin5 4 sin (7— sin A = 4 cos ^A sin \B sin | C, 
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these values for I, m, n are respectively proportional to cos*i.4, 
cos’|5, cos’^C, and the equation of the corresponding circle, 
which is the inscribed circle, is 

cosj.4 V(«) + co8^5V(/31 + C084 C'V(7) =0,* 


or 


a’ cos*|.4 + y3’cos*iZ?+7*cos*J(7 — 2«;8 co8’^.<4 cos*^j9 

— 2/87 cos* ^ B cos’ i (7 — 27 a cos’ ^ C cos* ^.4 = 0. 
We may verify that this equation represents a circle by 
writing it in the form 

/acos’Aud Bcos'\B ycos’AC'X, . . . a • n , ■ n\ 

( — : — 2 — + - + -i— ^ ) (astn^ + ^smi?4 ysinCJ) 

V sin.4 sin/J smC J ' 

cos’i.4 cos’iBcos*i(7 , ■ r> . a • n\ n 

. — ■ . (/Q 7 sin .4 4 7 a sin 5+ op sm (7) = 0. 

sin .4 sm AX sin (7 \ » 


In the same way, the equation of one of the cxscribed circles is 
found to be 

a’ cos* 1 4 4 y9* sin* ^ 5 4 7 * sin* J O' — 2/87 sin’ ^ B sin’ | (7 

427a8in’^(7 cos’J44 2aB 8in*^Bcos’J4 =0, 

or cos^4 V( — «)4sin^j5 V(/8) 4 sinJ^C ^( 7 ) = 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line a. 


Ex. Find the radical axis of the inscribed circle and the circle through 
the middle points of sides. 

The equation formed by the method of Art. 128, is 
2 cos' J 4 cos’J.B cos*jC{“ cos 4 + /3 cos.B + 7 cosC} 


= sin 4 sin .0 sinC (« 


cos*J4 - cob‘10 cos‘}C\ 


sin 4 sin0 sinC / 
Divide by 2 cos}4 cosI0 cosj C, and the coefficient of a in this equation is 
cos|4 {2 cos’i4 sinX0 sinJC- cos4 cosI0 cosJC}, 
or cosJ4 sinl(4 - 0) sin}(4 - C). 


* Dr. Hart derives this equation from that of the circumscribing circle 
as follows: Let the equations of the sides of the triangle formed by joining 
the points of contact of the inscribed circle be a' = 0, ^ = 0, y = 0 ; and 
let its angles be 4', 0', C; then (Art. 124) the equation of the circle is 
sin 4' + 7V sin 0' + a'/T sinC" = 0. 

But (Art. 123) for every point of the circle we have a" = Py, p' = ya, 
Y' = “(3. and it is easy to see that A' -90 - }4, &c. Substituting these 
values, the equation of the circle becomes, as before, 

cos^4 y(o) + 008^0 + cos} C y(7) = 0. 
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The equation of the radical axis then may be written 

a cosjyf /9 cosJB 7COSJC _ 

»ini{B - C)* 8inJ(C- A) ^ sinH.^ - -B) ’ 

and it appears from the condition of Art. 1.10, that thia line touches the 
inscribed circle, the co-ordinates of the point of contact being sin'i(5 - C), 
lin’i{C- A), sin'^A - S). 'iliese values shew (Art. 66) that the point of 
contact lies on the line joining the two centres whose co-ordinates are 
1, 1, 1, and cos(£ - C), cos(C- A), coa{A - B). 


132. If the equation of a circle in trilinear co-ordinatea is 
equivalent to an equation in rectangular co-ordinatca, in which 
the coefficient of x' + is m, then the result of substituting in 
the equation the co-ordinates of any point is m times the square 
of the tangent from that point. This constant m is easily de- 
termined in practice if there be any point, the square of the 
tangent from which is known by geometrical considerations; 
and then the length of the tangent from any other point may bo 
inferred. Also, if wo have determined this constant m for two 
circles, and if we subtract, one from the other, the equations divided 
respectively by m and m\ the difference which must represent the 
radical axis, will always be divisible by a sin A 4 /8 sin .S-b 7 sin (7. 

Ex. 1. Find the value of the constant m for the circle through the 
middle points of the sides, 

a'sin.A cosA + ^iinS cosB + T’sinCcosC'- fiyainA-ya ainB-afi sinC=0. 
Since the circle cuts any side 7 at points whose distances from the vertex A, 
are ic and 6 cos A, the square of the tangent from A is ibc cos A. But 
since for A we have /3 = 0, 7 = 0, the result of substituting in the equation 
the co-ordinates of A is o'* sin A cos A, (where o' is the perpendicular from 
A on the opposite side), or is be sin A sin B sinC cos A. It follows that the 
constant m is 2 sin .A sin B sinC. 


Ex. 2. Find the constant m for the circle ^ sin A + 70 sin B + oj3 sinC. 
If from the preceding equation we subtract the linear terms 

(o coaA + /3 cosB + 7 cosC)(o sinA + /3 sinB + 7 sinC), 

the coefficient of x* + y* is unaltered. 'The constant therefore for ^ sin A, 
&c. is - sin A sin B sinC. 


Ex. 3. To find the distance between the centres of the inscribed and 

circumscribing circle. We find If - JP, the square of the tangent from 

the centre of the inscribed to the circumscribing circle, by substituting 

, . r*(sinv4 + sin B + sinC) , , , 

r, to be ^ p — ' ' ®^> °y ® well-known formula, 


1 = ^ = 7- 

i - 2iir. Hence D* 


sin .A sinB sinC 
. JP - 2Jtr. 
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Ex. 4. Find the distance between the centres of the inscribed circle and 
of that through the middle points of sides. If the radius of the latter be p, 
making use of the formula, 

tin.,1 cosu4 + sin .8 coiJS -f sinCcosC= 2 sin ./I sin8 sinC, 
we have D* - />• = r* - rJJ. 

Assuming then that we otherwise know Jt = 2p, we hare D = r - p,ox 
the circlet touch. 

Ex. 5. Find the constant m for the equation of the inscribed circle 
given above. Am. 4r* cos’^A cot'lB coa’jC. 


CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND 
DEGREE, DEDUCED FROM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 
degree is 

a** + 2kxy + + ‘iya; + + c = 0, 

where a, c,/', g, h are all constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which arc common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients ; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
term = 1, and there will then remain but five constants to be 
determined. 

* We shall prove hereafter, that the section made by any plane in a 
none standing on a ciroular base is a curve of the second degree, and, con- 
versely, that there is no curve of the second degree which may not be con- 
sidered as a conic section. It was in this point of view that these curves 
were first examined by geometers. AVe mention the property here, because 
We shall often find it convenient to use the terms “conic section,” or "conic,” 
instead of the longer appellation, “ curve of the second degree.” 
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Thus, for example, a conic section can be described through 
five points. Substituting in the equation (as in Art. 93] the 
co-ordinates of each point (xy) through which the curve must 
pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, - , &c. 

134. We shall in this chapter often have occasion to use the 
method of transformation of co-ordinates ; add it will be useful 
to find what the general equation becomes when transformed to 
parallel axes through a new origin {x'y). We form the new 
equation by substituting x -f a:’ for x, and y + y' for y (Art 8), 
and we get 

a (x + x')’+ 2A (x+x) (y+ y ') + 1 (y+y’)’+2y (x+x') + 2/ (y +y')+c=0. 

Arranging this equation according to the powers of the vari- 
ables, we find that the coefficients of x*, ay, and y*, will be, as 
before, a, 2A, h ; that 

the new y, y' = ox' + Ay' +y; 
the new /, /" = Ax' + Ay' +/; 

the new c, c' = ax'* + 2Ax'y' + Ay'* + 2yx' + 2fy + c. 

Hence, if the equation of a curve of the second degree be trans- 
formed to parallel axes through a new origin^ the coefficients of the 
highest powers of the variables will remain unchanged, while the 
new absolute term will be the result of substituting in the original 
equation the co-ordinates of the new origin.* 

135. Every right line meets a curve of the second degree in 
two real, coincident, or imaginary points. 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine the points where any line 
y = mx + n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes, are 
determined by the quadratics 

ax* 4 2yx 4 c = 0, Ay* 4 ^fy 4 c = 0. 

* This is equally true for equations of any degree, as can be proved in 
like manner. 


Digitized by Google 



128 GENEEAL EQUATION OP THE SECOND DEGREE. 


An apparent exception however may arise which does not 
present itself in the case of the circle. The quadratic may re- 
duce to a simple equation in consequence of the vanishing of the 
coefficient which multiplies the square of the variable. Thus 


Qcy ■)- 2y* + x + 5y + 3 = 0 

is an equation of the second degree ; but if we make y = 0, we 
get only a simple equation to determine the points of meeting 
of the axis of x with the locus represented. Suppose, however, 
that in any quadratic + 2 jSx + C = 0, the coefficient G 
vanishes, we do not say that the quadratic reduces to a simple 
equation; but we regard it still as a quadratic, one of whose 

25 

roots is X = 0, and the other Now this quadratic 


may bo also written 


and we see by parity of reasoning, that if A vanishes, we ought 

to reg^ard this still as a quadratic equation, one of whose roots 

1 1 2J5 0 

is - = 0, or X = 00 ; and the other - = — 77 , or x = =, . The 

X ’ ’ X C ’ 25 

same thing follows from the general solution of the quadratic, 

which may be written in either of the forms 

-B±^J(B‘-AC) C 

A ~ -Bl->J[B'‘-ACy 

the latter being the form got by solving the equation for the 
reciprocal of x, and the equivalence of the two forms being 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become = ± 5 ; and therefore the 
last form of the solution shows, that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When therefore 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form 0.x* + 25x+ C= 0, one 
of whose roots is infinite ; and we are to regard this as indi- 
cating, that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y + 1) (x + 2y + 3) = 0, represents two 
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rlglit lines, one of which meets the axis of * in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Ajc‘ + both B 

and C vanish, we say that it is a quadratic equation, both of whoso 
roots are * = 0; so if botli B and A vanish we are to say that 
it is a quadratic equation, both of whose roots arc x = <x> . With 
the explanation here given, and taking account of infinitely 
distant, as well as of imaginary, points, wc can assert that rrery 
right line meets a curve of the second degree in two points. 

1.30. The equation of the second degree transformed to 
polar co-ordinates* is 

[a co^d + 2/« cos 0 sin ^ h A si n“^) p‘ + ‘2 [y cos 6 -‘r f sin 0) p + c = 0 ; 
and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0. 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p’ 
vanishes. 13ut this condition will be satisfied for two values 
of namely those given by the quadratic 

a -)■ 2/( tan 6 + b t.an''^ = 0. 

Hence, there cein be drawn through the origin two real, coin- 
cident, or imaginary lines, which will meet the curve at an infinite 
distance; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 
2 {g cos 0 -)-/ sin p 4 c = 0. 

If we multiply by p' the equation 
• a cos’0 + 2h cos 0giad + b sin'0 = 0, 

and substitute for p cos0, p sin0 their values x and y, we obtain 
for the equation of the two lines 

ax' 4 2hxy 4 by'‘ = 0. 

There arc two directions in which lines can be drawn through 


* The following processes apply equally if the origitial equation had 
been in oblique co-ordinates. We then substitute wip for x, and np for y, 

where mi is and » is ^(Art. 12 ); and proceed as in the text. 

810(0 sinui 


K 
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any point to meet the curve at infinity ; for by transformation 
of co-ordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134) that 
o, h are unchanged by such a transformation 5 the directions 
are therefore always determined by the same quadratic 
a cos*0 + 2A COS0 sin0 + ft sin’0 = 0. 

Hence, if through any point turn real lines can he drawn to meet 
the curve at infinity, parallel lines through any other point will 
meet the curve at infinity.* 

137. The most important question we can ask, concerning 
the_/ftnn of the curve represented by any equation, is, whether 
it be limited in every direction, or whether it extend in any 
direction to infinity. We have seen, in the case of the circle, 
that an equation of the second degree may represent a limited 
curve, while the case where it represents right lines shows us 
that it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test whereby we may distinguish 
which class of locus is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radios vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article, that when the radius vector becomes in- 
finite, we have a + 2ft tan 0 + ft tan“0 = 0. 

(1) If now we suppose ft* — aft to be negative, the roots of 
this equation will be imaginary, and 
no real value of 6 can be found which 
will render 

a coa*d + 2A cos0sin0 + ft sin’0 = O. 

In this case, therefore, no real line 
can be drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the next chapter, that 
its form is that represented in the figure. A curve of this class 
is called an Ellipse. 

• This indeed is evident geometrically, since parallel lines may be con- 
sidered as passing through the same point at infinity. 
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(2) Hh' — db bo positive, the roots of the equation 
a + 2A tan 0-\-b ia,n*0 = 0 

will be real ; consequently, there 
are two real values of 0 which will 
render infinite the radius vector to 
the curve. Hence, two real lines 
(oa^ + ihxy 4 by* = 0) can, in this 
case, be drawn through the origin 
to meet the curve at infinity. A 
curve of this class is called an 
Hyperbola, and we shall show, in the next chapter, that its form 
is that represented in the figure. 

(3) If h‘ — ab = 0, the roots of the equation 
a + 2^ tan0 + 5 tan’0 = O 

will then be equal, and, therefore, 
the two directions in which a right 
line can he drawn to meet the 
curve at infinity will in this case 
coincide. A curve of this class is 
called a Parabola, and we shall 
(Chap. XII.) show that its form is 
that hero represented. The condition here found may be other- 
wise expressed, by saying' that the curve is a parabola when 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation, until we have first by 
transformation of co-ordinates, reduced the equation to its 
simplest form. The general truth however of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation, in the manner explained 
(Art. 16). Solving for y in terms of x, we find (Art. 76) 

h = - +/) ± V{(A’* - ab) a:* 4 2 [hf- by) x+{f*~ Jc)]. 

Now, since by the theory of quadratic equations, any quantity 
of the form x'-i- px + q is equivalent to the product of two real 
or imaginary factors (x— a) (* — yS), the quantity under the 
radical may be written [k* — ab) (x — a) {x — (3). If then A* — ab 
be negative, the quantity under the radical is negative, (and 

K 2 
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therefore y imaginary), when the factors ar — a, a; — /8 are either 
both positive, or both negative. Beal values for y are only 
found when x is intermediate between a and y9, and therefore 
the curve only exists in the space included between the lines 
x = a, x = y9 (see Ex. 3, p. 14). The ease is the reverse when 
h' — ab is positive. Then we get real values of y for any values 
of X, which make the factors x — a, x — /3 either both positive 
or both negative ; but not so if one is positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in tlie positive and in the negative direction, but 
separated by an interval included by the lines x = a, x = /3, in 
which no part of the curve is found. If h^ — ah vanishes, tlio 
quantity under the radical is of the form either x — a or o — x. 
In the one case we have real values of y, provided only that x 
is greater than o ; in the other, provided only that it is less. 
The curve therefore consists of a single branch stretching to in- 
finity either on the right or the left-hand side of the line x = o. 

If the factors a and yS be imaginaiy, the quantity under tlie 
radical may be thrown into the form [h* — ab){{x — yY + S‘]. 
If then k‘‘ — ab is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola, p. 131, lines 
parallel to the axis of y always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if h' — ab 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. Construct, as in Art. 16, the figures of the following curves, and 
determine their species : 

3x* + ixy 4 y* - 3x - 2y + 21 = 0. Am. Hyperbola. 

Car* 4 4ary 4 y* - Sr - 2y - 19 = 0. Am. Ellipse. 

dr* 4 dry 4 y* - Sr - 2y - 10 = 0. Am. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most 
general form of the equation of the circle, a = b, h = a cosic (Art. 81); and 
therefore A’ - ab is negative being = - a’ sin’oi. 

Ex. 3. Wbat is the species of the curve when A = 0? Am. An ellipse 
when a and b have the same sign, and an hyperbola when they have opposite 
signs. 

Ex. 4. If either a or 5 =0, what is the species? Am. A parabola if 
also A = 0 j otherwise a hy]>crbola. When a ^ 0 the axis of r meets the 
curve at infinity; and when 6 » 0, the axis of y. 
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Ex. 5. 


What is represented by 

^ 2 ^ ^ ^ ^ 

a* oi i* ■ a i 


0 ? 


Aiit. A parabola touching the axes at the points x a, y - b. 


139. If in a quadratic .^lx’ + 27?x+ C=0, the coefficient B 
vanishes, the roots are equal with opposite signs. This then 
tv ill be the case with the equation 

(« coa'd + 2/i cos 6 sin d+b sin'‘0) p’ + 2 cos 0 +f sin 0) p + c = 0, 

if the radius vector be drawn in the direction determined by 
the equation 7 cos0 4/sin0 = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it ; 
therefore, the chord represented by the equation gx+f^ = 0 is 
bisected at the origin. 

Hence, through any given point can in general be drawn one 
chord, tchich will be bisected at that point. 


140. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had ^ = 0, /=0, then the 
quantity g coad would be = 0, whatever were the value 

of 6 ; and we see, as in the last article, that in this case eviry 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, wc can in 
general, by transforming the equation to a new origin, cause 
the coefficients g and f to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and f, we find that 
the co-ordinates of the new origin must fulfil the conditions 
ox + by + ^ = 0, hx + by +f= 0. 

These two equations arc sufficient to determine x' and y\ and 
being linear, can be satisfied by only one value of x and y ; 
hence, conic sections have in general one and only one centre. Its 
co-ordinates are found, by solving the above equations, to be 

. _ 

~ h'- ab' ^ ~ h^-ab’ 


In the ellipse and hyperbola h^—ab is always finite (Art. 137); 
but in the parabola h*—ab=0, and the co-ordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
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a non-central curve. The student must be careful, however, 
to remember that, strictly speaking, every curve of the second 
degree has a centre, although in the case of the parabola this 
centre is situated at an infinite distance. 

141. To find the locus the middle j^oints of chords ^ parallel 
to a given line^ of a curve of the second degree. 

We saw (Art. 139) tliat a chord through the origin is bi- 
sected if g cos0+y sin 0 = 0. Now, transfonning the origin to 
any point, it appears, in like manner, that a parallel chord will 
be bisected at the new origin if the new g multiplied by cos 0 + 
the new/ multiplied by sin 0 = 0, or (Art. 134) 

cos 0 [ax + + ^) + sin 0 ( Ac' + hy +/) = 0. 

This,' therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord must He on the right line 

COS0 {flx + hy+g] + sin 0 (Ac + hy +/) = 0, 

which is, therefore, the required locus. 

Every right line bisect'ing a system of parallel chords is called 
a diameter, and the lines which it bisects arc called its ordinates. 

The form of the equation shows (Art. 40) that every diameter 
must pass through the intersection of 
the two lines 

ax + hy-\-g = Q, and Ac + +/= 0 ; 

but, these being the equations by 
which we determined the co-ordinates 
of the centre (Art. 140), we infer that 
every diameter passes through the centre of the curve. 

It appears by making 0 
alternately =0, and =90° in 
the above equation, that 

ax + hy+g = 0 

is the equation of the'diametcr 
bisecting chords parallel to the 
axis of X, and that 

hx + hy +/ = 0 
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is the equation of the diameter bisecting chords parallel to the 
axis of y.* 

In the parabola h* = ah, or ^ ^ j *^nd hence the line 

ax-\-hy+g is parallel to the line 
hx +hy+f] consequently, all dia- 
meters of a parabola are parallel 
to each other. This, indeed, is 
evident, since we have proved 
that all diameters of any conic 
section must pass through the 
centre, which, in the case of the 
parabola, is at an infinite distance; 
and since parallel right lines may be considered as meeting in 
a point at infinity.f 

The familiar example of the circle will sufficiently illustrate to 
the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

142. ITie direction of the diameters of a parabola is the same 
as that of the line through the origin which meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 136) aa? + nxy + bf = 0, 



• The equation (Art. 138) which U of the form by = - (hx rJ)±R is 
most easily constructed by first laying down the line hx + by t /, and then 
taking on each ordinate MP of that line, portions PQ, PQ, above and 
below P and equal to it. Thus also it appears that each ordinate is bisected 
by Ar + Jy +/. 

f Hence, a portion of any conic section being drawn on paper, we can 
find its centre and determine its species. For if we draw any two parallel 
chords, and join their middle points, we have one diameter. In like manner 
we can find another diameter. Then, if tbcsc two diameters be parallel, the 
curve is a parabola, but if not, the point of intersection is the centre. It 
will be on the concave side when the curve is an ellipse ; and on the convex 
when it is a hyperbola. 
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or, writing for It its value \'{(ih), 

But the Jiaineters are parallel to ux+h^=0 (by the last article), 
which, if we write for h the same value \' {(ih), will also reduce to 

v'(<f) X + y = 0. 

Hence every diameter of the parabola meets the curve once at 
inrinity, and, therefore, can only meet it in one finite point. 


14.3. If two (Umm U rs of a conic section he such, (hot one of 
t/o‘in bisects all chords parallel to the other, then, conversely, the 
second trill bisect all chords parallel to the first. 

The equation of the diameter wliich bisects chords making 
an angle 0 with the axis of x is (Art. 141) 

(rtx + hy +g)-¥ {h.v + by +f) tan 0 = 0. 

But (Art. 21) the angle which this line makes with the axis is 0' 


where 


tan 0‘ = — 


o f A tan^ 
h + h tan 0 


) 


whence b tan 0 tan 0' h (tan 0 4- tan 0') + a = 0. 

And the symmetry of the equation shows that the chords making 
an angle 0' are also bisected by a diameter making an angle 0. 

Diameters so related, that each bisects every chord parallel 
to the other, arc called conjugate diameters.* 

If in the general equation h = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become ox 4 <7 = 0, 
and will, therefore, be parallel to the axis of y. In lilu manner, 
tbe diameter bisecting chords parallel to the axis of y will, in 
this case, be by+f=0, and will, therefore, be parallel to tho 
axis of X. 


144. If in the general equation c=0, tbe origin is on the curve 
(.irt. 81) ; and accordingly one of the roots of tbe quadratic 
((( cos’0 4- 2/i cos^ sin 0 -k-b sin’0) p’ 4- 2 (y cos ^ 4-/ sin 0) p = 0 
is always p = 0. The second root will be also p = 0, or tho 
radius vector will meet the curve at the origin in two coincident 
points, if y cos 04-/’ sin ^ = 0. Multiplying this equation by p. 


• It is evident tiiat none but central curves can have conjugate diameters, 
since in the parabola the direction of all diameters is the same. 
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we Lave the equation of tlic tatigcnt at the origin, viz. 

Tlic equation of the tangent at any other point on tlie curve, 
may be found by first transforming the equation to that point 
a.s origin, and wlien the. equation of the tangent lias been then 
found, transfonning it back to the original axes. 

Ex. The point (1, 1) is on the curve 

'ijc‘ - ix;/ + 2y' ‘ 7j: - - 3 = 0 ; 

transform tlie equation to par.allcl axes through that point, and find the 
tangent at it. 

Am. 9i - 5y = 0 referred to the new axes, or 9(z - I) = 5fy - 1) re- 
ferred to the old. 

If this method is applied to the general equation, we get for 
the tangent at any point the .same equation its that found 
by a different method (Art. 80), viz. 

ax'x + h {x’y -h y'x) + ly'y +g[x-ir x) +/{y + y')+c = 0. 

1-15. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point x'y not supposed to be 
on the curve, the points of contact arc the intersections with 
the curve of a right line whose equation is identical in form 
with that last written ; and which is called the polar of x'y. 
Consequently, since every right line meets the curve in two 
points, through any point xy there can he drawn two real, coin- 
culeat.^ or imaginary tangents to the curre.t 

It was also proved (Art. 89) that the polar of the origin is 
gx Afy -e c = 0. Now this line is evidently parallel to the chord 
gx + fy., which (Art. 139) is drawn through the origin so as to 
be bi.sectcd. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the. polar of any point is 
parallel to the ordinates of the diameter passing through that point. 
This Includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 

* The same argument proves that in an equation of any degree, when 
the absolute term vanishes the origin is on the curve, and that the terms of 
the first degree represent the tangent at the origin. 

t A curve is said to be of the »"* clan, when through any point ii tan- 
gents can be drawn to the curve. A conic is therefore a curve of the second 
degree mid of the second class : but in higher curves the degree and class 
of a curve are commonly not the same. 
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diameter arc parallel to the conjifgate diameter, we infer that, 
the polar of any point on a diameter of a central curve is parallel 
to the conjuyate diameter. 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of B, then B lies on 
the polar of A. This may be otherwise stated. If a point move 
along a fixed line [the polar of B~\ its polar p/asses through a 
fixed point [5] ; or conversely. If a line [the polar of A] pass 
through a fixed jyoint, then the locus of its pole A is a fixed 
right line. Or again. The intersection of any two lines is the 
pole of the line joining their poles ; and conversely. The line 
joining any two jmiiits is the jwlar of the inteisections of the polars 
of these points. For if we take any two points on the polar 
of A, the polars of these points intersect in A. 

It was proved (Art. 100) that if two lines be drawn through 
any pwuit, and the jtoints joined where they meet the curve, the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this. 
If through a point 0 any line Oil be draion, the tangents at B! 
and R' meet on the polar of 0 : a. property which might also be 
inferred from the last paragraph. For since RIt", the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 98), that if on any radius 
vector through the origin, OB be 
taken a harmonic mean between OR 
and OR", the locus of B is the polar 
of the origin; and therefore that, 
any line draicn through a pwint is 
cut harmonically by the pwint, the 
curve, and the polar of the pwint ; as 
was also proved otherwise (j\xt. 91). 

Lastly, we infer that, if any line 
OR be drawn through a point 0, and 
P the pole of that line be joined to 0, then the lines OP, OR 
will form a harmonic pencil with the tangents from 0. For 
since OR is the polar of P, PTllT' is cut harmonically, and 
therefore OP, OT, OR, OT form a harmonic pencil. 
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Ex. 1. If a quadrilateral ASCS, be inscribed in a conic section, any 
of the points E, F, O, is the pole of the 
line joining the other two. 

Since EC, ED, are two lines drawn 
through the point E, and CD, AB, one 
pair of lines joining the points where they 
meet the conic, these lines must intersect 
on the polar ot E-, so must also AD and 
CB-, therefore, the line OF is the polar 
of E. In like manner it can be proved 
that EF\& the polar of O, and EO the polar of F. 

Ex. 2. To draw a tangent to a given conic section from a point outside, 
with the help of the ruler only. 

Draw any two lines through the given point E, and complete the quad- 
rilateral as in the figure, then the line OF will meet the conic in two points, 
which, being joined to E, will give the two tangents required. 

Ex. 3. If a quadrilateral be circumscribed about a conic section, any 
diagonal is the polar of the intersection of the other two. 

We shall prove this Etaniple, as we might have proved Ex. 1, by means 
of the harmonic properties of a quadrilateral. It was proved (p. 60) that 
EA, EO, EB, EF, ore a harmonic pencil. Hence, since EA, EB, arc, 
by hypothesis, two tangents to a conic section, and EF a line through their 
point of intersection, by Art. 146, EO must pass through the pole of EE; 
for the same reason, FO must pass through the ix)le of EF : this pole must 
therefore be O. 

147. We have proved (Art. 92) that the equation of the pair 
of tangents to the curve from any point x'y\ is 
{ax* -f ihxy-\-hy* 4- 2yx ->rify' {cu? -1- ^hxy -1- hy* -1- igx -h 'ify c) 

= [ax'x + h {x'y -I- y'x) -f hy'y -f y {x + x) +f (y' + y) + c}*. 

The equation of the pair of tangents through the origin may bo 
derived from this by making x' = y' = 0 ; or it may be got directly 
by the same process as that used Ex. 4, p. 80. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 

(a co8*0+ ih co80sin0-|- 6 am* 6) p* + 2{ycoa0+fam0) p + c = 0. 
Now this equation will have equal roots if 0 satisfy the equation, 
{a coa*0 + 2hcoadam9 + b sin' 0) c = (y cos 0 +/ sin 0]*. 
Multiplying by p’, we get the equation of the two tangents, viz. 
(«c - y*) x’ -1- 2 {ch -yf)xy+ {he -f) y* = 0. 
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Tilts equation again will have equal roots; that Is to sav, the 
two tangents will coincide if 

or, c [nlc + — nf* — h(f — cJi*) = 0. 

This will he satisfied if r = 0, that is, if the origin be on the 
curve. lienee, «»y o/i t/ie rurtv tnni/ he considered os the 
intersection of tiro (ndncident tangents, just as anv tangent may 
he considered as the line joining two consecutive points. 

The equation will have also equal roots, if 

ahe + ^fgh — af^ — Inf — cli — 0. 

Now we obtained this equation (p. 74) as the condition, that the 
eijuation of the second degree should represent two right lines. 
To e.xplain why we should here meet with this equation again, 
it must be remarked that by a tangent we mean In general a line 
which meets the curve in two coincident points ; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 


148. If through any jwint 0 two chords he drawn, meeting the 
curve in the 2>oints K, Jl", S', S", then the ratio of the rectangles 

~ ^ ^ constant, whatever he the jwsition of the point 0, 


provided that the directions of the lines OB, OS be constant. 

For, from the equation given to dctenuinc p in Art. 136, it 
appears that 


OB'. OR" 


c 

a cos’0 + 2h COS0 slnfl + h sin’0 ' 


In like manner 


OS'.OS"= 


a + 2h cosff sin ff + b sin'ff ’ 


licncc 


OB'. OB' _ a cos'' 6' + 2h c(is6' sin^’ + h sin“0' 
OS'. OS " a cos'5 + 2h cosfl sin 6 -\- b 8111 “ 6l 


But this is a constant ratio: for a, h, h, remain unaltered 
when the axes arc transformed to any new origin (.\rt. 134), 
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and 0, 6' are evidently constant wUilc the direction of the radii 
vectorcs is constant. 

The theorem of this Article may be otherwise stated thus : 
If t/troii<fh (ICO Jixed i>uints 0 and O' any two parallid lows OR 


and O' p he drawn, then the ratio of the rectanyles 
he constant, ichatever he the dinction of these lines. 


OR'. OR" 

cyp'.o'p" 


will 


For, these rectangles are 


a coe^ 0 + '2h coa0 sin0 + h sin’t^ ’ a coii‘0 +'2h cos ^ sin 0+ h sin”^ ’ 


(c being the new absolute term when the cejuatiou is transferred 


c . 

to O' as origin) ; the ratio of these rectangles = — , , and is, there- 

C s 

fore, independent of 0. 

This theorem is the generalization of Euclid ill. 3.1, 3d. 


149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let O' be the centre of the curve, then O'p = O'p" and 
the quantity O'p .O'p" becomes the square of the semidiameter 
parallel to OR. Hence, The rectangles under the segments of two 
chords which intersect are to each ot/ur as the squares of the dia- 
meters parallel to those chords. 

II. Let the line OR be a tangent, then OR = OR", and the 
quantity OR. OR" becomes the square of the tangent; and, 
since two tangents can be drawn through the point O, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents drawn through any point are to each 
other as the diameters to which they are parallel. 

III. Let the line 00' be a diameter, and OR, O'p, parallel to 
its ordinates, then OR = OR" and O'p' = O'p". Let the diameter 

. . . . , „ . OR O'p' 

meet the curve in the points A, R, then . „y. = 't :.. Ls. • 

’ ’ AO. OB AO. OB 

Hence, The squares of the ordinates of any diameter are propor- 
tional to the rectangles under the segments which they make on the 
diameter. 


150. There is one case in which the theorem of Article 118 
becomes no longer applicable, namely, when the line OS is pa- 
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rallcl to one of the lines which meet the curve at infinity ; the 
segment OS" is then infinite, and OS only meets the curve In 
one finite point. We propose, in the present Article, to Inquire 

0 S' 

whether, in this case, the ratio will be eonstant. 

Let us, for simplicity, take the line OS for our axis of ar, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the cocflBcient a will = 0 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 
2hxy + hi/‘ 4- 2<jx + 2fi/ + c = 0. 

Making y = 0, the intercept on the axis of x is found to be 


OS' = — — ; and making a; = 0, the rectangle under the inter- 


cepts on the axis of y is = ^ . 


Hence 


_qs' b_ 

OR’. OR" ~ 2g • 


Now, if we transform the axes to any parallel axes (Art. 134), 
b will remain unaltered, and the new 
Hence the new ratio will be 


_ h 

2 (%' + . 9 ) ■ 

Now, if the curve be a parabola, A = 0, and this ratio is constant ; 
hence, if a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rcotanglc under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while y is constant ; hence The intercepts made by two jmrallcl 
chords of a hyperbola^ on a given line meeting the curve at infinity^ 
are proportional to the rectangles wider the segments of the chords. 


*151. To find the condition that the line \x + py+v may 
touch the conic represented by the general equation. Solving for y 
from Xa; + /iy + V = 0, and substituting in the equation of the 
conic ; the absciassB of the intersections of tlic line and curve are 
determined by the equation 

(a/i* — 2/i\/x + JX*) x' + 2 [gpd — hpv —f/jib. + b\v) x 

+ (r/i* - 2fpv + Jk*) = 0. 
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The lino will touch when the quadratic has equal roots, or when 

(a/i” — 2A\/a + Z>\’) (c/i* — iffiv + &v“) = [gjj^ — hfiv —fii\ 4 iXv)’. 

Multiplying out, the equation proves to be divisible by fi‘, and 
becomes 

(be -/•) V 4 (m - /) 4 (ah - /(“) v* 4 2 (gh - of) /iv 

4 2 (hf — hg) vX 4 2 ( fg — eh) \fi = 0. 
We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equation of the 
curve. We shall often use abbreviations for the coefficients, and 
write the equation in the form 

ylX’ 4 B/m* 4 Cv’ 4 2Ffj,v 4 2 Gv\ 4 2ll\fi = 0. 

The values of the coefficients will be more easily remembered by 
the help of the following rule. Let A denote the discriminant 
of the equation ; that is to say, the function 

abc 4 2fgh — af^ — hg' — ch', 

whoso vanishing is the condition that the equation may represent 
right lines. Then A is the derived function formed from A, 
regarding a as the variable; and B, (7, 2F, 2G, 2ll are tbe 
derived functions taken respectively with regard to J, c,_/j g, h. 

Miscellaneous Examples. 

Ex. 1. Form the equation of the conic making intercepts 
on the axes. Since if we make y = 0, or z = 0 in the equation, it must 
reduce to 

*• - (X 4 \') * + XX' = 0, t/‘ - (ft + ft') y 4 ftft = 0 ; 
the equation is 

fipi':^ 4 2hxy 4 XX'y* - nft' (X 4 Xq z - XX' (/» 4 /tq y 4 XX'/i/t' = 0, 

and h is undetermined, unless another condition be given. Thus two para* 
bolas can be drawn through the four given points; for in this case 
A = ± •J(\\'fin'). 

Ex. 2. Given four points on a conic, the polar of any fixed point passes 
through a fixed point. We may choose the axes so that the given points 
may lie two on each axis, and the equation of the curve is that found in 
Ex. I. But the equation of the polar of any point zy (Art. 146) involves 
the indeterminate A in the first degree, and therefore passes through a 
fixed point. 

Ex. 3. Find the locus of the centre of a conic passing through four fixed 
points. The centre of the conic in Ex. 1 is given by the equations 
2ftft'x 4 2Ay - ftft' (X 4 Xq = 0 , 2XX'y 4 2 Az - XX' (/t 4 /i' ) = 0 ; 
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whence eliminating the indeterminate h, the locus is 

2/1/1 '** - 2\A y' - /i/i' (X + X') jr + XX' (/I + /i') y = 0, 
a conic passing through the intersections of each of the three pairs of lines 
which can be drawn through the four points, and through the middle points 
of these lines. The locus will be a hyperbola when X, X' and /i, /t' have 
either both like, or both unlike signs ; and an ellipse in the contrary case. 
Thus it will be an ellipse when the two points on one axis lie on the same 
aide of the origin, and on the other axis, on opposite sides. In other words, 
when the quadrilateral formed by the four given point* has a re-entrant 
angle. This is also geometrically evident : for a quadrilateral with a re-en- 
trant angle evidently cannot be inscribed in a figure of the shape of tlic elliirsc 
or parabola. The circumscribing conic must therefore always be a hyper- 
bola, so that some vertices may lie in opposite branches. And since the 
centre of a hyperbola is never at infinity, the locus of centres is in this 
case an ellipse. In the other case, two positions of the centre will be at 
infinity, corresponding to the two parabolas w hich can be described through 
the given points. 


CHAPTER XI. 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE 
CENTRE AS ORIGIN. 

152. l.N investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of co-ordinates. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 140) that the coeflScients of x and y will =0 in the 
transformed equation, which will be of the form 

ax^ -t- ihxy -f hy‘ c' = 0. 

It is sometimes useful to know the value of c in terms of the co- 
efficients of the first given equation. We saw (Art. 134) that 

c = ax'* -h ‘Ihx'y 4 by* 4 'Igx -f ify 4 c, 

where a:', y, are the co-ordinates of the centre. The calculation 
of this may be facilitated by putting c into the form 

c' = [,tx 4 by 4- j) X 4 {hx 4- by 4-/) y' + gx ^-fy 4 e. 
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The first two sets of terms are rendered = 0 by the co-ordi- 
nates of the centre, and the last (Art. 140) 


^ , abc^-lfgh-af^-hg^-ck 

~ ^ lib - ^ ^ 


I * 


ai — k 


ah ~ /i- 


153. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 
ax* -I- 2/ixy + fty = 0, 

and would, therefore (Art. 73), represent two real or imaginary 
right lines, according as aS — /t* is negative or positive. Hence, 
as we have already seen, p. 74, the condition that the general 
equation of the second degree should represent two right lines, is 
(ihc -f 'ifgh — af* —hg* — rh^ = 0. 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the abso- 
lute term may vanish. 

Ex. 1. Transform Zx' + ixy ^ y* - - 6y - 3 = 0 to the centre ^ j ■ 

Atu. 12X* + 16iy t 4y* + 1 = 0. 
Ex. 2. Trangfonn z* t 2xy - y* t 8z i- 4y - 8 = 0 to the centre (-3,-1). 

Am. z* > 2 j^ - y* >1 22. 


154. We have seen (Art. 136) that when 0 satisfies the 
condition „ 6 -\-2h cos 6 fiva6-\-b sin’ ^ = 0, 


the radius vector meets the curve at infinity ; and also meets 
the curve in one other point, whose distance from the origin is. 


c 

^ cos0-f-/sin^ ’ 

But if the origin be the centre., we have ^ = 0, _/"= 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in tioo coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact arc at infinity. These 
lines arc called the asgmjttotcs of the curve ; they are imaginary 


* It is evident in like manner that the result of substituting z'y', the 
co-ordinates of the centre, in tho equation of the polar of any point z*y", viz,, 
(ax' + Ay' + y) z" + (Ax' + by' +/) y" + yx' + c, 
is the same as the result of substituting z'y' in the equation of the curve. 
For the first two sets of terms vanish in both cases. 

L 
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in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, fiom our definition of poles and polars (Art. 89) 
the centre may he considered as the pole of a line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, 5 'a: 4 yy + c = 0, which, 
if the centre be the origin, reduces to c = 0, an equation which 
(Art. 67) represents a line at infinity. 

155. We have seen that by taking the centre for origin the 
coefiicients g and f in the general equation can be made to 
vanish ; but the equation can be further simplified by taking a 
pair of conjugate diameters for axes, since then (Art. 143) h will 
vanish, and the equation be reduced to tbe form 
cud + hy* + c = 0. 

It is evident, now, that any line parallel to either axis is bisected 
by the other, for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in g^eneral right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the cuces of the curve, 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 
b tan 5 tan^ + A(tanfl + tan0') + a = O. 

But if the diameters are at right angles, tan0' = — — ^ 
(Art. 25). Hence 

h tan’0 + (a — b) lan0 - A = 0. 

We have thus a quadratic equation to determine 0. Multiply- 
ing by p*, and writing x, y, for p cosO, p sin 6, we get 
hx' — [a — b)xy — hy* = 0. 

This is the equation of two real lines at right angles to each other 
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(Art. 74); we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On refeiring to Art. 75 it will be found, that the equation 
which we have just obtained for the axes of the curve is the same 
as tliat of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 

ax* + + Jy* = 0. 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes ; and (note, p. 72) they will 
be real whether the asymptotes bo real or imaginary : that is to 
say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of co-ordinates, since we can 
thus prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original 
axes be rectangular; then, if we turn them round through any 
angle 6, we have (Art. 9) to substitute for x, x cos0 — y sin0, 
and fory, x sin0 + y.cos0; the equation will llierefore become 
a(a; coad — y sin^)’* + 2A {x coa6 — y sin0) {x sin^-ty cos0) 

+ 5 (x sin 0 + y cos0)* + c = 0 ; 
or, arranging the terms, we shall have 

the new a = a coa*d 4 2A cosd sin0 4 b am*0 ; 

the new ^ = 5 sin 0 cos 6 + h {coa*0 — sin"^) — a sin 0 cos 0 ; 

the new b=a sin*0 — 2h coa0 ain0 + b cos*0. 

Now, if we put the new h = 0, we get the very same equation, 
as in Art. 155, to determine tan0. This equation gives us a 
sflliple expression for the angle made with the given axes by 
either axis of the curve, namely, 



157. When it is required to transform a given equation to 
the form ax* + by* + c = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If toe transform an equation of the second 

L2 
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degree from one set of rectangular ares to another^ the quantities 
o + J, and ah — A*, loill remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and b (Art. 156), when we have 
o' + i' = « + J. 

To prove the second part, write the values in the last article, 

2o' = o + 5 + sin2^+ (o — h) cos20, 

2J’ = o + J — 2A sin2d —{a — h) cos20. 

Hence 4o'ft' = (o 4 h)* — [2h sin 20 4 (a - h) cos 20]’. 

But 4A’’ = {2A cos20 — [a — h) sin20}’ ; 

therefore \[dh‘ -h^ = {a+hf—\h*— [a— hf-=^[ab—h*). 

WTien, therefore, we want to form the equation transformed 
to the axes, we have the new h = Q, 

n' 4- = o 4- ft, db' = ab— h*. 

Having, therefore, the sum and the product of d and h\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse lit’ - 4xy + 1 ly* =» 60, and transform 
the equation to them. 

The axes are (Art» 166) 4x” + 6xy - 4y* = 0, or (2x - y) (z + 2y) = 0. 

We have o' + 6' = 26; o'6'=160; o'=I0j 6' = 15| and the transformed 
equation u 2z* F 3y* = 12. 

Ex. 2. Transform the hyperbola 1 Iz* + 84zy - 24y* = 166 to the axes, 
o' + 6' = - 13, a'b' - - 2028; o' = 39, 5' = - 62. 

Transformed equation is 3z* - 4y* =*12. 
Ex. 3. Transform oz* + 2Azy + 6y* = e to the axes. 

Ans. (o + 6-it)z' + (a + i + 2J)y’ = 2c: where JP = 4A* + (o - 6)’. 

*158. Having proved that the quantities a+b and ab—h* re- 
main unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
we transform to an oblique system. We may retain the old axis 
of X, and if we take an axis of y inclined to it at an angle m, 
then (Art. 9) we are to substitute x + y coseu for x, and y sinm 
for y. We shall then have 

d = a, h' — a cos m 4 A sin m, 
b' = a cos’m 4 2A cos to sium 4 A sin’m. 

Hence, it easily follows 

rt' 4 A’ — 2A' cosm , db'-li^ , 

T—. = « 4 6, — ; =ao — h . 

sin o> ' sin o> 
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then., we transform the equation from one pair of axes to any 

a + i — 2/tcoso) job — h^ . , 

other, the quantities and —.—5 — remain unaltered. 

sin a> sm o> 

We may, by the help of this theorem, transform to the axes 
an equation given in oblique co-ordinates, for we can still ex- 
press the sum and product of the new a and b in terms of the 
old coefficients. 


Ex. 1. If cosiu = - transform to the axes, lOx* 4 6zy 4 5y* =10. 


046 = 


285 , 1025 

Tip “* = -1^’ 


0 = 5, 


^ 205 

Q 3 — , 

16 

Atu. 16x* 4 41y* = 32. 


Ex. 2. Transform to the axes, x* - 3xy 4 y* t 1 » 0, where ui = 60®. 

An$, x' - 16y' = 3. 

Ex. 3. Transform 02 ' 4 2hxy 4 fiy* = c to the axes. 

Atu. (a 4 6 - 2A cosiu - J2) x* 4 (o 4 6 - 2A cosio 4 2c sin'iu, where 

iP = { 2 A -( 046 ) cosiu}* 4 (o - 4)' sin'iu. 


*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole ( Cambridge Math. Jour., 
III. 1, 106, and New Series, vi. 87). 

Let us suppose that we arc transforming an equation from 
axes inclined at an angle a, to any other axes inclined at an 
angle 12 ; and that, on making the substitutions of Art. 9, the 
quantity ax* + 2hxy + bf becomes a'X'‘ + 2/i'Jl F4 b' Now 
we know that the effect of the same substitution will be to make 
the quantity a? + 2xy cosat+y* become 2XPcosl2+ I'’, 
since cither is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

ax* -f ihxy + by* + X (w’ + 2xy cos to -f- y ) 

= a'A" + 2A'A’r+6’r'4 X(X’‘ + 2Arcosl2+ 1"*). 

And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 
(a 4 X) (5 4 X) = (A 4 X cosai)’, 

• or X must be one of the roots of the equation 

X* sin’m 4 (a 4 J — 2A cosm) X 4 ai — A" = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square ; 
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but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the correpsonding terms, wc have, as before, 
a + h — ihcoica a'+ ft'— 2/t' cosQ ab — h* a'V — 
sin'tu sin'ii ’ sin’w sin’O 


Ex. 1. The sum of the squares of the reciprocals of two semi-diameters 
at right angles to each other is constant. 

Let their lengths he <» and f} j then making alternately or = 0, y = 0, in the 
equation of the curve, we have aa' = c, bff = c, and the theorem just stated 
is only the geometrical interpretation of the fact that a + J is constant. 


Ex. 2. The area of the triangle formed by joining the extremities of two 
conjugate semi-diameters is constant. 

. X* V* 

The equation referred to two conjugate diameters is -n + tc: = *"<1 

. ai - A* . _ . “ P 


sin'w 


is constant, we have o’/T sina' constant. 


Ex. 3. The sum of the squares of two conjugate semi-diameters is constant. 

a + 6 - 2A cosoi . 1/1 1\. .. ,. 

, IS constant, -r-r- (-% + -=:) is constant: and since 

sin'll! Sin'a'Va" p’J 


Since 


a'fi sin a is constant, so must + /S’. 


THE EQUATION REFERRED TO THE AXES. 

160. We saw that the equatiou referred to the axes was of 
the form Ax‘ + Bf=C, 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals because we are about to use the letters 
a and ft with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be x = o, 
y = J, then making y = 0 and x = a in the equation of the curve, 

C C 

we have Aa* = C, and A = -j . In like manner B= Sub- 
’ a’ ft" 

stituting these values, the equation of the ellipse may be written 



Since we may choose whichever axis we please for the axis 
of X, we shall suppose that wc have chosen the axes so that a 
may be greater than ft. 
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The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the coefficient of y", may 
be written in the corresponding form 



The intercept on the axis of x is evidently =±a, but that on 
the axis of y, being found from the equation y*=— 5* is imaginary; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to as- 
sume that a is greater than b. 


161. To find the polar equation of the ellipse^ the centre being 
the pole. 

Write p coa6 for x, and p sinfl for y, in the preceding equa- 
tion, and we get i coa*0 sin’d 

p ~ ~ir ’ 

an equation which we may write in any of the equivalent forms, 
, a'i" a*f a’5‘ 

^ ~ o'sin*0-|-6*cos*0~5‘ + («‘-5’)sin”0“^^r|^^^rp)13^«fl- 
It is customary to use the following abbreviations : 


„% 1 * . 

a — 0 = c 5 


■b* 




and the quantity e is called the eccentricity of the curve. 

Dividing by a’ the numerator and denominator of the fraction ' 
last found, we obtain the form most commonly used, viz., 

6" 


9 = 


I — e" cos’0 ' 


162. To investigate the figure of the ellipse. 

The least value that 6“+ (a* — 5*) siu'^, the denominator in 
the value of p*, can have, is when 0 = 0; therefore the greatest 
value of p is the intercept on the axis of x, and is = o. 

Again, the greatest value of 6* + (a” — i*) sin*0, is, when 
sin 0=1, or 0 = 90°; hence the least value of p is the intercept 
on the axis of y, and is = b. The greatest line, therefore, that 
can be drawn through the centre is the axis of x, and the least 
line, the axis of y. From this property these lines are called 
the axis major and the axis minor of the curve. 
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It is plain that the smaller B is, the greater p will be ; hence, 
ilie nearer any diameter is to the axis 
major^ the greater it will be. The 
form of the curve will, therefore, be 
that here represented. 

We obtain the same value of p 
whether we suppose 0 = a, or 0 = — a. 

Hence, Ttco diameters tchich make 
equal angles with the axis will he equal. And it is easy to show 
that the converse of this theorem is also true. 

Tills property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concen- 
tric circle intersecting the conic, then the semidiameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting tbe angle between them. 

163. The equation of the ellipse can be put into another 
form, which will make the figure of the curve still more ap- 
parent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a, its 
equation will be g = - x*). 

< Hence we derive the following construction : 

“ Describe a circle on the axis major., and take on each ordinate. 
LQ a poijit P, such that LP may he to 
LQ in the constant ratio b:a, then the 
locus of P will he the. required elUpise." 

Hence the circle described on the 
axis major lies wholly without the curve. A. 

We might, in like manner, construct the 
ellipse, by describing a circle on the axis 
minor, and increasing each ordinate in 
the constant ratio a ; b. 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose h = a. 


D 
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164. To find the polar equation of the hyperbola. 
Transforming to polar co-ordinates, as in Art. 161, wc get 

, o*i“ 

^ co3*0 — o* 8in“0 — (o“ + i“) sin’0 (a' -t i“j cos“^ — a“ ' 

Since formulae concerning tlie ellipse arc altered to the corre- 
sponding formulae for the hyperbola by changing the sign of t", 
we must, in this case, use the abbreviation c’ for a* + i’, and 

«* for — , the quantity e being called the eccentricity of the 

hyperbola. Dividing then by o’* the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 

of b% viz., ^ ^ 

^ e^ cos’ 6 — 


165. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 160), we shall call the axis of x the trans- 
verse axis, and the axis of y the conjugate axis. 

Now J’— (a’4 b*) sin’'6>, the denominator in the value of p’, 
will plainly be greatest when 0 = 0, therefore, in the same case, 
p will be least; or the transverse, axis is the shortest line which 
can be draicn from the centre to the curve. 

As 6 increases, p continually increases, until 


sin 0 = ■ 


(or tan0 = ^). 


V(a’ + 0’)’. 

when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of 0, p“ becomes negative, and 
the diameters cease to meet the curve in real points until again 


sin0 = 


(or tan0 = - ^ j , 


when p again becomes infinite. It then decreases regularly as 
0 increases, until 0 becomes =180°, when it again receives its 
minimum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next page. 


166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation y' = — V to 
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determine its point of intersection with the curve. We shall, how- 
ever, still mark off 
on the axis of y por- 
tions CB^ CB'=±h, 
and we shall hud 
that the length CD 
has an important 
connexion with the 
curve, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p’ = — i?*, although 
this diameter cannot meet the curve, yet if we measure on it 
from the centre lengths =±lt, these lines may be conveniently 
spoken of as diameters of tbe hyperbola. 

The locus of the extremities of these diameters which do not 
meet the curve is, by changing the sign of p' in the equation of 
the curve, at once found to be 

1 sin“ 6 cos* 6 



This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of x for tbe axis 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to the 
given hyperbola. 


167. Wo proved (Art. 165) that the diameters answering to 

tan0 = ±- meet the cun’c at Infinity; they are, therefore, the 

same as the lines called, in Art. 154, the asymjitotes of the curve. 
They are the lines CA', CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it In imaginaiy points. It is evident also, that two 
conjugate hyperbolaj have the same a.symptotes. 

The expression tan0 = ± ^ enables us, being given the axes 

in magnitude and position, to find the asymptotes, for, if we form 
a rectangle by drawing parallels to the axes through B and A, 
then the asymptote CK must be the diagonal of this rectangle. 
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Again, 


CO8 0 = 


1 


VK+i*) e- 

But, since the asymptotes make equal angles with the axis of x, 
the angle which they make with each other must be =20. 
Hence, being given the eccentricity of a hyperbola, we are given 
the angle between the asymptotes, which is double the angle whose 
secant is the eccentricity. 

Ex. To find the eccentricity of a conic given by the general equation. 
We can (Art. 74) write down the tangent of the angle between the lines 
denoted by oi* + 2hxy + iy* = 0, and thence form the expression for the 
secant of its half; or we may proceed by the help of Art. 187, Ex. 3. 

, 1 a * b - R 1 a + ft + iJ 

a' 2c /3* 2c 

where iJ* = 4A* + (o - bf = 4A’ - 4o4 + (a + 6)’. 

i 1=5 «• - /3» 2R 
o' c’ o* o + 6 + iJ" 


Hence 


CONJUGATE DIAMETERS. 

168. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to 
eonsider both curves together, for, since their equations only 
differ in the sign of J’, they have many properties in common 
which can bo proved at the same time, by considering the sign 
of b* as indeterminate. Wo shall, in the following rVrticles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulae for the hyperbola by changing 
the sign of 6”. , , 

We shall first apply to the particular form — , + ^ = 1, some 

of the results already obtained for the general equation. Thus 
(Art. 8C) the equation of the tangent at any point x'y being 
got by writing x'x and y'y for x’ and y*, is 

4 . _ 1 

a* ^ b* ~ 

The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the curve is 


{x-x'){x-x") ly-y'](y-y") 

a' 5’ ~ a' 


^6' 


1 . 


or 


(x' + x")x , + y")y _x'x" , y‘y" , , _ 

T3 + — ^ > 
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which, when x, y = x", y\ becomes the equation of the tangent 
already written. 

The argument here used applies whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient of xy vanishes (Art. 143); the coefficients 
of X and y vanish, since the origin is the centre ; and if o' and b' 
be the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. 160, that the equation of the curve may be written 



And it follows from this article, that in the same case the equa- 
tion of the tangent is 


^ , .V.V 
a” ^ 


= 1 . 


169. The equation of the polar, or line joining the points 
of contact of tangents, from any point x'y\ is similar in form to 
the equation of the tangent (Arts. 88, 89), and is therefore 


+ m. = 1 or = 1 • 

It A) VI 

a o a 0 


the axes of co-ordinates in the latter case being any pair of 
conjugate diameters ; in the former case, the axes of the cun'e. 

• sccc 

In particular, the polar of any point on the axis of x is = 1. 

Hence the polar of any point F is found by drawing a diameter 
through the point, taking CP.CP' = to the square of the semi- 
diameter, and then drawing through P a parallel to the con- 
jugate diameter. This includes, as a particular case, the theorem 
proved already (Art. 145), viz.. The iangent at the extremity of 
any diameter is jmraUel to the conjugate diameter. 


Ex. 1. To find the condition that Xx + /ly = 1 may touch -j + ^ = 1- 
Comparing ^ = 1< Xj: + ^xy=l, we find *'=W, y' •= XA*, and 


o'X* + by = 1. 

Ex. 2. To find the equation of the pair of tangents from ar'y' to the 
curve (see Art. 92). 




Ex. 3. To find the angle 0 between the pair of tangents from xy' to 
the curve. 
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When an equation of the second degree represents two right lines, the 
three highest terms being put = 0, denote two lines through the origin 
parallel to the two former; hence, the angle included by the first pair of 
right lines depends solely on the three highest terms of the general equation. 
Arranging, then, the equation found in the last Example, we find, by Art. 74, 



Ex. 4. Find the locus of a point, the tangents through which intersect 
at right angles. 

Equating to 0 the denominator in the value of tan0, we find y'= a’ii', 
the equation of a circle concentric with the ellipse. 'I'he locus of the inter- 
section of tangents which cut at a given angle is, in general, a curve of the 
fourth degree. 


170. To find the equation, referred to the axes, of the diameter 
conjugate to that passing through any point xy on the curve. 

The line required passes through the origin, and (Art. 169) is 
parallel to the tangent at x'y' ; its equation is therefore 

a‘ ^ 


Let 9, ff be the angles made with the axis of x by the original 

diameter and its conjugate; then plainly tan0= — , ; and from 

* JV 

the equation of tlie conjugate we have (Art. 21) tan0' = — . 

Hence tan 0 tan ~ ^ j might also be inferred from Art. 143. 
The corresponding relation for the hyperbola (see Art. 168) is 

h* 

tan 6 tan = — , . 


171. Since, in the ellipse, tanfl tan0' is negative, if one of 
the angles 6 , 6 ', be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters tn the ellipse lie on different sides of 
the axis minor (which answers to 0 = 90°). 

In the hyperbola, on the contrary, tan ^ tan is positive, 
therefore, 6 and 9' must be either both acute or both obtuse. 
Hence, in the hyperbola, conjugate diameters lie on the same side 
of the conjugate axis. 
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In the hyperbola, if tan 6 be less, tan ff must be greater than 
- , but (Art. 167) the diameter answering to the angle whose 
tangent ~ Ihe asymptote, which (by tlie same Article) sepa- 
rates those diameters whieh meet the curve from those which do 
not intersect it. Hence, if one of tico conjugate diameters vieet 
a lii/perbola in real jwints^ the other tciU riot. Hence also it may 
be seen that each asymptote is its own conjugate. 


172. To fnd the co-ordinates x"y" of the extremity of the 
diameter conjugate to that passing through x'y. 

These co-ordinates are obviously found by solving for x and 
y between the equation of the conjugate diameter, and that of 
the curve, viz.. 


^ b' ~ ' 


= 1 . 


Substituting in the second the values of x and y, found from the 
first equation, and remembering that x\ y satisfy the equation 
of the curve, we find without difficulty 


X y y _ X 

— =±^, T= + -' 
a b o a 


173. To express the lengths of a diameter (a'), and its conju- 
gate (i')j in terms of the abscissa of the extremity of the diameter. 

(1) We have a” = x" + y". 

But y'*=|’ (a^-x”). 

Hence n” = x'* = J* + e’x'*. 

a 

(2) Again, we have 

h =x*+y’=^,y 

or = 'a* - x”) + ^ a;'* ; 

hence = «’ — eV*. 

From these values we have 


I 7 'I* 1 J.» . 

fl “|"W — fl-j-Oj 

or. The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (sec Ex. 3, Art. 159). 
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174. In the hyperbola wte must change the signs of V and 
J'*, and we get „->• _ ^ 

or, The difference of the squares of any pair of con jugate diameters 
of a hyperbola is constant. 

If in the hyperbola we have « = 6, its equation becomes 
a?-y‘ = a% 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes if the equilateral hyperbola being given by 
the equation 

are at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is a=—b\ for (Art. 74) 
this is the condition that the asymptotes {ax* + 2hxy + by*) 
should be at right angles to each other ; but If the hyperbola be 
rectangular it must be equilateral, since (Art. 167) the tangent 

of half the angle between the asymptotes = ^ ; therefore, if 
this angle = 45°, we have b = a. 


175. To find the length of the perpendicular from the centre 
on the tangent. 

The length of the perpendicular from the origin on the line 



= 1 


is (Art. 23) 


1 

T 


ab 


but we proved (Art. 173) that 


/ /> _ " ^ I . 

a* ^ V ^ 


hence 


p = 


ab 

T' 


176. To find the angle between any pair of conjugate dia- 
meters. 
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The angle between the diameters is equal to the angle be- 
tween either, and the tangent parallel to \T 

CT ^ p ^ 

CP ~ a 


the other. Now 

sin CPT = 


Hence 


sin,^(or PCP) = ^, 



The equation ah' sin <f> = ab proves, that thf triangle formed 
by joining the extremities of conjugate diameters of an ellipse or 
hyperbola has a constant area (see Art. 159, Ex. 2). 


177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal; and, therefore, in this case, sini^ is a minimum; 
hence the acute angle between the two equal conjugate dia- 
meters is less (and, consequently, the obtuse angle greater) than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a'= b' in the equation o'* 4 J’* = «* 4 1>‘, whence a'* is half 
the sum of a' and 5’, and in this case 
. , 2ab 

The angle which either of the equiconjugate diameters makes 
with the axis of x is found from the equation 

tanff tanu =~ “» » 

by making tan = — tan for any two equal diameters make 
equal angles with the axis of * on opposite sides of it (Art. 162). 

Hence j, 

ta.nO = - . 
a 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes x’‘4y’' = a'*, when a' = b'. We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
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as the equation of the circle, a:*+y = r’, but that in the case of 
the ellipse the angle between these axes will be oblique, 

178. To express the jterpendicular from the centre on the tan- 
gent in terms of the angles which it makes with the axes. 

If we proceed to throw the equation of the tangent 

(^+^^ = 1^ into the form as cosa4y slna = p (Art. 23), 
we find immediately, by comparing these equations, 
x' _ cosa y _ sina 
a’ p ' b* p ' 

Substituting in the equation of the curve the values of x\ y\ 
hence obtained, we find 

p* = o* cos^a + 6’ sin* a.* 

The equation of the tangent may, therefore, be written 
X cosa + y sina — V(«“ cos*a + b* sin* a) = 0. 

Hence, by Art. 34, the perpendicular from any point [x'y) on 
the tangent is 

V(a’ cos*a + S* sin’a) — as' cosa — y’ slno, 
where we have written the formula so that the perpendiculars 
shall be positive when x'y is on the same side of the tangent 
as the centre. 

Ex. To find the locus of the intersection of tangents which cut at right 
angles. 

Let p, ^ be the perpendiculars on those tangents, then 

= o’ cos'o + h' sin'o, p'' = o’ sin'o + 6* cos'o, /;* + = a* + 6*. 

But the square of the distance from the centre of the intersection of two 
lines, which cut at right angles, is equal to the sum of the squares of iu 
distances from the lines themselves. The distance, therefore, is constant, 
and the required locus is a circle (see p. 157, Ex. 4), 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 

• In like manner, p' - cos’a + b” cos’/S, a and /3 being the angles the 
perpendicular makes with any pair of conjugate diameters. 

M 
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by elementary geometry, the line joining the middle points of 
two sides must be parallel to the third, the diameter bisecting 
AD will be parallel to BD, and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically, 
by forming the equations of AD and BD, and showing that the 
product of the tangents of the angles made by these lines with 

the axis is = . 

a 

This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if wo 
describe on any diameter a segment of a circle containing the 
given angle, and join the points where it meets the curve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tangents at the extremities of any diameter are paralleL 

Their equations are yy» 

. ^ . a ™ i t. 

o' h 


This also follows from the first theorem of Art. 146, and from considering 
that the centre is the pole of the line at infinity (Art. 164). 


Ex. 2. If any variable tangent to a central conic section meet two fixed 
parallel tangents, it will intercept portions on them, whose rectangle is con- 
stant, and equal to the square of the semi-diameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and its conju- 
gate, then the equations of the curve and of the variable tangent will be 


X* y* , XT’ 


yi!:=i. 

i- 


The intercepts on the fixed tangents are found by making x alternately 
- ± o' in the latter equation, and we get 



and, therefore, their product is 



which, substituting for y* from the equation of the curve, reduces to l\ 


Ex. 3. The same construction remaining, the rectangle under the 
segments of the variable tangent is equal to the square of the semi-diameter 
parallel to iL 

For, the intercept on either of the parallel tangents is to the adjacent 
segment of the variable tangent as the parallel semi-diameters (Art. 149) > 
therefore, the rectangle under the intercepts of the fixed tangents is to the 
rectangle under the segments of the variable tangent as the $quar*M of 


Digitized by Coogle 



THE NORMAL. 


1G3 


these semi-diameters; and, since the first rectangle is equal to the square 
of the semi-diameter parallel to it, the second rectangle must be equal to 
the square of the semi-diameter parallel to i(. 

Kx. 4. If any tangent meet any two conjugate diameters, the rectangle 
under its segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent and its conjugate ; 
then the equations of any two conjugate diameters being (Art. 170) 



L y}C 

a» V' 


= 0 , 


the intercepts made by them on the tangent are found, by making x = o', to be 

i/ , A V' 

y = ^a, and y = 

■whose rectangle is evidently = V'. 

We might, in like manner, have given a purely algebraical proof of Ex. 3. 

Hence, also, if the centre be joined to the points where two parallel tan- 
gents meet any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate semi-diameters, 
Oa, Ob, of a central conic, to determine the axes. 

The following construction is founded on the theorem proved in the last 
Example : — Through a, the extremity of either dia- 
meter, draw a parallel to the other; it must of 
course be a tangent to the curve. Now, on Oa take 
a point P, such that the rectangle Oa.aP° 04* (on 
the side remote from O for the ellipse, on the same ^ 
side for the hyperbola), and describe a circle through ^ 

O, P, having its centre on aC, then the lines OA, 

OS, are the axes of the curve; for, since the rect- 
angle Aa.aB = Oa.aP = Ob’, the lines OA, OB are conjugate diameters, 
and since AB is a diameter of the circle, the angle AOB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an 
ordinate be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles 
BO formed will be equal in area. 



THE NORMAL. 

180. A lino drawn through any point of a curve perpen- 
dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

( XX w \ 

-I- ^ ~ M equation 

of the normal to a conic 

M 2 
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or 



c* being used, as in Art. 161, to denote a‘ — b'. 

Hence we can find the portion CN intercepted by the normal 
on either axis ; for, making y = 0 in the 
equation just given, we find 

c* 

x = X, or x = eV. 
a 

We can thus draw a normal to 
an ellipse from any point on the axis, 
for given CN we can find x', the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
= 0, since c* = a* — = 0. The intercept CN, therefore, is con- 

stantly = 0 in the case of the circle, or every normal to a circle 
passes through its centre. 



181. The portion MN intercepted on the axis between the 
normal and ordinate is called the Subnormal. Its length is, by 
the last Article, ^ ^ 


The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the in- 
tercept MT is, in like manner, called the Suhtangent. 

a* 

Smce the whole length CT= — , (Art. 169), the subtangent 

X 


X ^ 


The length of the normal can also be easily found. For 

PJV* = PM* + NM* = y* + ^ a:”) . 

a a \b ^ a J 


But if b' be the semi-diameter conjugate to CP, the quantity 
within the parentheses =6'* (Art. 173). Hence the length of the 

normal PN= — . 

a 
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If the normal be produced to meet the axis minor, it can be 
proved, in like manner, that its length = . Hence, the rect- 

angle under the segments of the normal is equal to the square of 
the conjugate semi-diameter. 

Again, wo found (Art. 175) that the perpendicular from the 

centre on the tangent = ^ . Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent^ is 
constant and equal to the square of the semi-axis minor. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 


P,v= = ^ 

p V(«* cos^a + i’ sin'a) 


(Art. 178) ; = • 

' ' ’ V(l - e sm a) 


Ex. 1. To draw a normal to an ellipse or hyperbola passing through a 
pven point. 

The equation of the normal, a’ry' - 6Vy = cVy', expresses a relation 
between the co-ordinates a/y* of any point on the curve, and xy the co- 
ordinates of any point on the normal at z'y'. We express that the point 
on the normal is known, and the point on the curve sought, by removing 
the accents from the co-ordinates of the latter ])olnt, and accentuating those 
of the former. 'Thus we find that the points on the curve, whose normals 
will pass through (x'y^ are the points of intersection of the given curve with 
the hyperbola e*xy = aVy - h'y'x. 

Ex. 2. If through a given point on a conic any two lines at right angles 
to each other be drawn to meet the curve, the line joining their extremities 
will pass through a fixed point on the normal. 

Let us take for axes the tangent and normal at the given point, then the 
equation of the curve must be of the form 

(w* + Ihxy + 6y* + Ify = 0 

(for c = 0, because the origin is on the curve, and y = 0 (Art 144), because 
the tangent is supposed to he the axis of z, whose equation is y = 0.) 

Now, let the equation of any two lines through the origin be 
X + 2pzy 4 yy* c 0. 

Multiply this equation by a, and subtract it from that of the curve, and we 
6®* 2 (A - ap) zy 4 (6 - oj) y* 4 Ify = 0. 

This (Art. 40) is the equation of a figure passing through the points of 
intersection of the lines and conic ; but it may evidently be resolved into 
y = 0 (the equation of the tangent at the given point), and 

2 (A - o/jJ z 4 (6 - 05) y 4 2/ - 0, 
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which must be the equation of the chord joining the extremities of the 
given lines. 


2/ 

The point where this chord meets the normal (the axis gf y) is y = — ; | 

aq — o 

but if the lines ue at right angles q = - 1 (Art. 74), and the intercept on 
the normal has the constant length 



a + 6 ■ 


If the curve be an equilateral hyperbola, o 4 i = 0, and the line in 
question is constantly parallel to the normal. Thus then, if through any 
point on an equilateral hyperbola be drawn two chords at right angles, the 
perpendicular let fall on the line joining their extremities is the tangent to 
the curve. 


Ex. 3. To find the co-ordinates of the intersection of the tangents at 
the points :^y', x^'y". 

The co-ordinates of the intersection of the lines 


o* 6* 


1 . 


o' 6* 


1 , 


o (j^ - y 0 6* (i' - O 

1 y = —7^. r-„ • 

yx" ~y X ^ aiy - yx!‘ 

Ex. 4. To find the co-ordinates of the intersection of the normals at the 
points ary, xy". 

_ {a--b’)x'x'X .. (i«-n*).v'.v'r 

Am. -j , y , 

where X, T are the co-ordinates of the intersection of tangents, found in 
the last Example. 

The values of X and T may be written in other forms, since by com- 
bining the equations 

a* A* ’ a* h' ' 

we get the results, 

z^y"* - y**-" = x”*) = - o* (y" - y"). 

TT -.r *'y ’ + y'*” T7- *V + 

Hence X = - , E = -^r— S' • 

y + y" ’ ar" + ar" 

We can also prove 

(X' 4 ar-) (.✓ ^ V") 

’ ar'ar' y y' ' 

o 0 a 0 


* This theorem will be equally true if the lines be drawn so as to make 
with the normal angles, the product of whose tangents is constant, for, in 


this case, q is constant ; and, therefore, the intercept 


2f . 

— ^ — i- xs constant. 
nq — o 
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182. If on the axis major of an ellipse we take two points 
equidistant from the centre, whose com- 
mon distance 

= ±V(a*-6*), or =±c, 
these points are called the foci of the 
curve. 

The foci of a hyperbola are two points on the transverse 
axis, at a distance from the centre still o>±c, c being in the 
hyperbola =V(a’ + J’‘). 

To express the distance of any point on an ellipse from the 
focus. 

Since the co-ordinates of one focus are (a: = + c, y = 0), the 
square of the distance of any point from it 

= (x' - c)‘ + y = x” + y-* - 2ca;' + c*. 

But (Art. 173) 

x” + y'’ = 6’ + e’x'*, and i’ + c* = a*. 

Hence i?!P* = a’ — 2cx' + e*x'*; 

and recollecting that e = oc, we have 
FP— a — ex’. 

[We reject the value (ex' — a) obtained by giving the other 
sign to the square root. For, since x' is less than a, and e less 
than 1 , the quantity ex' — a is constantly negative, and, there- 
fore, does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector FP.] 

We have, similarly, the distance from the other focus 
J’T=a+ex', 

since we have only to write — c for + c in the preceding formulas. 

Hence FP-i- F'P= 2a, 

or. The sum of the distances of any point on an ellipse from the 
foci is constant^and equal to the axis major. 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for i^P”; but in extracting the square 
root we must change the sign in the value of PP, for in the 
hyperbola x' is greater than a, and e is greater than 1. 



Digitized by Coogle 



1G8 


THE FOCI. 


Hence, a — ex' is constantly negative ; the absolute magni- 
tude, therefore, of the radius vector is 
FP= ex' — a. 

In like manner, FP= ex' + a. 

Hence FP— FP=2a. 

Therefore, in the hyperbola^ the difference of the focal radii is 
constant^ and equal to the transverse axis. 

The rectangle under the focal radii = ± (a' — e*;c’), that is 
(Art. 173) = I". 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (=2c) for origin, the 
equation is 

V(i/‘ + (c + a:)’] ± Vly* +{c- a:)’} = 2a, 
which, when cleared of radicals, becomes 



Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y’ is positive, and the locus an ellipse. 

If the diffi ■retice be given, a is less than c, the coefficient of f 
is negative, and the locus a hyperbola. 

1 85. By the help of the preceding theorems, wo can describe 
an ellipse or hyperbola mecbanically. 

If the extremities of a thread be fastened at two fixed points 
i^and Fj it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F^ and whoso axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler bo fastened at 
one extremity [F), and capable of moving 
round it, then if a thread, fastened to a 
fixed point F, and also to a fixed point on 
the ruler (ii), be kept stretched by a ring 
at P, as the ruler 1s moved round, the point 
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P will describe a hyperbola ; for, since the sum of FP and PR 
is constant, the difference of FP and FP will bo constant. 

186. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 169), be a line perpendicular to the axis 

major at a distance from the centre =± 

Knowing the distance of the directrix from 
the centre, we can find its distance from any 
point on the curve. It must be equal to 

0/ i o, . 1 . 

X , or =~ [a — ex) = - (a — ex]. 

c c e ' ' 

But the distance of any point on the curve from the focus 
= a — ex'. Hence we obtain the important property, that the 
distance of any point on the curve from the focus is in a constant 
ratio to its distance from the directrix^ viz., as e to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
sections. Taking the fixed line for the axis of x, the equation 
of the locus is at once written down 

{x-x'y-^{p-y'Y = eY, 

which it is easy to see will represent an ellipse, hyperbola, or pa- 
rabola, according as e is less, greater than, or equal to 1. 

Ex. If a curve be such that the distance of any point of it from a fixed 
point can be expressed as a rational function of the first degree of its co- 
ordinates, then the curve must be a conic section, and the fixed point its 
focus (see O’Brien’s Co-ordinaU Oeomelry, p. 8fi). 

For, if the distance can be expressed 

p = Ax f By + C, 

since Ax + By -V C is proportional to the perpendicular let fall on the right 
line whose equation is (Ax + By + C= 0), the equation signifies that the dis- 
tance of any point of the curve from the fixed point is in a constant ratio to 
its distance from this line. 

187. To find the length of the perpendicular from the focus on 
the tangent. 
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TUo length of the perpendicular from the focus (+ c, 0) on 
the line ^ 



but, Art. 175, ^(^ + 1) = ^. 

Hence FT = | (a - ex') = FF. 

Likewise, FT = l{a+ ex') = t F'R 

b ' ' b 

Hence FT.F' T = V (since a’ - = J'*), 

or. Hie rectangle under the focal jierpendiculars on the tangent u 

constant, and equal to the square of the semt~axis minor. 

This property applies equally to the ellipse and the hyperbola. 

188. The focal radii make equal angles urith the tangent. 

For we had FT = FP, or ; 


FT 

but = emFPT. 

Hence the sine of the angle which the focal radius vector FP 

makes with the tangent = ^ . But we find, in like manner, 

the same value for einF'PT', the sine of the angle which the 
other focal radius vector F'P makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
fig;ures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperbola, 
having the same foci, pass through the same point, they unll cut 
each other at right angles, that is to say, the tangent to the ellipse 
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at that point will be at right angles to the tangent to the 
hyperbola. 

Ex. 1. Prove analytically that confocal conics cut at right angles. 

The co-ordinates of the intersection of the conics 

X* 


a* ^ i- ’ 




satisfy the relation obtained by subtracting the equations one from the other, 


(<i» - x'* - V) y 


0 . 


: h' - b”, and this relation becomes 
= 0 . 


a'a" i**" 

But if the conics be confocal, o*-a^ = 

af' 

■ 4 - t 

o’o'* fb- 

But this is the condition (Art. 32) that the two tangents 

o' i* ’ o'* 6" " ’ 

should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to 
either focal radius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on 

the tangent by , the sine of the angle between the radius vector 
and tangent, and is therefore » o. 

Ex. 3. Verify that the normal, which is a bisector of the angle be- 
tween the focal radii, divides the distance between the foci into parts 
which are proportional to the focal radii (Euc. Tl. 3). The distance of the 
foot of the normal (torn the centre is (Art. 180) = «'x'. Hence its distances 
from the foci are e 4 s^x' and c - s'x', quantities which are evidently e times 
a 4 ex' and a - ax'. 

Ex. 4. To draw a normal to the ellipse from any point on the axis minor. 

Ant. The circle through the given point, and the two foci, will meet the 
curve at the point whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem (of Art. 187), that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, wo have (see fig;ure next 
page) r,,. FT Ft' 


FT. 


FT.FT' = Ft.F't, or^=^,; 


but is the ratio of the sines of the parts into which the lino 

Ft* 

FP divides the angle at P, and j? 7 y 7 is the ratio of the sines of 
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the parts into which F'P divides the same angle ; we have, there- 
fore, the angle TPF = t'PF. 

If we conceive a conic section to pass 
through P, having F and F' for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
FP, FP\ it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Pi ; hence we learn that tf through any 
point [F) of a conic section we draw tangents {PT, Pt) to a con- 
focal conic section, these tangents will be equally inclined to Out 
tangent at P. 

190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting a:’ = c, y = 0 in the 
formula of Art. 178, viz., 

p= aJ{(P co8*a + P sin’ a) — x cosa - y sina. 

Hence the polar equation of the locus is 

p = f{a* cos’ a + F sin’a) - c cosa, 
or p' + 2cp cos a + c’ cos’ a = a’ cos’ a + F sin’ a, 

or p’ + 2cp cosa = F. 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of x, at a distance from the focus = — c ; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If we describe a circle, having for diameter the transverse 
axis of an ellipse or hyperbola, the jterqtendicular from the focus 
will nutet the tangent on the circumf rence of this circle. 

Or, conversely, f from any point F (sec figure, p. 167) we 
draw a radius vector FT to a given circle, and draw TP perpen- 
dicular to FT, the line TP will always touch a conic section having 
F for its focus, which will be an ellipse or hyperbola, according as 
F is within or without the circle. 

It may be Inferred from Art. 188, Ex. 2, that the line CT, 
whose length = a, is parallel to the focal radius vector F" P. 
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191. To find the angle auhtended at the focus by the tangent 
dravm to a central conic from any point [xy). 

Let the point of contact be (x'y'), the centre being the origin, 
then, if the focal radii to the points (a^), {x'y'\ be p, p', and moke 
angles 0 , ff, with the axis, it is evident that 


cos 0 = ^^tf sin 0 = -; cos^' = ^-4^ 

P P P 


, sin 0 ' = — , . 
P 


Hence 


PP 


but from the equation of the tangent we must have 




Substituting this value of yy, we get 

pp' cos [0 — O') = XX + cx + ex' + c" — ^ xx' + J*, 

or = e’x*' + cx + cx' + a* = (a + ex) (a + ex') ; 

or since p' = o + ex' we have, (see O’Brien’s “ Co-ordinate Oeo- 

met;^,p. 156), a + ex 

coslO —0) = . 

P 

Since this value depends solely on the co-ordinates xy^ and does 
not involve the co-ordinates of the point of contact, cither tan- 
gent drawn from xy subtends the same angle at the focus. 
Hence, The angle subtended at the focus by any chord is bisected 
by the line joining the focus to its pole. 

192. The line joining the focus to the pole of any chord pass- 
ing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180°; or di- 
rectly as follows : — The equation of the perpendicular through 

any point xy to the polar of that point ^ ~ **> 

Art. 180, (fx _ ^ « 

But if x'y bo anywhere on the directrix, we have x' = — , and 
it will then be found that both the equation of the polar and that 
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of the perpendicular are satisfied by the co-ordinates of the focus 
(a; = c, y = 0). 

When in any curve we use polar co-cordinatea, the portion 
intercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar suhtavgent. Hence 
the theorem of this Article may be stated thus : The focus being 
the pole, the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap. Xii.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle is constant which is subtended at the focus, by the por- 
tion intercepted on a variable tangent between two fixed tangents. 

By Art. 191, it is half the angle subtended by the chord of contact of the 
fixed tangents. 

Ex. 2. If any chord PP' cut the 
directrix in D, then FD is the ex- 
ternal bisector of the angle PFP". 

For FT’ is the internal bisector (Art. 

191)i butZ> is the pole of FT (since 
it is the intersection of PP, the polar 
of T, with the directrix, the polar of 
F ) ; therefore, DF is perpendicular to 
FT, and is therefore the external bisector. , 

[The following theorems (communicated to me by tbe Rev. W . D. Sadleir) 
are founded on the analogy between the equations of the polar and tbe 
tangent.] 

Ex. 3. If a point be taken anywhere on a fixed perpendicular to the axis, 
the perpendicular from it on its polar will pass through a fixed point on the 
axis. For the intercept made by the perpendicular will (as in Art. 180) be 
e’x', and will therefore be constant when z' is constant. 

Ex. 4. Find the lengths of the perpendicular from the centre and from 
the foci on the polar of x'y’. 

Ex. 6. Prove CM. PN' = V. This is analogous to the theorem that the 
rectangle under the normal and the central per- 
pendicular on tangent is constant. 

Ex. 6. Prove P-V'. AW = (a* - e*y*). 

MTien P is on the curve this equation gives 

us the known expression for the normal •= — 

(Art. 181). “ 

Ex. 7. Prove FG.F'O' ^ CM.KN'. AITien P is on the curve this 
theorem becomes FG . F'G = b\ 
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193. To find the polar equation of the ellipse or hyperbola^ the 
focus being the pole. 

The length of the focal radius vector (Art. 182) = a — ex'; 
but X (being measured from the centre) = p cos 0 + c. 

Hence p = a — ep cos 6 — ec, 

or «(!-«») 1 

^ ] + e cos 0 a' 1 + e cos 0 ' 

The double ordinate at the focus is called the parameter ; its 
half is found by making 0 = 90° in the equation just given, to bo 

= — =a(l — e’). The parameter is commonly denoted by the 
letter p. Hence the equation is often written 

1 

^ 2'1+ecos^' 

The parameter is also called the Lotus Rectum. 


£x. 1. The harmonic mean between the segments of a focal chord is 
constant, and equal to the semi-parameter. 

For, if the radius vector FP, when produced backwards through the 

focus, meet the curve again in P‘, then FP being ? . ; — ^ , FP", which 

^ “ 2 1 + « COS0 

answers to + 180“), will = - . , . 

2 1 - « cosO 


Hence 


1 1 4 

FP* FF"p‘ 


Ex. 2. The rectangle under the segments of a focal chord is to the 
whole chord in a constant ratio. 

This is merely another way of stating the result of the last Example ; 
but it may be proved directly by calculating the quantities FP.FP', 
FP + F'F, which are easily seen to be, respectively 

b* 1 2^ 1 

o* 1 - cos'O ’ a 1 - coa'O ' 


Ex. 3. Any focal chord is a third proportional to the tnmsverse axis and 
the parallel diameter. 

For it will be remembered that the length of a semi-diameter making 
an angle 0 with the transverse axis is (Art 160) 

™ b' 

“l -«• cos’O' 

2iZ« 

Hence tlie length of the chord FP + FF found in the last Example = — . 

Ex. i. The sum of two focal chords drawn parallel to two conjugate 
diameters is constant 
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For the sum of the squares of two conjugate diameters is constant 
(Art. 173). 

Ex 5. The sum of the reciprocals of two focal chords at right angles 
to each other is constant. 


194. The equation of the ellipse, referred to the vertex, is 





) 


, 2J’ , h' 

or V = X— ,X =VX ; X . 

^ a a* ^ a* 

Hence, in the ellipse, the square of the ordinate w less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

, . 

2 / -b ^ a: . 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names parahola^ hyperbola^ 
and ellipse, were first given (see Pappus, Math. Coll., Book vii.). 


THE ASYMPTOTES. 


195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the highest powers of the variables = 0, the 
eentre being the origin. Thus the equation of the curve, re- 
ferred to any pair of conjugate diameters, being 



that of the asymptotes is 


x' y* X y 1 X y . 

= or => 0, and - + ri = 0. 
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Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

Cr is - = ^ , and must, therefore, 

X o ' ' ’ 

coincide with one asymptote, while 

the equation of AB ^ = 1^ 

is parallel to the other (see Art.167). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw A 0 parallel to one 
asymptote, to meet the other, and produce it till OB=AO, we 
find Bf the extremity of the conjugate diameter. 



196, The portion of any tangent intercepted by the asymptotes 
is bisected at the curve^ and is equal to the conjugate diameter. 

Tliis appears at once from the last Article, where we have 
proved AT=b' = AT \ or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is jg* 

Hence, if we take x = o’, we have y = ±b' \ hut the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions BE^ EO, in- 
tercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a 
diameter parallel to DG and nn, 
its conjugate, it appears from 
the last Article, that the por- 
tion BO is bisected by the 
diameter ; so is also the portion 
EF\ hence BE =FO. 

The lengths of these lines can immediately be found, for, 

from the equation of the asymptotes - |^ = 0^ , we have 
y[=BM=:MO) = ±-.x. 
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■ Again, from tbe equation of the curve 
we have y{=EM = FM) = ±V 

H.„c 


and 


198. From these equations it at once follows, that the rect- 
angle DE.DF is constant^ and = J". Hence, the greater jDFis, 
the sniiUler will DE be. Now, the further from the centre wo 
draw DF the greater will it be, and it is evident from the value 
given in the last article, that by taking x sufficiently large, we 
can make DF greater than any assigned quantity. Hence, 
the further from the centre tee draw any line, the less will be the 
intercept between the curve and its asymptote, and by increasing 
the distance from the centre, we can make this intercept less than 
any assigned quantity. 


199. If the asymptotes be taken for axes, the coefficients g 
and f of the general equation vanish, since the origin is the 
centre ; and the coefficients a and b vanish since the axes meet 
the curve at infinity (Art. 138, Ex. 4) : hence the equation re- 
duces to the form ^ 

The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the co-ordinates is constant. 

The equation being given in the form xy = k*, the equation 
of any chord is (Art. 86), 

[x-x){y-y')=xy-l*, 
or x'y + y"x = 4* + x’y”. 

Making x' = x and y' = y", we find the equation of the tangent, 
xy + y'x = 2¥, 

or (writing x'y for k^ 

^ + ^ = 2 . 

X y 

From this form it appears that the intercepts made on the 
asymptotes by any tangent =‘2x and 2y'; their rectangle is 
therefore, Hence, the triangle which any tangent forms with 
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the asymptotes has a constant area^ and is equal to double the area 
of the parallelogram formed by the coordinates. 

Ex. 1. If two fixed pointa (x'y', *"y*) on a hyperbola be joined to any 
Tanable point on the curve the portion which the joining lines 

intercept on either aaymptote is constant 

The equation of one of the joining lines being 
ar"y + y'* = y'i"' + *•, 

the intercept made by it from the origin on the axis of x is foundi by making 
y = 0, to be x" + X . Similarly the intercept from the origin made by the 
other joining line is x"+ x", and the difference between these two (x' - x") 
is independent of the position of the point x"y”. 

Ex. 2. Find the co-ordinates of the intersection of the tangents atx'y', x"y". 
Solve for x and y from 

x'y + y'x = 2**, x"y + y"x = 2V, 
and we find x = 

xy-y-x*’ 

which, if we substitute for y', y", 

A:* , 2x'x" 

” » ^ 06C0IHC8 ■ , ) 


Similarly 


2v-v- 

y + y ■ 


200. To express the quantity in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
co-ordinates of its vertex are found, by putting ® = ^ in the 
equation xy = l^^ to be x = y = k. 

Hence, if ^ be the angle between the axis and the asymptote, 
a = 2k cos 0 

(since a is the base of an isosceles triangle whoso sides = k and 
base angle = 0), but (Art. 165) 

ir 

2 

And the equation of the curve, referred to its asymptotes, is 
xy = —^. 


201. The perpendicular from the focus on the asymptote is 
equal to the conjugate semi-axis b. 

n2 


Digitized by Googlc 



180 


THE PARABOLA. 


For it is CF sin 6, but CF= V(a* + 1’), and sin0 = -77-5 — . 

’ • \ >7 

This might also have been deduced as a particular case of the 
propertj, that the product of tlie perpendiculars from the foci 
on any tangent is constant, and = V. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the foci on it 
are evidently equal to each other. 

202. The distance of the focus from any point on the curve is 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cos0 - , Art. 165^ is to 1. 

Hence has been derived a method of describing the hyperbola 
by continued motion. A ruler ABR^ bent 
at B, slides along the fixed line DD ' ; a 
thread of a length = RB is fastened at the 
two points R and while a ring at P keeps 
the thread always stretched; then as the 
ruler is moved along, the point Pwill de- 
scribe an hyperbola, of which F is a focus, 

Djy a directrix, and BR parallel to an 
asymptote, since PF must always = PB. 


CHAPTER XII. 

THE PAJIABOLA. 

REDUCTION OP THE EQUATION. 

203. The equation of the second degpiee (Art 137) will re- 
present a parabola, when the first three terms form a perfect 
square, or when the equation is of the form 

(ax + ByY + 2yx + 2^ + c = 0. 
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We saw (Art. 140) that we could not transform this equation 
so as to make the coefficients of x and y both to vanish. The 
form of the equation however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax + /9y, 2gx + ify + c, are respectively proportional to the 
lengths of perpendiculars let fall from the point {xy) on the 
right lines, whose equations are 

oa; + = 0, 2yx + 2fy + c = 0. 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines, is in a constant ratio to the perpendicular from the 
same point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of co-ordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
be of the form y* =px. 

The new origin is evidently a point on the curve j and since 
for every value of x we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinates are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ; therefore the new 
axis of y is a tangent at the origin. Hence the line ox + /9y is 
the diameter passing through the origin, and 2yx + 2^ + c is 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y’ =px. 

204. The new axes to which we were led in the last article, 
are in general not rectangular. We shall now show that it is 
possible to transform tbc equation to the form y’ =y>ar, the new 
axes being rectangular. If wo introduce the arbitrary constant 
A;, it is easy to verify that the equation of the parabola may- bo 
written in the form 

(ox + ySy + A:)’ + 2 (y — oA:) X 4 2 (/— /9A:) y 4 c — A:’ = 0. 

Hence, as in the last article, ox4y9y4A: is a diameter, 
2 (y- oA:)x 42 (/- /3A:)y 4 0 — A:’ is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
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equation ia of the form y“ =px. Now the condition that these 
new axes should he perpendicular is (Art. 25) 
a{g- ak) + fi[f-^k)=0, 

whence k = 

a + fy 

Since we get a simple equation for k, we see that there is one 
diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the curve. 

205. We might also have reduced the equation to the form 
y* =px by direct transformation of co-ordinates. In Chap. xi. 
we reduced the general equation by 6rst transfonning to parallel 
axes through a new origin, and then turning round the axes so 
BS to make the coefficient of xg vanish. We might equally 
well have performed this transformation in the opposite order; 
and in the case of the parabola this is more convenient, since 
we cannot by transformation to a new origin, make the coeffi- 
cients of x and y both vanish. 

We take for our new axes the line oa: + /3y, and the line 
perpendicular to it 0x — ay. Then since the new X and Y are 
to denote the lengths of perpendiculars from any point on the 
new axes, we have (Art. 34) 

ax + /3y , fix-ag 

"V(a* + /8*)5 ^-v(a« + /i»)- 
If for shortness we write a’ + )9* = 7*, the formulae of trans- 
formation become 

'yY=ax 4^y, yX=^x -ag\ 
whence 7.T =aY+ ^X, yg — ^Y—aX. 

Making these substitutions In the equation of the curve, it becomes 
7T* + 2(y/9-/«)X+2(ya4^) Y^yc = 0. 

Thus, by turning round the axes, we have reduced the equation 
to the form ^ ^g’x + 2f'g + c = 0. 

If we change now to parallel axes through any new origin x’g ' ; 
substituting x + a:', y + y', for x and y, the equation becomes 
by + 2y'x + 2 {b'g +/') g + t'y" + 2y'x' + 2/'y' + c' = 0. 

The coefficient of x is thus unaltered by tramsformation, and 
therefore cannot in this way be maulc to vanish. But we can 
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evidently determine a;' and y\ bo that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
to y = px. The actual values of the co-ordinates of the new 

' f 

origin are y' — — -g ^ x 
terms of the original coefficients 
^ _ 2 (/g 

When the equation of a parabola is reduced to the form y’ =px, 
the quantity p is called the parameUir of the diameter which is 
the axis of x ; and if the axes be rectangular, p is called the 
principal parameter (see Art. 194). 


f-h'd , . 2y' 

~ ^ ** evidently ” i o*" 


Ex. 1. Find the principal parameter of the parabola 
9z* 4 24iy 4 16y* + 22z + 46y + 9 = 0. 

First, if we proceed as in Art. 204, we determine J = 6. The equation 
may then be written 4 4y 4 6)’ = 2 (4i - 3y 4 8). 

Now if the distances of any point from 3x 4 4y 4 6, and 4* - ^ 4 8 be F" 
and a:, we have 6K=3j; + 4 y 4 8, 8X=4x-3y48, 
and the equation may be written Y‘ = JAT. 

The process of Art. 208 is drst to transform to the lines 3x 4 4y, 4x - 3y 
as axes, when the equation becomes 

26 y '4 8 or- 10x49 = 0, 

or 23(1^4 1)*= 10 X 4 16, 

which becomes I'* > fX when transformed to parallel axes through (- }, - 1). 
Ex. 2. Find the parameter of the parabola 


^ ^ . y’ ?y , 1 
a'~ ab b'~ a b 


0 . 


Am. 


(o* 4 


This value may also be deduced directly by the help of the following 
theorem, which will be proved afterwards; — “The focus of a parabola is 
the foot of a perpendicular let fall from the intersection of two tangents 


which cut at right angles on their chord of contact j” and “ The parameter 
of a conic is found by dividing four times the rectangle under the segments 


of a focal chord, by the length of that chord” (Art. 193, Ex. 1). 


Ex. 3. If a and b be the lengths of two tangents to a parabola which 
intersect at right angles, and m one quarter of the parameter, prove 
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206. If in the original equation gP =fat the coefficient of x 
Tanishea in the equation transformed as in the last article ; and 
that equation b'y‘ + 2/'y + c' = 0, being equivalent to one of the 
form 6'{y-\)(y-M)=0, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fiiUilled. For this 
condition may be written 

c [ah - A*) = af* — 2hfg + h^. 

But if we substitute for a. A, A, respectively, a’, a/8, /9*, the left- 
hand side of the equation vanishes, and the right-hand side 
becomes {fa. — gP)*. Writing the condition /a in cither 
of the forms ^*=ya/3, jufi = g^, we see that the general equa- 
tion of the second deg^e represents two parallel right lines 
when A’ = oA, and also either af=hg, or fh = bg. 

*207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
ax + Py, and the line perpendicular to it, whose equation is 
(Art. 26) 

a cos<u) * - {a — ^ cos®) y = 0. 

And if wo write 7* = a* -I- — 2a/3 cos®, the formulss of trans- 

formation become, by Art. 34, 

yY= (ax + ^y) sin®, yX= (/9 — a cos®) x — (a — /3 cos®)y ; 
whence 7x sinw = (a — ;9 cosw) ]r-t-/8Xsin®; 

7y sin® = ()8 — a cos®) Y — aA' sin®. 

Making these substitutions, the equation becomes 
7*F’ + 2 sin’® {gP—fi) X-t- 2 sin® (a — y9 cos®) 

— a cos®)} F+ 7c sin*® = 0. 
And the transformation to parallel axes proceeds as in Art. 205. 
The principal parameter is 

Ig' 2 [fa. —gff] sin’® 

P Y 

(a* -I- /S’ — 2ayS cos ®)* 


Ex. Find the principal parameter of 

■ 0. Atu, 


** + 1 , 
o*'o6 5'"o“4 


4o’6* sin'w 


(o' + i* iab coam)* 
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FIGURE OP THE CURVE. 

208. From the equation y* =px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a:, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative, y will be imagi- 
nary, and as we gpve increasing positive 
values to a;, we obtain increasing values for 
y. Hence the figure of the curve is that 
here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line [x — ky-\-V) meets the 
parabola (y* =pa;), we obtain the quadratic 
y'-pky-pl^O, 

whose roots can never be infinite as long as k and I are finite. 

There is no finite right lino which meets the parabola in two 
coincident points at infinity; for any diameter [y = m) which 
meets the curve once at Infinity (Art. 1 42) meets it once also in 

ffl 

the point x = — \ and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 



209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : If wo suppose one vertex 
and focus of an ellipse given, while its axis major increases with- 
out limit, the curve will ultimately become a parabola. 

The equation of the el- 
lipse, referred to its vertex, 
is (Art. 194) 




We wish to express b in terms of the distance VF (=»i), 


Digitized by Google 



186 


THE TANGENT. 


which we suppose fixed. We have m==a — V(a’ — b*) (Art. 182), 
whence b* = 2 am — m*, and the equation becomes 



Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes y* _ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 

b“ b* 

tricity is equal to 1. For c*=l— Now we saw that 

which is the coefficient of x* in the preceding equation, vanished 
as we supposed a increased according to the prescribed condi- 
tions; hence e’ becomes finally = 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 
curve is (Art. 86) (3, - y ) (^ _ y") = / - px, 

or (y'+y')y=i^*+yy'- 

And if we make y" = y, and for y* write its equal 7>x', we have 

the equation of the tangent 

^y'y=p{x + x). 

If in this equation we put y = 0, we get x = — x' : hence TM 
(which is called the Subtangent) is bisected at the vertex. 

These results hold equally if the axes of co-ordinates are 
oblique ; that is to say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y’ =p'x. 

This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since wo 
have only to take 2'F= VM and 
joinPT’; or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 

since we have only to take F’jl/'= T'V\ and join PM'. 
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211. The equation of the polar of any point xy is similar in 
form to that of the tangent (Art. 89), and is, therefore, 

=T (* + *') • 

Putting y = 0, we find that the intercept made by this polar 
on the axis of * is — x. Hence the intercept which the polars of 
any two points cut off on the axis is equal to the intercept between 
perpendiculars from those points on that axis ; each of these 
quantities being equal to (a:' — x"). 


DIAMETERS. 


212. We have said, that if we take for axes any diameter 
and the tangent at its extremity, the equation will be of the 
form = p’x. 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes (y* = /)j‘), because it is de- 
sirable to express the new p in terms of the old p. 

If we transform the equation f = px to parallel axes through 
any point (a;'^’) on the curve, writing x + x and y + y' for x and 
y, the equation becomes 


y’ + 2yi/'=;«. 

Now if, preserving our axis of x, we take a new axis of y, 
inclined to x at an angle 0, we must substitute (Art. 9), 
y sin0 for y, and x + y cos0 for x, and our equation becomes 
y* sin’ 6 + 2y'y sin 6 = px +py cos 0. 

In order that tliis should reduce to the form y'=px, we must 


have 


2y' Bin0=p cos 0, or tan ^ 


Now this is the very angle which the tangent makes with the 
angle of x, as we see from the equation 

2y^=P (* + *')• 

This equation, therefore, referred to a diameter and tangent, will 
take the form . p 


y = 


BIU'0 


X, or y =px. 


The quantity p is called the parameter corresponding to the 
diameter V'M', and we see that the parameier of any diameter is 
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inversely proportional to the square of the sine of the angle which 

V 

its ordinates make with the axis, since p = .•' - ■ - a • 

’ sin a 

We can express the parameter of any diameter in terms of the 

t) 

eo-ordinates of its vertex, from the equation tan^ = ^, ; hence, 


hence 




V(i^‘+4y’ 

p' =p + ix. 


THE NORMAL. 

213. The equation of a line through {x'y') perpendicular to 
the tangent iyy =p {x + x) is 

F (y - y) + V (*-*')= 0- 

If we seek the intercept on 
the axis of x, we have 

x{=VN)=x' + ip‘, 
and, since VM = x', we must have 

JtfiV(the subnormial, Art. 181) = \p. 

Hence in the parabola the subnormal is constant^ and equal to 
the semi-parameter. The normal itself 

= V(Pjr + + i/) = ^[p (x- + ip)l. 



THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the_/i>ciM of the curve. This is the point which. Art. 209, 
has led ns to expect to find analogous to the focus of an ellipse ; 
and we shall show, in the present section, that a parabola may 
in every respect be considered as an ellipse, having one of its 
foci at this distance, and the other at infinity. To avoid frac- 
tions we shall often, in the following Articles, use the abbrevia- 
tion m = \p. 

To find the distance of any point on the curve from the focus. 

The co-ordinates of the focus being (m, 0), the square of its 
distance from any point is 

[x — my + y** = x"* - 2mx' -I- w’ + 4mx’ = (x' + wi)’. 
lienee the distance of any point from the focus =x' + m. 
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This enables ns to express more simply the result of Art. 212, 
and to say that the imrameter of any diameter is four times the 
distance of its extremity from the focus, 

215. The polar of the focus of a parabola is called the 
directrix, as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis- 
tance on the other aide of the vertex. The distance of any point 
from the directrix must, therefore, = x' + »i. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola, the 
distance from the focus is to the distance from the directrix in 
the constant ratio e to 1, We see, now, that this is true for the 
parabola also, since in the parabola e = 1 (Art. 209). 

The method gpven for mechanically describing an hyperbola. 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle a right angle. 

216. The point where any tangent cuts the axis, and its point 
of contact, are equally distant from the focus. 

For, the distance from the vertex of the point where the 
tangent cuts the axis =x' (Art. 210), its distance from the focus 
is, therefore, x + m, 

217. Any tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, 
which, in the last Article, we proved was formed hy the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 188), that the angle TPF= TPF •, for, if we suppose the 
focus F to go off to infinity, the line PF will become parallel to 
the axis, and TPF= PTF, (See figure, foot of p. 185.) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45°. 

218. To find the length of the perpendicular from the focus on 
the tangent. 
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The perpendicular from the point {m, 0) on the tangent 
{yy = 2m {x + x')} is 


2m {x 4 m) 2»i (x' 4 m) 
V (y"* 4 4«i*) V (4»u:' 4 4m’') 


= V(m(a:'4m)). 


Hence (see fig., p. 188) FJt is a mean proportional between FV 
and FP. 

It appears, also, from this expression, and from Art. 213, that 
FP is half the normal, as we might have inferred geometrically 
from the fact that 'PF= FN, 


219. To express the perpendicular from the focus in terms of 
the angles which it makes with the axis. 

We have 

coaa = sin FTP = (Art. 212) 

Therefore (Art. 218), 

FP = (F 4 m)l = . 

'■ " cosa 

The equation of the tangent, the focus being the origin, can, 
therefore, bo expressed 

• ‘>n 

X cosa 4 V sina 4 = 0, 

^ cosa ’ 

and hence wo can express the perpendicular from any other 
point in terms of the angle it makes. 

220. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 
equation 

p = , p cosa = m : 

cosa 

■which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FP a radius vector 
to a right line VR, and draw PR perpendicular to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than Is sufficient to determine 
a line given, and It is required to find its envelope, that is to 
say, the curve which it always touches. 
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Wo leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular co-ordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 

X cos’a + y sina cosa + ?« = 0 ; 

the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90° + a with the axis) is found 
by substituting cosa for sina, and — sina for cosa, or 
X sln^a — y sina cosa + m = 0. 

a is eliminated by simply adding the equations, and we get 

x+2nj = 0, 

the equation of the directrix., since the distance of focus from 
directrix = 2m. 

222. The angle between any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT, the angle PTF which the tan- 
gent makes with the axis is half the angle PFN, which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem ; for if two tangents make with each 
other an angle of 90°, the focal radii must make with each other 
an angle of 180°, therefore, the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining the focus to the intersection of two tan- 
gents bisects the angle which their points of contact subtend at the 
focus. 

Subtracting one from the other, the equations of two tan- 
gents, viz., 

X cos’a + y sina cosa + ?n = 0, x cos’/9 + y sln/9 cos/3 + m = 0; 
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we find for the line joining their intersection to the focus, 

X sin(a -f- ;8) - y cos(a + /3) = 0. 

This is the equation of a line making the angle a 4 y9 with the 
axis of X. But since a and arc the angles made with the axis 
by the perpendiculars on the tangent, we have VFP—i% and 
VFP = 2y9 ; therefore the line making an angle with the axis 
= a 4 )8 must bisect the angle PFP. This theorem may also be 
proved by calculating, as in Art. 191, the angle [d- ff) subtended 
at the focus by the tangent to a parabola from the point when 

it will be found that cos(0 - ff) = , a value which, being 

independent of the co-ordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through ay. (See O’Brien’s Co-ordinate Geometry^ p. 156.) 

Cor. 1. If we take the case where the angle PFP' = 180°, 
then PP passes through the focus ; the tangents TP, TP will 
intersect on the directrix, and the angle TFP= 90°. (See Art. 
192). This may also be proved directly by forming the equa- 
tions of the polar of any point (— »i, y) on the directrix, and 
also the equation of the line joining that point to the focus. 
These two equations are 

y'y = im{x-m), im{y-y') ^y' [x + m)=Q, 

which obviously represent two right lines at right angles to 
each other. 

Cor. 2. If any chord PP 
cut the directrix in D, then FD 
is the external bisector of the 
angle PFP. This is proved as 
at p. 174. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents, is the supplement of 
the angle between the fixed tangents. For (see figure next 
page) the angle QRT is half pFq (Art. 222), and, by the pre- 
sent Article, PFQ is obviously also half pFq, therefore, PFQ 
is = QRT, or is the supplement of PRQ. 
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Cor. 4. The circle circumscribing the triangle farmed by any 
three tangents to a 
parabola will pass 
through the focus. 

For the circle de- 
scribed through t ~ 

PR Q must pasa 
through F, since 
the angle contained 

in the segment PFQ will be the supplement of that contained 
in PRQ. 



224. To find the polar equation of the parabola., the focus 
being the pole. 

We proved (Art. 214) that the focal 
radius 

=x' -\-m=VM-\-m=FM-\-2m=p co80+2»i. 

_ im 
^ 1 — cos 6 ' 


Hence 



This is exactly what the equation of Art. 193 becomes, if we 
suppose e = 1 (Art. 209). The properties proved in the Ex- 
amples to Art. 193 are equally true of the parabola. 

In this equation 0 is supposed to be measured from the side 
FM ; if we suppose it measured from the side FV, the equation 
becomes 2 m 

^ I + cos 0 ' 


This equation may be written 

p co8*J0 = m, 

or pt cos (m)*, 

and is, therefore, one of a class of equations, 
p* cosn0 = a", 

some of whose properties we shall mention hereafter. 
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CHAPTER XIII. 


EXAMPLES AND MISCELLANEOUS PROPERTIES ON CONIC 
SECTIONS. 


225. The method of applying algebra to problems relating 
to eonie sections is essentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters in. and Vii. We, therefore, only think it necessary to 
select a few out of the g^cat multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not found convenient to insert in 
the preceding chapters. 


Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. dl) 
terminated bjr two given lines. Find the locus of a point Q taken on the 
line, so that PL = QK. 

Ex. 2. Two equal rulers, AB, SC, are con- B 

nected by a pivot at B ; the extremity A is fixed, 
while the extremity C is made to traverse the 
right line A C; find the locus described by any 

fixed point P on BC. A C 

Ex. 3. Given base and the product of the tangents of the halves of the 
base angles of a triangle ; find the locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will 
be found that the sum of sides is given; and, therefore, that the locus is an 
ellipse, of which the extremities of the base are the foci. 

Ex. 4. Given base and sum of sides of a triangle ; find the locos of the 
centre of the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, 
p. 48, that the locus is an ellipse, whose vertices are the extremities of the 
given base. 

Ex. 6. Given base and sum of sides, find the locus of the intersection 
of bisectors of sides. 


Ex. 6. Find the locus of the centre of a circle which makes given 
intercepts on two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given 
circles ; or which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given 
point and makes a given intercept on a given line. 
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Ex. 9. Or which passes through a given point, and makes on a given 
line an intercept subtending a given angle at that point. 

Ex. 10. Two vertices of a given triangle move along fixed right lines; 
find the locus of the third. 

Ex. 11. A triangle ABC circumscribes a given circle; the angle at C 
is given, and B moves along a fixed line ; find the locus of A. 

Let us use polar co-ordinates, the centre O being the pole, and the angles 
being measured from the perpendicular on the fixed line ; let the co-ordinates 
of A, B, he p,0-, p', ff. Then we have p' eo& & = p. But it is easy to see 
that the angle A OB is given (= a). And since the perpendicular of the 
triangle AOB is given, we have 

ppf sin a 

V(/>‘ + /*'*- ‘^I’P COSd) ’ 

But 0 O' = a-, therefore the polar equation of the locus is 
p Y sin'a 

p' COs’(a - 0) + />* - Upp COSO C0S(a - 0) ' 

which represents a conic. 

Ex. 12. Find the locus of the pole with respect to one conic A of any 
tangent to another conic B. 

Let v/j be any point of the locus, and \x py * its polar with respect 
to the conic A, then (Art. 89) X, p, v arc functions of the first degree in a, )3 
But (Art. ISl) the condition that \x * py \ v should touch B is of the 
second degree in X, p, v. The locus is therefore a conic. 

Ex. 13. Find the locus of the intersection of the perpendicular from a 
focus on any tangent to a central conic, with the radius vector from centre 
to the point of contact. Ant. The corresponding directrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the 
centre on any tangent with the radius vector from a focus to the point of 
contact. Ant. A circle. 


Ex. 15. Find the locus of the intersection of tangents at the extremities 
of conjugate diameters. . a:* y* „ 

This is obtained at once by squaring and adding the equations of the 
two tangents, attending to the relations Art. 1 72. 


Ex. 16. Trisect a given arc of a circle. The points of trisecdon are 
found as the intersection of the circle with a hyperbola. See Ex. 7, p. 48. 

Ex. 17. One of the two parallel sides of a trapezium is given in magni- 
tude and position ; and the other in magnitude. The sum of the remaining 
two sides is given ; find the locus of the intersection of diagonals. 

E.x. 18. One vertex of a parallelogram circumscribing an ellipse moves 
along one directrix ; prove that the opposite vertex moves along the other, 
and that the two remaining vertices are on the circle described on the axis 
major as diameter. 

02 
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226. We give in this Article some examples on the focal 
properties of conics. 

Ex. 1. The distance of any point on a conic from the focus is equal to 
the whole length of the ordinate at that point, produced to meet the tangent 
at the extremity of the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any 
tangent, find the locus of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a 
series of concentric and confocal conic sections. 

We know that the pole of any line ( — + - = 1], with regard to the 
/*• y* \ \m n / 

conic |i “ ^ fro™ th® equations mx = o* and ny = 6* (Art 169). 

Now, if the foci of the conic are given, a* - 6* = c* is given ; hence, the 
locus of the pole of the fixed line is 

mx - ny = c", 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conics, its pole will be the point of 
contact. Hence, given two confocal conics, if we draw any tangent to one 
and tangents to the second where this line meets it, these tangents will 
intersect on the normal to the first conic. 

Ex. 4. Find the locus of the points of contact of tangents to a series of 
confocal ellipses from a fixed point on the axis major. Ans. A circle. 

Ex. 6. The lines joining each focus to the foot of the perpendicular 
from the other focus on any tangent, intersect on the corresponding normal 
and bisect it. 


Ex. 6. Prove that the polar equation of the chord through points whose 
angular co-ordinates are n + /3, a - /9, is 


— ° t cosO + sec/3 cos(0 - a). 

This expression is due to Mr. Frost (Camhridga and Dublin Math. 
Journal, I., 66, cited by Walton, Examples, p. 375), It follows easily from 
Ex. 3, p. 38. 

Ex. 7. The focus being the pole, prove that the polar equation of the 


tangent, at the point whose angular co-ordinate is a, is ^ = s cos0 + cos(0 - «). 

This expression is due to Mr. Davies {Philosophical Magazine for 1842, 
p. 192, cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP' of a conic pass through a fixed point O, then 
tan \PFO . tan \P'FO is constant. 

The reader will find an investigation of this theorem by the help of the 
equation of Ex. 6 (Walton’s Examples, p. 377). I insert here the geome- 
trical proof iven by Mr. M.icCullngh, to whom. I believe, the theorem is 
due. Imagine a point O taken anywhere on PP (see figure, p. 192), and let 
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the distance FO be e' times the distance of O from the directrix j then since 
the distances of P and O from the directrix are proportional to PP and OD, 


we have 


FP 

>D' 


FO 

od' 


sin PDF 


anODF 
sin OFD 


Hence (Art 192) 


’ sini>i-7> 
cos OFT _ * 

or, since (Art. 191) PFT is half the sum, and OFT half the difference, of 
PFO and P-FO, . . j 

tan \PFO . ton ; PFO = — , . 

« + « 

It is obvious that the product of these tangents remains constant if O be not 
fixed, but be anywhere on a conic having the same focus and directrix as the 
given conic. 


£x. 9. To express the condition that the chord joining two points z'y', 
x"y” on the curve passes through a focus. 

This condition may be expressed in several equivalent forms, two of the 
most useful of which are got by expressing that d" = O' 4 18CP where &, ff' 
are the angles made with the axis by the lines joining the focus to the points. 
The condition sinO" a - sintf gives ' 

— + — - — 1 = 0 j o (y" + y*) “ s (yy* 4 *V)- 

The condition cosO" a — cos O’ gives 

— — ^ 4 — — = 0 ; 2ex'x' - (o 4 ee) (x* + i") 4 2ac = 0. 
o - ex a - ex 

Ex. 10. If normals be drawn at the extremities of any focal chord, a 
line drawn through their intersection parallel to the axis major will bisect 
the chord.* 

Since each normal bisects the angle between the focal radii, the inter- 
section of normals at the extremities of a focal chord is the centre of the 
circle inscribed in the triangle whose base is that chord, and sides the lines 
joining its extremities to the other focus. Now if a, h, c be the sides of a 
triangle whose vertices are x'y', x"y"> then, Ex. 6, p. 6, the co-ordi- 

nates of the centre of the inscribed circle are 

ax' 4 hz" 4 ex'" ou' 4 hu" 4 cy"' 

X - ; , y = — I — . 

O404C ' O404C 

In the present case the co-ordinates of the vertices are x', y' ; x", y" ; 
- e, 0 ; and the lengths of opposite sides are a 4 *x", a 4 ex', 2a - ex' - ex". 
We have therefore 

(a 4 ex')e" 4 (rt 4 ex")y' 

y 


or, reducing by the first relation of the last Example, y i (y' 4 y"), which 
proves the theorem. 


* In the last edition this Example was solved by means of the formulae 
of Art. 181, Ex. 4. I now substitute, as more simple, the solution of 
M. Larrose, Ter^uem, xix., 85. 
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lo like manner we have 

_ (o 4 *x")t'+ (a 4 (2a - ex' - ex")e 

* , 

which, reduced hy the second relation, becomes 
(a + ec) (x' 4 ar") - 2ac 

*“ 25 

We could find similarly expressions for the co-ordinates of the inter- 
section of tangents at the extremities of a focal chord, since this point is the 
centre of the circle exscribed to the base of the triangle just considered. 
The line joining the intersection of tangents to the corresponding intersection 
of normals evidently passes through a focus, being the bisector of the 
vertical angle of the same triangle. 

£x. 11. To find the locus of the intersection of normals at the ex- 
tremities of a focal chord. 

Let a, be the co-ordinates of the middle point of the chord, and we 
have, hy the last Example, 

a’(x 4 c) 


e = i(x' 4 x"J = ■ 


'4 c* 


P = W + y") = y. 


If, then, we knew the equation of the locus described by a/3, we should 
by making the above substitutions have the equation of the locus described 
by xy. Now the polar equation of the locus of middle point, the focus 
being origin, is (Art. 193) 

P P > a l-e'cosV’ 

which transformed to rectangular axes, the centre being origin, becomes 
h'a' 4 a'jf - Vea, 

The equation of the locus sought is, therefore, 

a'V (x 4 c)‘ 4 (a* 4 c^’ y* » i’e (o* 4 c») (x 4 c). 

Ex. 12. If 0 be the angle between the tangents to an ellipse from any 
point P ; and if p, p' be the distances of that point 

from the foci, prove that cost? = — r-^ . 

Vp 

For (Art. 189) 

FT F'T' h' 

sinrPP.sinlPP=|Jj;; =-. 

But cosPPP*- cosTPf = 2 sin PPP.sinIPP; 
and 2p// cos FPF’ = />* 4 /j" - 4c*. 

Ex. 13. If from any point O two lines be drawn to the foci (or touching 
any confocal conic) meeting the conic in P, P'j S, S'; then 

• [Mr. M. Roberts.] 

OR OR' OS OS' '■ ■' 



It appears from the quadratic, by which the radius vector is determined 
(Art 136), that the difierence of the reciprocals of the roots will be the 
same for two values of 0, which give the same value to 

(oe - p*) cos's 4 2 (cA - y/) cosS sinS 4 (6c - /•) sin'S. 
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Now it is easy to see that A cos*0 + 211 cos0 sin0 + B sinV has equal values 
for any two values of 0, which correspond to the directions of lines equally 
inclined to the two represented by Ax' + 2Hxy -f By' = 0. But the function 
we are considering becomes 0 for the direction of the two tangents 
through O: and tangents to any confocal are equally inclined to these 
tangenu (Art. 189). 


227. We give in this Article some examples on the parabola. 
The reader will have no diflSculty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. 1. Find the co-ordinates of the intersection of the two tangents at 

the points xy, to the parabola y* =y>x. ^ y' + y” 

y s • X — — — , 

'2 p 

Ex. 2. Find the locus of the intersection of the perpendicular from 
focus on tangent with the radius vector from vertex to the point of contact. 

Ex. 3. The three perpendiculars of the triangle formed by three tan- 
gents intersect on the directrix (Steiner, Gergonne, Annate*, xix, 69, 
Walton, p. 119). 

The equation of one of those perpendiculars is (Art. 32) 
which, after dividing by y" - y", may be written 

y'yV , py Wy + y"+^)„o 

p 2~ 4 ’ 

The symmetry of the equation shows that the three perpendiculars intersect 
on the directrix at a height 

20 '!/".?^ y' + y'’ + y" 


■{'•9 


Ex. 4. The area of the triangle formed by three tangents is half that 
of the triangle formed by joining their points of contact (Gregory, Cambridge 
Journal, n. 16, Walton, p. 137). 

Substituting the co-ordinates of the vertices of the triangles in the ex- 


pression of Art. 36, we find for the latter area, — (y' - y") (y" - y") (y"" - y') j 
and for the former area half this quantity. 


Ex. 6. Find an expression for the radius of the circle circumscribing a 
triangle inscribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose 

sides are d, e,f, and whose area - E is easily proved to be But if d 

be the length of the chord joining the points z'y", x’"y"', and & the angle 
which this chord makes with the axis, it is obvious that if sin&' y" - )/''• 
Using, then, the expression for the area found in the last Example, we have 
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Ji g - ; — r— . We mieht express the radius, also, in terms of the 

2 Sint) sin Sint? ° ‘ 

focal chords parallel to the sides of the triangle. For (Art. 193, Ex. 2) 
the length of a chord making an angle 0 with the axis is c = - Hence 


It follows, from ArL 212, that <?, c", c'" are the parameters of the dia- 
meters which bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed 
by three tangents to a parabola in terms of the angles which they make 
with the axis. 

Ati$, R - — — -—i' or i? , where are the 

8 Bint^ 8in(^ 8in^' 64p 

parameters of the diameters through the points of contact of the tangents 
(see Art 212). 

Ex. 7. Find the angle contained by the two tangents through the point 
j-'y* to the jiarabola y' = 4mx. 

The equation of the pair of tangents is (as in Art. 92) found to be 
(y'* - 4mjr')(y* - 4mi) = {yy' - 2m (i 4 z')]*. 

A parallel pair of lines through the origin is 

x'y’ - y'zy + mx* « 0. 

The angle contained by which is (Art 74) tan0 = . 

Ex. 8. Find the locus of tangents to a parabola which cut at a given angle. 
An». The hyperbola y*-4mx=(z + m)*tan*0, or y*+(x- m)*=(x + m)*sec*0. 
From the latter form of the equation it is evident (see Art. 186) that the 
hyperbola has the same focus and directrix as the parabola, and that its 
eccentricity ■= sec0. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus 
of a parabola on the normal. 

The length of the jmrpendicular from (m,0) on 2m(y-y') + y'(x-x')=0 is 

But if be the angle made with the axis by the perpendicular (Art 212) 

Hence the polar equation of the locus is 

m cost) , 

Ex. 10. Find the co-ordinates of the intersection of the normals at the 
points yy’, x'y". ^ ^ 2,n 4 , y . - . 

4 m 8m‘ 
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Or if a, /3, be the co-ordinates of the corresponding intersection of tan- 
gents, then (Ex. I) o' „fl 

ar = 2m + — -o, u = — - , 
m m 

Ex. 11. Find the co-ordinates of the points on the curve, the normals at 
which pass through a given point x'^. 

Solving between the equation of the normal and that of the curve, we find 
2y*4(p*-2/)j:')y=py, 

and the three roots are connected by the relation y, + + y> = 0. The 

geometric meaning of this i», that the chord joining any two, and the line 
joining the third to the vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities 
of chords which pass through a given point I'y'. 

We have then the relation j8y' = 2m (z' + a) • and on substituting in the 
results of Ex. 10 the value of a derived from this relation, we have 
2mx + /3y' = 4m* 4 2/3* 4 2mz'; 2m*y = 2/3rnjs' - 
whence, eliminating /3, we find 

2 {2m (y - y") 4 y' (x - z')}* = (4mx' - y^) (y'y 4 2 j:'z - 4mx' - 2*^, 
the equation of a parabola whose axis is perpendicular to the polar of the 
given point. If the chords be parallel to a fixed line, the locus reduces 
to a right line, as is also evident from Ex. 11. 

Ex. 13. Find the locus of the intersection of normals at right angles to 
each other. 

In this case o = - m, x « 3m 4 — , y = /3, y* = m (x - 3m). 

rti 

Ex. 14. If the lengths of two tangents be a, h, and the angle between 
them tu; find the parameter. 

Draw the diameter bisecting the chord of contact ; then the parameter of 

, . y* , , . . , y' sin'fl w’v* 

that diameter p = — , and the prmcipal parameter is p = - — - — = 

(where w is the length of the perpendicular on the chord from the inter- 
section of the tangents). But 2«y > ab sinoi, and 

. ...... . 4a'6‘ sin'ai , 

16x* = o* 4 0 4 2ao cosoi ; hence p = ^ (see p. 184). 

(o' 4 i* 4 2fli cosiu)* 

Ex. IS. Show, from the equation of the circle circumscribing three tan- 
gents to a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (ArL 124) 
^ sin.^ 4 7“ sin.B 4 sinC= 0, the absolute term in this equation is 
found (by writing at full length for a, x cos“ 4 y sino &c.) to be 
p'pf - 7) 4p "p sin(7 - a) + pp' sin (a - fi). But if the line o be a tan- 
gent to a parabola, and the origin the focus, we have (Art. 219) p = , 

and the absolute term 

„ — ^ lein(/3 - 7) cos« 4 sin(7 - a) cos/3 4 sin(a - 3) C0S7), 

COSO cos/3 C0S7 I- " 

which vanishes identically. 
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Ex. 16. Hnd the locus of the intersection of tangents to a parabola, 
being gWen either (1) the product of sines, (2) the product of tangents, 
(3) the sum or (4) difference of cotangents of the angles tliey make with the 
axis. -dm. (1) a circle, (2) a right line, (3) a right line, (4) a parabola. 

228. "VVe add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also 
pass through the intersection of its perpendiculars (Brianchon & Foncelet; 
Gergonne, AnnaUt, xi., 205 j AV'alton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 143) 
+ 2hxy + XXy - fift' (X + X ) r - XX' (/i ^ n')y \ XX'/i^ = 0. 

And if the axes be rectangular, this will represent an equilateral h)-per- 
bola (Art. 174) if XX' = - fi/i!. If, therefore, the axes be any side of the 
given triangle, and the perpendicular on it from the opposite vertex, the 
portions X, X', /t, are given, therefore, /t' is also given ; or the curve meets 

the perpendicular in the fixed point y = - — , which is (Ex. 7, p. 28) the 

intersection of the perpendiculars of the triangle. 

Ex. 2. AtTiat is the locus of the centres of equilateral hj-perbolte through 
three given points P 

Ant. The circle through the middle points of sides (see Ex. 3, p. 143). 

Ex. 3. A conic being given by the general equation, find the condition 
that the pole of the axis of x should lie on the axis of y, and t'ice vena. 

Ant. he = /g. 

Ex. 4. The circle circumscribing a triangle, self-conjugate with regard 
to an equilateral hyperbola (see Art. 99), passes through the centre of the 
curve. [This is a particular case of a theorem to be proved in the next 
Chapter (Brianchon & Poncelet, Gergonne, xi. 210; XValton, p. 304).] 

The condition of Ex. 3 being fulfilled, the equation of a circle passing 
through the origin and through the pole of each axis is 
A (x* + 2xy costo 4 y*) 4 /x f yy = 0, 
or x(Ax 4 +y) + y (ux 4 Ay 4 y) - (o 4 A - 2A cosa.<)xy, 

an equation which will evidently be satisfied by the co-ordinates of the 
centre, provided we have a 4 A = 2A cos w, that is to say, provided the curve 
be an equilateral hyperbola (Arts. 74, 174). 

Ex. 5. A circle described through the centre of an equilateral hyperbola, 
and through any two points, will also pass through the intersection of lines 
drawn through each of these points parallel to the polar of the other. 

Ex. 6. Find the locus of the intersection of tangents which intercept a 
given length on a given fixed tangent. 

The equation of the pair of tangents from a point x'y' to a conic given 
by the general equation, is given Art 92. Make y ° 0, and we have a quad- 
latic whose roots are the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting It equal 
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to a constant, we obtain the equation of the locus required, which will be in 
general of the fourth degree ; hut if ^ = oc, the axis of x will touch the 
given conic, and the equation of the locus will become divisible by y', and 
will reduce to the second degree. AVe could, by the help of the same equa- 
tion, find the locus of the intersection of tangents ; if the sum, product, &c., 
of the intercepts on the axis be given. 


THE ECCENTRIC ANGLE.* 

229. It Is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 
rather than by the two co-ordinates x'g'. Wc shall, therefore, 
find it useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 102) in the case of 
the circle ; and shall write 

X = a cos <f>y y' = b sin (j>j 

a substitution, evidently, consistent with the equation 



The geometric meaning of the angle tf> is easily explained. 

If we deseribc a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Q, then the angle 

QCL=tf>^ for CL=CQ cosQCL, or x'=a cos^; and PL=^ QL 
(Art. 163) ; or, since QL = a sin^, we have y =b sin^. 


230. If we draw through P a parallel PN to the radius CQ, 
then pj/ : CQy.PL: QL::b:a, D 

but CQ = a, therefore PM = b. 
iW parallel to CQ is, of course, = a. 

Hence, if from any point of an ellipse 
a line = a be inflected to the minor axis, 
its intercept to the axis major = b. If 
the ordinate PQ were produced to meet 
the circle again in the point Q', it could 





I ^ 

/' / 

a. • 

N 


N. B' 

ty 


• The u»e of this angle occurred to me some years ago, as a particular 
case of the methods given in Chapter Xiv. It has, however, been already 
recommended by Mr. O’Brien in the Cambridge Mathematical Journal, VoL 
rv., p. 90, and has since been introduced by him, under the name here 
adopted, into his treatise on Plane Co-ordinate Oeomeiry, p.-Ill. 
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be proved, in like niiinucr, that a parallel through P to the 
radius CQ is cut into parts of a constant length. Hence, con- 
versely, if a line MN, of a constant length, move about in the 
legs of a right angle, and a point P he taken so that MP may- 
be constant, the locus of P Is an ellipse, whose axes are equal 
to J/Pand NP. (See Ex. 12, p. 49.) 

On this principle has heen constructed an instrument for de- 
scrihing an ellipse hy continued motion, called the Plliptic Com- 
passes. CA, CD', are two fixed rulers, MX a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MX will describe an ellipse. 

If the pencil be fixed at the middle point of MX it will de- 
scribe a circle. (O'Brien’s Co-ordinate Geometry, p. 112.) 

231. The consideration of the angle ^ affords a simple me- 
thod of constructing geometrically the diameter conjugate to a 

given one, for „ y' h 

tan^= - tan A. 

X a ^ 

Hence the relation 

tantf tan0' = — ^ (Art. 170) 

becomes tan ^ tan = — 1 , 

or — = 90°. 

Hence we obtain the following construction. Let the ordi- 
nate at the given point P, when produced, 
meet the semicircle on the axis major at 
Q, join CQ, and erect CQ’ perpendicular 
to it; then the perpendicular let fall on 
the axis from Q' will pass through P', a 
point on the conjugate diameter. 

Hence, too, can easily be found the co-ordinates of P given 
in Art. 172, for, since 

x" y' 

cosd)' = sin(4, -we have — = ^ , 

' a o ’ 

y" X 

and since sin A’ = - cos <6, we have ^ = . 

r b a 

From these values It appears that the areas of the triangles 
PCM, PCM', are equal. 
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Ex. 1. To express the lengths of two conjugate semi-diameters in terms 
of the angle <f>. Ans. o’ = o’ cos’0 + 6' sin'0 ; 6™ = o* sin'0 + 6* cos'0. 

Ex. 2. To express the equation of any chord of the ellipse in terms of 

0 and 0' (see p. 96) v . , 

Ans. - cos J(0 + 0 ) 1 1 sin J(0 + 0') = cos J{0 “ 

Ex. 3. To express similarly the equation of the tangent. 

Ans. - COS0 + ^ sin0 = 1. 
a o 

Ex. 4. To express the length of the chord joining two points a, p, 
ly- a'(cosa - cos/3)* + b' (sina - sin/J)* 

2) = 2 sin } (a - p) {o’ sin' } (a + /3) + 6' cos' J (“ + /3)1*- 
But (Ex. 1) the quantity between the parentheses is the semi-diameter con- 
jugate to that to the point i (“ -s /3) ; and (Ex. 2, 3) the tangent at the point 

1 (a + is parallel to the chord joining the points a, p ; hence, if &' denote 
the length of the semi-diameter parallel to the given chord, D=2V sin j (m-p). 

Ex. 6. To find the area of the triangle formed by three given points a, p, 7. 
By Art. 36 we have 

2E = ah (sin (a - y3) + sin (/3 - 7) + sin (7 - a)} 

= al {2 sin } (« - (3) cos } (a - /3) - 2 sin J (a -. p) cos i(n + p~ 2y)] 
- 4oi sin J (a - ^) sin Up - 7) sin i (7 - “) 

E » 2o6 sin J (a - /3) sin i (;3 - 7) sin i (7 - a). 

Ex. 6. If the bisectors of sides of an inscribed triangle meet in the centre, 
its area is constant. 


Ex. 7. To find the radius of the circle circumscribing the triangle 
formed by three given points a, p, 7. 

If d, «,/be the sides of the triangle formed by the three points, 


_ def b'b'b"’ 

where b', b", V" are the semi-diameters parallel to the sides of the triangle. 


If c', c", o'" be the parallel focal chords, then (see p. 200) iPi 


e'eV 

4;j 


. (These 


expressions are due to Mr. MacCuUogh, £ram. Papers, 1836, p. 22.) 


Ex. 8, To find the equation of the circle circumscribing this triangle. 
2(o’-4')x 

Ans. *'4y’ ^ — — cosi(n + /3) cosi(/3t7) cosi(7 + a) 

_ )y 4 sinK/9 + u) + “) = • (“' + 6*) 

- J (o' - V) (cos (a + ^) + cos(P + 7) + cos(7 + a)). 

From this equation the co-ordinates of the centre of this circle are at 
once obtained. 

Ex. 9. The area of the triangle formed by three tangents is, by Art. 39, 
ab tan J (a - /3) tan i (/3 - 7) tan J (7 - «). 
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Ex. 10. The area of the triangle formed by three normals is 

^ tan J (o - /3) tan J (y3 - 7) tan i (7 " “) (*'t(/3 + 7) + «i“(7 + “) + + ^))*« 

4ao 

consequently three normals meet in a point if 

sin (^ + 7) + sin (7 t- <>) + sin (a + /3) = 0. XMr. Burnside.] 

Ex. 11. To find the locus of the intersection of the focal radius yector 
FP with the radius of the circle CQ. 

Let the central co-ordinates of P be x'y\ of O xy^ then we have, from 
the similar triangles, FOX, FPM, 
y j/ _ i sin 0 

I + c 1' + c a(e + cos0)’ 

Now, since 0 is the angle made with the axis by 
the radius vector to the point O, we at once obtain 
the polar equation of the locus by writing p cos0 
for X, p sin 0 for y," and we find 

P ^ ^ 

c + /) cos 0 a (a + cos (j>) 

he 

^ c + (o - i) cos 0 ' 

Hence (Art. 193) the locus is an ellipse, of which C is one focus, and it can 
easily he proved that F is the other. 

Ex. 12. The normal at P is produced to meet CQ\ the locus of their 
intersection is a circle concentric with the ellipse. 

The equation of the normal is 

ar hi/ , 

' ’ ^ > 

CO9 0 81D0 

hut we may, as in the last example, write p cos0 and p sin 0 for x and y, 
and the equation becomes 

(a - h) p - c', OT p = a ^ h. 



Ex. 13. Prove that tan JPPC = 

Ex. 14. If from the vertex of an ellipse a radius vector he drawn to any 
point on the curve, find the locus of the point where a parallel radius through 
the centre meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the 

vertex = ; therefore, the equation of the parallel radius through the 

X a 

centre is V _ y' 6 sin 0 _ 6 1 - cos 0 _ 

X X t a <j (1 t COS0) a siii0 ’ 


or 


V ■ X , X 

y sin 0 + - cos 0 = - , 
h a a 
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and the locus of the intersection of this line with the tangent 

^ sin 0 -t- - cos 0 s 1 
o a 

is, obviously, ^ li the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn 
through any point of the curve, by substituting o' and for a and i; the 
locus will then be the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a confocal 

ellipse, the squares of whose semiaxes are cf-h', b‘- h', is ' [Mr. Bomside]. 

ab 

The condition that the chord joining two points », p should toneh the 
confocal conic, is 

“—A co»' i (“ + ^) + **"' > (“ + /3) = cos’ J {“ - /3). 

or sin’S(<<-/3) = ^{4'cos*l(<i + ^)4o’sin’J(a + ^)} = ^J^. (Ex. 4.) 


But the length of the chord is 


2b’ sin J(n - /3) = 


2hb- 

ab 


By the help of this Example several theorems concerning chords through 
a focus may be extended to chords touching confocal conics. 


2.S2. The methods of the preceding Articles do not applj to 
the hyperbola. For the hyperbola, however, we may substitute 
X = a sec^, y' = h tan <j>, , 


since 



= 1 . 


This angle may be represented geometrically by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de- 
scribed on the transverse axis, 
then the angle QCM= 0, since 

CM= CQ BecQC^f. 



We have also QM=a t&n<f>, but Pdf = 5 tan 0. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a constant ratio to the ordinate. 


Ex. If any point on the conjugate hy])erbola be expressed similarly 
j/" = b sec0', si' a a \xa.<lS, prove that the relation connecting the extremities 
of conjugate diameters is 0 = 0'. [Mr. Turner.] 
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2.33. Any two figures are said to be similar and similarly 
placed, if radii vectores drawn to the first from a certain point 0 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it he possible to find any two such points 
O and 0 , we can find an 
infinity of others ; for, take 
any point C, draw oc parallel 
to 00, and in the constant 

ratio ^pt tlicn from the similar triangles OOP, ocp, cp is parallel 



to CP and in the given ratio. In like manner, any other radius 
vector through c can be proved to be proportional to the parallel 
radius through C. 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ, op.oq, are propor- 
tional to the squares of the parallel diameters (Art. 149). 


2.34. To find the condition that two conics, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152) that the square of any semi-diameter of the first is 
equal to a constant divided by a cos’^ + 2A cosd sin0 + 6 sin*0, 
and in like manner, that the square of a parallel semi-diameter 
of the second is equal to another constant divided by 
a! cos* 6 + 2h' cos 6 a\n0 + b' sin* 0. 

The ratio of the two cannot be independent of 0 unless 
a h b 

a' h' V ’ 

Hence, two conic sections tcill be similar, and similarly placed, 
if the coefficients of the hiyhest powers of the variables are the 
same in both, or only differ by a constant multiplier. 

235. It is evident that the directions of the axes of these 
conics must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of 
the other. If the diameter of one become infinite, so must also 
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the parallel diameter of the other, that is to saj, the aeymptotea 
of similar and similarly placed hyperbolas are parallel. The same 
thing follows from the result of the last Article, since (Art. 154) 
the directions of the asymptotes are wholly determined by the 
highest terms of the equation. 


bo = 


Similar conics have the same eccentricity ; for 
mW-ni‘b‘ 




must 


Similar and similarly placed eonic sections 

m'W 

have hence sometimes been defined as those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the a.symptotes (Art. 167). 


2.36. Since the eccentricity of every parabola is = 1, we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y‘=px, or 

p CO80 

^ sin*0 ’ 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radins in the constant ratio p' : p. 

Ex. 1. If on any radius vector to a conic section through a fixed point 
O, OQ be taken in a constant ratio to OP, find the locus of Q. We have 
only to substitute m/> for p in the polar equation, and the locus is found to 
he a conic similar to the given conic, and similarly placed. 

The point O may be called the centre o/ similitude of the two conics; 
and it is obviously (see also Art. IIS) the point where common tangents to 
the two conics intersect, since when the radii vectores OP, OP to the first 
conic become equal, so must also OQ, OQ the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of twe 
similar conics, the chords joining their extremities will be either parallel, Ok 
will meet on the chord of intersection of the conics. 

This is proved precisely as in Art. 1 1 6. 

Ex. 3. Given three conics, similar and similarly placed, their six centres 
of similitude will lie three by three on right lines (see figure, page lOU). 

Ex. 4. If any line cut two similar and concentric conics, its parts inter- 
cepted between the conics will be equal. 

H 
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Any chord of the outer conic which touches the interior will be bisected 
at the point of contact 

These are proved in the same manner as the theorems at page 177, which 
are but particular cases of them j for the asymptotes of any hyperbola may 
be considered as a conic section similar to it, since the highest terms in the 
equation of the asymptotes are the same as in the equation of the curve. 

Ex. 5. If a tangent drawn at F~, the vertex of the inner of two con- 
centric and similar ellipses, meet the outer in the points T and 7^, then any 
chord of the inner drawn through V is half the algebraic sum of the 
parallel chords of the outer through T and T'. 

237. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel ; so that, if wc could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that two conic sectums, given hy the 
general equations, should he similar, even though rwt similarly 
flowed. 

We have only to transform the first equation to axes making 
any angle B with the given axes, and examine whether any 
value can he assigned to 6 which will make the new o, h, h, pro- 
portional to o', h', h'. Suppose that they become ma', mh', mb'. 

Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities a + b, ab—h", are unaltered by 
transformation of co-ordinates ; hence we have 

O -b J = »i (o' -t- h'), 
ab-h' = m*{ab'-h''), 
and the required condition is evidently 

ab-h' o’6'-r 
(a + i>)’“(o' + 6')‘- 

If the axes be oblique it is seen in like manner (.iVrt. 158) that 
the condition for similarity is 

ai-h' a'b'- h'* 

(a + b — 2h cos a>)' [a +b' - 2A' cos m)’ ' 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 
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238. Two curves of the m" and degrees respectively., inter- 
sect in mn points. 

For, if we eliminate either x or y between the eqaations, the 
resulting equation in the remaining variable, will in general 
bo of the mn"' degree [Higher Algebra, p. 22; Todhunter’s 
Theory of Equations, p. 169). If it should happen that the 
resulting equation should appear to fall below the mn" degree, 
in consequence of the coefficients of one or more of the highest 
powers vanishing, the curves would still be considered to inter- 
sect in mn points, one or more of these points being at infinity 
(see Art. If account be thus taken of infinitely distant 

as well as of imaginary points, it may be asserted that the two 
curves always intersect in mn points. In particular two conics 
always inUrseet in four points. In the next Chapter some of 
the cases will be noticed where points of intersection of two 
conics arc infinitely distant ; at present we are about to consider 
the cases where two or more of them coincide. 

Since four points may be connected by six lines, viz. 12, 34 ; 
13, 24 ; 14, 2.3 ; ttoo conics have three pairs of chords of inU-rsection. 

239. When two of the points of intersection coincide, the 
conics touch each other, and the line joining the coincident points 
is the common tangent. The conics will in this case meet in two 
real or imaginary points L, M distinct from the point of contact. 
This is called a contact of the first ordt r. ITie contact is said to 
ho of the second order when three of the points of intersection 
coincide, as for instance, if the point M move up until it coincide 

with T. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conics 
which osculate, must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common ; and since two conics cannot have more than four 

P2 
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to satisfy two other conditions; and if it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
we can determine a parabola having contact of the third order 
at the origin with 

ax' + ihxy + by' + 2gx = 0. 

Referring to the last two equations (Art. 239), we see that 
it is only necessary to write a instead of a, where d is deter- 
mined by the equation a'b = A*. 

We cannot, in general, describe a circle to have contact of the 
third order with a given conic, because ttco conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are suflScient to determine 
a circle. We can however easily find the equation of the circle 
passing through three consecutive points on the curve. This 
circle is called the osculating circle, or the circle of curvature. 

The equation of the conic to oblique or rectangular axes, 
being, as before, + 2hxy + by' + 2gx = 0, 

that of any circle touching it at the origin is (Art. 84, Ex. 3) 

+ 2xy coSQ> + y' — 2rx sina> — 0. 

Applying the condition gb'=g'b (Art. 239), wo see that the 
condition that the circle should osculate is 

q = — rb sin w, or r = ; — .* 

^ ’ A sino) 

The quantity r is called the radius of curvature of the conic 
at the point T. 


* In the Examples which follow we find the absolute magnitude of the 
radius of curvature, without regard to sign. The sign, as usual, indicates 
the direction in which the radius is measured. For it indicates whether the 
given curve is osculated by a circle whose equation is of the form 

X* + 2xy cosco + y’ ? 2rx sinm = 0, 

the upper sign signifying one whose centre is in the positive direction of 
the axis of xj and the lower, one whose centre is in the negative direction. 
The formula in the text then gives a positive radius of curvature when the 
concavity of the curve is turned in the positive direction of the axis of x, 
and a negative radius when it is turned in the opposite direction. 
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242. To Jind the radius of curcature at any point on a central 
conic. 

In order to apply the formula of the last Article, the 
tangent at the point must be made the axis of y. Now the 
equation referred to a diameter through the point aud Its con- 
jugate 4 = 1^ , is transferred to parallel axes through the 

given point, by substituting x 4 a' for x, and becomes 


X 


4 


I 

h- 


4 


2x 

f 

a 


= 0 . 


Therefore, by the last Article, the radius of curvature is 

V* 

—r —. — . Now a' sins) Is the perpendicular from the centre on 
a sina> * 

the tangent ; therefore the radius of curvature 
= -, or (Art. 175) = ^. 


243. Let N denote the length of the normal PN, and let 

denote the angle FPN between the normal 

and focal radius vector ; then the radius of f \ 

curvature is . For A’=— (Art. 181), 

cos ^ a ' 

and co8'^=^ (Art. 188), whence the truth of the formula is 

manifest. 

Thus we have the following construction : Erect a perpen- 
dicular to the normal at the point where it meets the axis, and 
again at the point Q, where this perpendicular meets the focal 
radius, draw CQ perpendicular to it, then C wIU be the centre 
of curvature, and CP the radius of curvature. 

244. Another useful construction is founded on the principle 
that if a circle intersect a conic, its chords of intersection icill 
make equal angles with the axis. For, the rectangles under the 
segments of the chords are equal (Euc. ill. 35), and therefore 
the parallel diameters of the conic arc equal (Art. 149), and, 
therefore, make equal angles with the axis (Art. 162). 

Now in the case of the circle of curvature, the tangent at T 
(see figure, p. 211) is one chord of intersection, and the line TL 
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the other; we have, therefore, only to draw TL, making the 
same angle with the axis aa the tangent, and we have the point 
L\ then the circle described through the points and, 

touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Using the notation of the eccentric angle, find the condition that 
four points a, /3, 7 , i should lie on the same circle (Joachimsthal, OrtUe, 
XXXVI. 95). 

The chord joining two of them must make the same angle with one 
side of the axis as the chord Joining the other two does with the other ; 
and the chords being 

^ cos}(a 4 /3) 4 1 sini(a 4 ^) = coe J(“ - /3)i 

- cos 1(7 4 i) 4 £ sin J (7 4 i) = cos J (7 - i) j 
a o 

we have tan } (“ 4 /5) 4 tan {{7 4*) = 0; 04^34744 = 0 ! or = 2mw. 

Ex. 2. Find the co-ordinates of the point where the osculating circle 
meets the conic again. 

We have o = /3 = 7 • hence 4 = - 3a ; ot X= - Sx'i K = - Sy’. 

Ex. 3. There are three points on a conic whose osculating circles pass 
through a given point on the curve ; these lie on a circle passing through 
the point, and form a triangle of which the centre of the curve is the inter- 
section of bisectors of sides (Steiner, CreUe, xxxii. 300 1 Joachimsthal, 
CrelU, XXXVI. 96). 

Here we are given 4, the point where the circle meets the curve again, 
and from the last Example the point of contact is a = - 14 . But since the 
sine and cosine of 4 would not alter if 4 were increased by 360°, we might 
also have o = - 4 120°, or = - J4 4 240°, and from Ex. 1, these three 

points lie on a circle passing through If in the last Example we suppose 
X, y given, since the cubics which determine x' and y' want the second 
terms, the sums of the three values of s' and of y' are respectively equal to 
nothing; and therefore (Ex. 4, p. 6) the origin is the intersection of the bi- 
sectors of sides of the triangle formed by the three points. It is easy to 
see that when the bisectors of sides of an inscribed triangle intersect in 
the centre, the normals at the vertices are the three perpendiculars of this 
triangle, and therefore meet in a point. 

245. To find the radim of curvature of a parabola. 

The equation referred to any diameter and tangent being 

t 

the radius of curvature (Art. 241) is — , where 6 
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is the angle between the axes. The expression the 

construction depending on it, hold for the parabola, since 
^=ip sin^ (Arts. 212, 213) and •«/r = 9O°-0 (Art. 217). 


Ex. 1. In all the conic sections the radius of curvature is equal to the 
cube of the nonnal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle 
which the nonnal makes with the axis. 


Ex. 3. Find the lengths of the chords of the circle of curvature which 
pass through the centre or the focus of a central conic section. 


Ant. 


26'* ,'2J* 

— , and — 
a a 


Ex. 4. Tile focal chord of curvature of any conic is equal to the focal 
chord of the conic drawn parallel to the tangent at the point 

Ex. 6. In the parabola the focal chord of curvature is equal to the 
parameter of the diameter passing through the point 


246 . To find the co-ordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on ^ as the nonnal to the ordinate y. Wc find the 
projection, therefore, of the radius of curvature on the axis of 

b'* V b'*y 

y by multiplying the radius — ‘ H 


P 

V-b-‘ 


centre of curvature then is — — y'. But 6” = 4 ^ y'*, there- 


i‘-( 


fore the y of the centre of curvature is — y". In li 


like 


. a'-V , 
manner its x is — ; — x 


Wo should have got the same values by making a = y8 = y 
in Ex. 8, p. 205. 

Or again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points ; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
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turn of two consecutive normals. Now if we make x = x" = A', 
y' =y" = Y, in Ex. 4, p. 166, we obtain again the same values as 
those just determined. 


247. To find the co-ordinates of the centre of curvature of a 
•parabola. 

The projection of the radius on the axis of y is found in like 
manner by multiplying the radius of eurvature 

^ X. y' y 

sin‘0'’^Ar“sin*0’ 


and Buhtracting this quantity from y\ we have 


In like manner its x is x' + 


2 sin’d 2 


The same values may be found from Ex. 10, p. 200. 


248. The evolule of a curve is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolute of a central conic, we should solve for x'y in terms of the 
X and y of the centre of curvature, and, substituting in the equa- 

c* c* 

tion of the curve, should have (writing -=A, -r = B), 

Cl 0 



y 




1. 


In like manner the equation of the evolute of a parabola is found 

to be 27 py‘=lG{x-^p)% 

which represents a curve called the semi-cubical parabola. 
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CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION. 

249. If S—0, <S’’ = 0, be the equations of two conics, then 
the equation of any conic passing through their four, real 
or imaginary, points of intersection, can bo expressed in the 
form S = kS'. For the form of this equation shows (Art. 40), 
that it denotes a conic p.assing through the four points common 
to S and S' ; and wo can evidently determine k so that S = kS' 
shall be satisfied by the co-ordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will of course still be true, if either or both the quan- 
tities S, S' be resolvable into factors. Thus S=kaS, being 
evidently satisfied by the co-ordinates of the points where the 
right lines a, /3, meet S^ represents a conic passing through the 
four points where S is met by this pair of lines ; or, in other 
words, represents a conic having a and /3 for a pair of chords of 
intersection with S. If cither a or /3 do not meet S in real 
points, it must still be considered as a chord of imaginary inter- 
section, and will pre8cr\ c many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So again, ay = k^B denotes a conic circum- 
scribing the quadrilateral aSyB, as we have already seen (Art. 
122).t It is obvious that in what is here stated, o need not 
be restricted, as at p. 55, to denote a line whose equation has 


• Since five conditions determine a conic, it is evident that the most 
general equation of a conic satisfying four conditions must contain one in- 
dependent constant, whose value remains undetermined until a fifth condi- 
tion is given. In like manner, the most general equation of a conic 
satisfying three conditions contains two independent constants, and so on. 
Compare the equations of a conic passing through three points or touching 
three lines ( Arts. 124, 129.) 

t If lift be one pair of chords joining four points on a conic S, and yt 
another pair of chords, it is immaterial whether the general equation of a 
conic passing through the four points be cxjiressed in any of the forms 
S - Jtu/J, S - kyl, a/J - kyl, where k is indeterminate ; because, in virtue of 
the general principle, is itself of the form a/3 - kyl. 
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been reduced to the form x cosa + ^ sina=ji); but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of /•, for which S — kS' re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a — Jca, b — kb', &c. for 
a, bj &c. in 

abc + 'ifgh — nf* — — cl^ = 0, 

and the result evidently is of the third degree in k, and is 
therefore satisfied by three values of k. If the roots of this 
cubic be k',k",k'", then S-k'S', S-k”S', S-k"'S\ denote 
the three pairs of chords joining the four points of intersection 
of S and S' (Art. 238). 

Ex. 1. What is the equation of a conic passing through the points 
where a given conic meets the axes? 

Here the axes x = 0, y = 0, arc the chords of intersection, and the equa- 
tion must be of the form S= kxy, where^is indeterminate. See Ex. l,p. 143. 

Ex. 2. Form the equation of the eonic passing through five given points; 
for example (1, 2), (3, 6), (- I, 4), (- 3, - 1), (- 4, 3). Forming the equa- 
tions of the sides of the quadrilateral formed by the first four jmints, we see 
that the equation of the required conic must be of the form 

(3i - 2y + I) (oi - 2y + 13) = A: (x - 4y + 17)(3x - 4y + 6). 

Substituting in this, the co-ordinates of the fifth point (- 4, 3), we obtain 
k = - Y»'. Substituting this value and reducing the equation, it becomes 
79x* - 320xy + 301y* + llOlx - I665y + 1586 = 0. 

251. The conics S', S—kaS will touch; or, in other words, 
two of their points of intersection will coincide ; if either a or /3 
touch S, or ag.ain, if a and S intersect in a point on S. Thus if 
T= 0 be the equation of the tangent to S at a given point on it 
x'y, then S= T[lx+ my -)- n), is the moat general equation of a 
conic touching S at the point x'y ; and if three additional con- 
ditions arc given, we can complete the determination of the 
conic, by finding I, m, n. 

Three of the points of intersection will coincide if lx -t- my -f n 
pass through the point x'y ; and the most general equation of a 
conic osculating S at the point x'y', is iS = T[lx + my — lx' — my). 
If it be required to find the equation of the osculating circle^ 
we have only to express that the coeflicient xy vanishes in this 
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equation, aud that the coefficient of x* = that of y* ; when we 
hare two equations which determine I and m. 

The conics will have four consecutive points common if 
lx + mt/ + n coincide with T, so that the equation of the second 
conic is of the form S=kT*. Compare Art. 239. 

Ex. I. If the axes of 5 be parallel to those of S', so will also the axes 
of 5 - kS'. For if the axes of co-ordinates be parallel to the axes of S, 
neither S nor S' will contain the term xy. If S' he a circle, the axes of 
S - kS' are parallel to the axes of S, If S - kS' represent a pair of right 
lines, its axes become the internal and external hisectors of the angles be- 
tween them ; and we have the theorem of Art 244. 

Ex. 2. If the axes be parallel to the axes of S, and also to those of 
iS - kap, then a and /3 are of the forms lx + my + n, lx - my i n'. 

Ex. 3. To find the equation of the circle osculating a central conic. 
The equation must be of the form > 


Expressing that the coefficient of xy vanishes, we reduce the equation to 
And expressing that the coefficient of z* = that of y*, we find 

. 4 ' ... 


and the equation becomes 


** + y* - 


2 (a* - b')x'’x 2 (5* - a*) y"’y 


+ - 26'* = 0. 


Ex. 4. To find the equation of the circle osculating a parabola. 

Ant. Cp* + 4pz') (y’ - px) = {2yy” - p (z + z')) {2yy' + px - 3px'}. 


252. We have seen that 8=ka^ represents a conic passing 
through the four points 

P>Q} Pi 2) “> ^ 

S] and it is evident that 
the closer to each other 
the lines o, /3 are, the 
nearer the point P is to p, 
and Q to q. Suppose then that the lines a and 8 coincide, then 
the points P,p", Qt 2 coincide, and the second conic will touch 
the first at the points P, Q. Thus, then, the equation S=ka* 
represents a conic having double contact with S, a being the chord 
of contact. Even if a do not meet S, it is to be regarded as an 
imaginary chord of contact of the conics S and S — ia’. In 
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like manner ay = i/8* represents a conic to which a and y are 
tangents and /9 the chord of contact, aa we have already seen 
(Art. 123). The equation of a conic having double contact 
with S at two given points xy\ x"y" may be also written in the 
form S—kTT, where T and T represent the tangents at these 
points. 

253 . If the line a he parallel to an asymptote of the conic 
S, it will also be parallel to an asymptote of any come repre- 
sented by S=ka^, which then denotes a system passing through 
three finite, and one infinitely distant point. In like manner, 
if in addition /9 were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conics having points of intersection 
at infinity, will be recognized by bearing in mind the prin- 
ciple (Art. 67) that the equation of an infinitely distant line is 
0.x + 0.y+(7=0; and hence (Art. 69) that an equation, appar- 
ently not homogeneous, may be made homogeneous in form, if in 
any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by 0.a;-(-0.y+ C. Thus, the equation of a conic referred to its 
asymptotes xy = k' (Art. 199), is a particular case of the form 
ay = ^ referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation a;y = (0.x-|-0.y-|-A:)’‘, 
it Is evident that the lines x and y arc tangents, whose points of 
contact are at infinity (Art. 154). 

254 . Again, the equation of a parabola =px Is also a par- 
ticular case of ay=ff. Writing the equation x(0.x+0.y+/))=y*j 
the form of the equation shows not only that the line x touches 
the curve, its point of contact being the point where x meets y, 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference may bn 
drawn from the general equation of the parabola 

(ox + ^yY -I- (2yx + 2/y -|- c) (0.x + O.y 4 1) = 0, 

which shews that both 2yx 4 ‘ify 4 c, and the line at infinity am 
tangents, and that the diameter ax 4 /3y joins the points of con- 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 


Digitized by Google 



222 METHODS OF ABRIDGED NOTATION. 

direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is to be 
regarded as a tangent (Art. 83). 

Ex. The general equation 

oz* + 'Ihxy + Jy* + igx + 2/y + c = 0, 

may be regarded as a particular case of the form (Art. 122) «•/ = hfit. For 
the first three terms denote two lines a, passing through the origin, and 
the last three terms denote the line at infinity P, together with the line i, 
2gx 4 2/g 4 c. The form of the equation then shows that the lines n, y 
meet the curve at infinity, and also that I represents the line joining the 
finite points in which ay meet the curve. 

25.5. Tn accordance with Art. 2.53, the equation is to 

be regarded as a particular case of S=a0, and denotes a system 
of conics passing through the two finite points where /9 meets 
and also through the two infinitely distant points where S is 
met by 0.a; + 0.y + Z:. Now it is plain that the coefficients of 
x', of XI/, and of are the same in S and in N— and there- 
fore (Art. 234) that these equations denote conics similar and 
similarly placed. We Icara therefore that two conics similar 
and similarly placed meet each other in two injinttcly distant 
points^ and consequently only in two finite points. 

This is also geometrically evident when the curves arc 
hyperbolas: for the asymptotes of similar conics arc parallel 
(Art. 235), that is they intersect at in- 
finity; but each asymptote intersects 
its own curve at infinity ; consequently 
the infinitely distant point of intersec- 
tion of the two parallel a.symptotcs is 
also a point common to the two curves. 

Thus, on the figure, the Infinitely distant 
points of meeting of the lines OX, Ox, 
and of the lines 0 Y, Oy, are common to the curves. One of 
their finite points of intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the points at infinity, on two similar ellipses, arc detennined 
from the s-amc equation {ax'‘ + 2hxy -^-hy^ = <i) (Arts. 136,234). 
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Now although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore 
the curves are to be considered as having two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet S in real points, it is to be re- 
garded as a chord of imaginary intersection of S and S — Aa/3, 
and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 
at infinity (Art. 254) : but the direction of the point of contact, 
depending only on the first three terms of the equation, is the 
same for both. Hence, hoo similar and similarly jdaeed para- 
bolas touch each other at injinity. In short the two infinitely 
distant points common to two similar conics, are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses, 
or parabolas. 

256. The equation S=k, or 5=7i.-(0.a: + 0.y-i- 1)' is mani- 
festly a particular case of S = 7‘a“, and therefore (Art. 252) de- 
notes a conic having double contact with S, the chord of contact 
being at infinity. Now S-k differs from S only in the constant 
term. Not only then are the conics similar and similarly placed, 
the first three terms being the same, but they are also con- 
centric. For the co-ordinates of the centre (Art. 140) do not 
involve c, and therefore two conics whose equations differ only 
in the last term are concentric (see also Art. 81). Hence, hco 
similar and concentric, conics are to be regarded as touching each 
other at two injinitcly distant points. In fact, the asymptotes of 
two such conics are not only parallel but coincident ; they have 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, S and 8— Id have with each other, by 
Art. 251, a contact .at infinity of the third order. Two para- 
bolas whose equations differ only in the constant term will be 
equal to each other; for the cuiwcs y^=px, y‘=p{w-\-n) .are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant tenn. We have 
seen, too, (Art. 205) that the expression for the parameter of a 
parabola does not involve the absolute terra. I’he parabolas 


Digitized by Google 



224 


METHODS OF ABRIDGED NOTATION. 


then, S and 8—^, are equal, and we learn that ttoo equal and 
similarly placed parabolas may he considered as having loith each 
other a contact of the third order at infinity. 

257. All circles are similar curves, the terms of the second 
degree being the same In all. It follows then, from the last 
Articles, that all circles pass through the same two imaginary 
points at infinity, and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti- 
cular cases of theorems eonceming conics which pass through 
two fixed points. 

258. It is important to notice the form Pa’ + m’yS* = 
which denotes a conic with respect to which a, /9, 7 are the 
sides of a self-conjugate triangle (Art. 99). For the equation 
may be written in any of the forms 

wV-»»’‘/3’ = Pa*; ny-Pa' = m*8‘; Pa’ + w’/? = n’T*. 

The first form shews that ny 4 m/3, ny — mfi (which intersect 
in 8y) are tangents, and a their chord of contact. Consequently 
the point fiy is the pole of a. Similarly from the second form 
ya is the pole of 8- It follows then, that a/9 is the polo of y ; 
and this also appears from the third form which shows that the 
two imaginary lines la±m8 V(— 1) are tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point a/9 which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are Imaginary. 

It appears. In like manner, that 

aa’ + 2/<o/9 + 5/9’ = cy* 

denotes a conic, such that a/9 is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in aj9. 

259. We proceed to notice some Inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
alre.ady used. Thus (sec Arts. 122, 123) the equation ay = h8‘ 
implies that the product of the jwrpendiculars from any point of 
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a conic on two fixed tangents is in a constant ratio to the square 
of the perpendicular on their chord of contact. 

The equation ay = k^B, similarly interpreted, leads to the 
important theorem : The product of the perpendiculars let fall 
from any point of a conic on two opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen- 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil^ whose sides pass through four fixed points of a 
conic^ and whose vertex is any variable point of it, is constant. 

For the perpendicular 

OA. OB. sin AOB OC.OB.amCOD , 
a= jp , y cn «*"• 

Now if we substitute these values 
in the equation ay=kBB, the con- 
tinued product OA.OB.OG.OD 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 

amAOB.amCOD AB.CD 
'^BOC.amAOD BC. AD' 

but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil OA, 
OB, OC, OD. 

The consequences of this theorem are so numerous and im- 
portant, that we shall devote a section of another chapter to 
develope them more fully. 

260. If S = 0 be the equation to a circle, then (Art. 90) 8 is 
the square of the tangent from any point xy to the circle ; hence 
S—ka8=0 (the equation of a conic whose chords of intersection 
with the circle are a and /9) expresses that the locus of a point, 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines, 
is a conic passuig through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
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imaginary points ; thus, for example, if the circle be infinitely 
small, the locus of a pointy the square of whose distance from a 
fixed point is in a cansUwt ratio to the product of its distances from 
two fixed lines, is a conic section ; and the fixed lines may be 
considered as chords of imaginary intersection of the conic with 
an Infinitely small circle whose centre is the fixed point. 

261. Similar inferences can bo drawn from the equation 
8—ka^ = 0 , where S' is a circle. We learn that the locus of a 
point, such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line, is a conic touching the circle 
at the two points where the fixed line meets it ; or, conversely, that 
if a circle have double contact with a conic, the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an in- 
finitely small circle, touching the conic in two imaginary points 
situated on the directrix. 

262. In general, if in the equation of any conic the co-ordi- 
nates of any point be substituted, the result will be proportional to 
the rectangle under the segments of a chord drawn Uirovgh the 
point parallel to a given line.* 

For (Art. 148) this rectangle 

t 

_ c 

a cos’0+ 2 A co%0 sin^ + 6 sin’0 ’ 
where, by Art. 134, c' is the result of substituting in the equa- 
tion the co-ordinates of the point ; if, therefore, the angle d be 
constant, this rectangle will be proportional to c. 

Ex. 1. If two conics have double contact, the square of the perpendicular 
from any point of one upon the chord of contact, is in a constant ratio to the 
rectangle under the segments of that perpendicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conics in the points 
Pi Qi Pi q> and we take on it a point O, such that the rectangle OP.OQ 
may be to Op .Oqms constant ratio, the locus of O is a conic through the 
points of intersection of the given conics. 


* This is equally true for curves of any degree. 


Digitized by Google 



METHODS OF ABBIDOED NOTATION. 


227 


Ex. 3. The diameter of the circle circumscribing the triangle formed by 

two tangents to a central conic and their chord of contact is — ; where 

P 

If, h" are the semi-diameters parallel to the tangents, and p is the perpen- 
dicular from the centre on the chord of contact. [Mr. Burnside]. 

It will be convenient to suppose the equation divided by such a constant, 
that the result of substituting the co-ordinates of the centre shall be unity. 
Let t, V be the lengths of the tangents, and let S' be the result of substi- 
tuting the co-ordinates of their intersection ; then 

: 6"* :: S' : 1. 


But also if e be the perpendicular on the chord of contact from the vertex 
of the triangle, it is easy to see, attending to the remark. Note, p. 14$, 


Hence 


e : yr : : S' : 1. 

0 P 


But the left-hand side of this equation, by Elementary Geometry, represents 
the diameter of the circle circumscribing the triangle. 

Ex. 4. 'The expression (Art. 242) for the radius of the osculating circle 
may be deduced from the last example by supposing the two tangents to 
coincide ; or also from the following theorem due to Mr. Roberta : If n, n' 
be the lengths of two intersecting normals ; p, p' the corresponding central 
perpendiculars on tangents; V the semi-diameter patpllel to the chord join- 
ing the two points on the curve, then np + n'p' = 24'*. For if S' be the 
result of substituting in the equation the co-ordinates of the middle point 
of the chord, o, s' the perpendiculars from that point on the tangents, and 
2/3 the length of the chord, then it can be proved, as in the last example, 
that /3* = 4'*S', w = p8', *' <^pS\ and it is very easy to see that fis + n's' = 2/3*. 


263. If two conics have each double contact loith a third, their 
chords of contact with the third conic, and a pair of their chords 
of intersection with each other, will all pass through the same 
point, and will form a harmonic petwil. 

Let the equation of the third conic be S=0, and those of 
the other two conics, 

s+r = o, S+M’‘ = 0 . 

Now, on subtracting these equations, we find Z<’- J/* = 0, 
which represents a pair of chords of intersection {L±M=0) 
pa.ssing through the intersection of the chords of contact (L and 
M), and forming a harmonic pencil with them (Art. 57). 

Ex. 1. The chords of contact of two conics with their common tangents 
pass through the intersection of a pair of their common chords. This is a par- 
ticular case of the preceding, S being supposed to reduce to two right lines. 

Q2 
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Ex. 2. The diagonals of any inscribed, and of the corresponding circum- 
scribed quadrilateral, pass through the same point, and form a harmonic 
pencil. This is also a particular case of the preceding, S being any conic, 
and 5 f X', S + M‘ being supposed to reduce to right lines. The proof 
may also be stated thus: Let I,, c, ; t,, t^, e, be two pairs of tangents and 
the corresponding chords of contact. In other words, c,, c, are diagonals of 
the corresponding inscribed quadrilateral. Then the equation of S may be 
written in either of the forms 

</, - Cl’ - 0, tjti - cj’ = 0. 

The second equation must therefore be identical with the first, or can only 
differ from it by a constant multiplier. Hence must be identical 

with c,’ - Xc,’. Now C|* - Xcj* = 0 represents a pair of right lines passing 
through the intersection of c„ and harmonically conjugate with them ; 
and the equivalent form shows that these right lines join the points t,t,, 
and titt, Mr For tit, - XMi ° 0 must denote a locus passing through 
these points. 

Ex. 3. If 2a, 2/9, 27, 2t be the eccentric angles of four points on a 
central conic, form the equation of the diagonals of the quadrilateral formed 
by their tangents. Here we have 

j cos2o + I sin2a - 1, ^ cos2/9 4 | sin2/9 - 1, 

e, - ^ c»(o + /3) + I sin(a 4 /9) - cos(o - /9), 

and we easily verify 

<,<• - c,’ - - 8in’{« - /3) + p - 1} • 

Hence reasoning, as in the last example, we find for the equations of the 
diagonals Ci ^ ^ c, 

sin (a - ()) sin (7 - ' 

264. If three conics have each double contact with a fourth^ 
six of their chords of intersection will pass three by three through 
the same points^ thus forming the sides and diagonals of a 
quadrilateral. 

Let the conics be 

5-t-L’ = 0, 5-h3r = 0, S+N' = 0. 

By the last Article the chords will be 

i — Jlf=0, 3f— AT=0, AT— i = 0; 

N-L = 0\ 

L + Af=0, M-N=0, JV4-L = 0; 

L-M=0, M+N=Q, JV-t-L = 0. 

As in the last Article, we may deduce hence many particular 
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theorems, bj supposing one or more of the conics to break up 
into right lines. Thus, for example. If S break up into right 
lines, it represents two common tangents to 5+3/’, S+N*i 
and if L denote any right line through the intersection of those 
common tangents, then 5 + Z* also breaks up into right lines, 
and represents any two right lines passing through the intersec- 
tion of the common tangents. Hence, if through the intersection 
of the common tangents of two conics we draw any pair of right 
lines, the chords of each conic joining the extremities of those lines 
will meet on one of the common chords of the conics. This is the 
extension of Art. 116. Or, again, tangents at the extremities of 
either of these right lines will meet on one of the common chords. 

265. If 5+ Z’, 5+ 3/’, S + all break up into pairs of 

right lines, they will form a hexagon circumscribing 8, the 
chords of intersection will be diagonals of that hexagon, and 
wo get Briaochon’s theorem ; “ The three opposite diagonals of 
every hexagon circumscribing a conic intersect in a point." By 
the opposite diagonals we mean (if the sides of the hexagon be 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 
to (5, 6), and (3, 4) to (6, 1) ; and by changing the ordei; in 
which we take the sides, we may censider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
as in £x. 2, Art. 263. If 

be equivalent forms of the equation of 8, then e, >=c,ec, re- 
presents three intersecting diagonals.* 

266. If three conic sections have one <Jwrd common to all, their 
three other common chords will pass through the same point. 

Let the equation of one be 5=0, and of the common chord 
Z = 0, then the equations of the other two are of the form 
5+Z3/=0, 5+ZiV=0, 

* Mr. Todbunter has with justice objected to this proof, that since no 
rule is given which of the diagonals of >> c, - 4 ci, all that is in strict- 
ness proved is that the lines joining (1, 2) to (4, 5) and (2, 3) to (6, 6) inter- 
sect either on the line joining (3, 4) to (6, 1), or on that joining (1, 3) to 
(4, 6). I have not tried to remove this ambiguity, as several other un- 
ambiguous proofs of Brianchon’s theorem will be given. 
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which most hare, for their intersection with each other, 

L {M- JV) = 0 ; 

but — a line passing through the point [MX). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three eircles 
meet in a point. For three circles have one chord (the line at 
infinity] common to all, and the radical axes are their other 
common chords. 

The theorem of Art. 2G4 may be considered as a still further 
extension of the same theorem, and three conics which have 
each double contact with a fourth may be considered as having 
four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art. 108, be other- 
wise enunciated : Given four points on a conic section, its chord of 
intersection with a fixed conic passing through two of these points 
will pass through a fixed point. 

Ex. 1. If through one of the points of intersection of ttro conics we 
draw any line meeting the conics in the points 
P, p, and through any other point of intersection 
S a line meeting the conics in the points Q, q, 
then the lines PQ, pq, will meet on CD, the 
other chord of intersection. This is got by sup- 
posing one of the conics to reduce to the pair of 
lines OA, OS. 

Ex. 2. If two right lines, drawn through the point of contact of two 
conics, meet the curves in points P, p, Q, q, then the chords PQ, pq, will 
meet on the chord of intersection of the conics. 

This is also a particular case of a theorem given in Art. 264, since one 
intersection of common tangents to two conics wliich touch, reduces to 
the point of contact (Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 
[ay = kj3S) furnishes us with a proof of “ Pascal’s theorem," thiit 
the three intersections of the opposite sides of any hexagon inscribed 
in a conic section are in one right line. 

Let the vertices be abedef and let ab — Q denote the equation 
of the lino joining the points a, b ; then, since the conic circum- 
scribes the quadrilateral abed, its equation must be capable of 
being put mto the form 

ab.cd—bc.ad = 0. 
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But since it also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de.fa — ff.ad = 0. 

From the identity of these expressions wo have 
ab,cd—de./a = {bc — ef) ad. 

Hence we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines ab, de, cd, of) is resolvable into two faetors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
a and </, therefore be — ef must ho the other, and must join the 
points (aJ, rfe), af ) ; and since from its form it denotes a line 
through the point (/>c, ef)^ it follows that these three points are 
in one right line. 

268. We may, ns in the case of Brianchon’s theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
since the conic circumscribes the quadrilateral beef, its equation 
can be expressed in the form 

be.cf—bc.ef= 0. 

Now, from identifying this with the first form given in the last 
Article, we have 

ab.cd—be.cf= [ad—ff) be; 

whence, as before, we learn that the three points (abj cf)^ [cd, be), 
(ad, cf) lie in one right line, viz. ad — ef=0. 

In like manner, from identifying the second and third forma 
of the equation of the conic, we learn that the three points 
(de, cf), (fa, be), (ad, be) lie in one right line, viz. &c — «<f=0. 
But the three right lines 

bc — ef—0, ef— ad=Q, ad—bc = 0, 

meet in a point (Art. 40). Hence we have Steiner's theorem, 
that “ the three Pascal’s lines which arc obtained by taking the 
vertices in the orders respectively, abedef, adefb, afebed, meet 
in a point.” For some further developments on this subject wo 
refer the reader to the note at the end of the volume. 
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Ex. 1. If a,b,e be three points on a right line; a', b’, ef three points 
on another line, then the intersections (bd, b'c), (ca', c'a), {ab', a'b) lie in a 
right line. This is a particular case of Pascal's theorem. It remains true 
if the second line he at infinity and the lines baf, co' be parallel to a given 
line, and similarly for cb', aV ; oc', b<f. 

Ex. 2. From four lines can he made four triangles, by leaving out in 
turn one line. The four intersections of perpendiculars of these triangles 
lie in a right line. Let a, b, c, d be the right lines ; o', 6', s', lines perpen- 
dicular to them ; then the theorem follows by applying the last example to 
the three points of interseetion of a, b, c with d, and the three points at 
infinity on o', b', d* 

Ex. 3. Steiner’s theorem, that the perpendiculars of the triangle formed 
by three tangents to a parabola intersect on the directrix is a particular case 
of Brianchon’s theorem. For let the three tangents be a,b,c-, let three 
tangents perpendicular to them be o', d, and let the line at infinity, 
which is also a tangent, (Art. 251) be oo . Then consider the six tangents 
o, 6, e, s', 00 , o' I and the lines joining ab, c' oo ; 5c, o' oo ; cc', a<f meet in a 
point. The first two are perpendiculars of the triangle ; and the last is the 
directrix on which intersect every pair of rectangular tangents (Art. 221). 
This proof is by Mr. John C. Moore. 

Ex. 4. Given five tangents to a conic, to find the point of contact of 
any. Let ABCDE be the pentagon formed by the tangents ; then if AC 
and BE intersect in O, DO passes through the point of contact of AB. 
This is derived from Brianchon’s theorem by supposing two sides of the 
hexagon to he indefinitely near, since any tangent is intersected by a con- 
secutive tangent at its point of contact (p. 140). 

269. Pascal’s theorem enables us, given five points A, B, C, 
J), E, to construct a conic ; for if we draw any line AP through 
one of the given points we can find the point F in which that 
line meets the conic again, and can so determine as many points 
on the conic as we please. For, by Pascal’s theorem, the points 
of intersection [AB, BE), (BC, EF), [CD, AF) are in one right 

• This proof was given me independently by Prof. De Morgan and by 
Mr. Burnside. The theorem itself follows at once from Steiner’s theorem, 
Ex. 3, p. 199. For the four intersections of perpendiculars must lie on the 
directrix of the parabola, which has the four lines for tangents. It follows 
in the same way from Cor. 4, p. 193, that the circles circumscribing the four 
triangles pass through the same point, viz. the focus of the same parabola. 
If we are given five lines M. Auguste Miquel has proved (see Catalan’s 
Thiorimet et Probtimes de Geomelrfe Elementaire, p. 93) that the foci of 
the five parabolas which have four of the given lines for tangents lie on 
a circle. 
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line. But the polnta [AB^ AF) are by hypothesis 

known. If then we join these points 0, P, and join to E the 
point Q In which OP meets BC, the Intersection of QE with AP 
determines F. In other words, F is the vertex of a triangle 
FPQ whose sides pass through the fixed points A, E, 0, and whose 
base angles P, Q move along the fixed lines CD^ CB (see Ex. 3, 
p. 43). The theorem was stated in this form by MacLaurIn. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP 
parallel to BC and determine the point F. Then AF and BC are two 
parallel chords and the line joining their middle points is a diameter. In 
like manner, by drawing QE parallel to CD we can find another diameter, 
and thus the centre. 

Ex. 2. Given five points on a conic, to draw the tangent at any one of 
them. The point F must then coincide with A, and the line QF drawn 
through E must therefore take the position qA. The tangent therefore 
must be pA. 

Ex. 3. Investigate by trilinear co-ordinates (Art 62) MacLaorin’s 
method of generating conics. In other words, find the locus of the vertex 
of a triangle whose sides pass through fixed points and base angles move 
on fixed lines. Let «, y3, ry be the sides of the triangle formed by the fixed 
points, and let the fixed lines be la t- m/3 + 117 = 0, fa + m'/3 + n'7 » 0. Let 
the base be a = pp. Then the line joining to /37, the intersection of the 
base with the first fixed line, is 

(Ip + m) ^ + H7 = 0. 

And the line joining to 07, the intersection of the base with the second line, is 
(tp + m') a + n'/i7 - 0. 

Eliminating p from the last two equations, the equation of the locus is 
found to be /m'a/3 = (mp + 117) (f 0 + 

a conic passing through the points 

Pit 7“i (“> ^ + »”/9 + »7)i (Pt + ”*'P t n'7). 
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EQUATION REFERRED TO TWO TANGENTS AND THEIR CHORD. 

270. It much facilitates computation (Art. 229 ) when tho 
position of a point on a curve can be expressed by a single 
variable : and this we are able to do in the case of two of the 
principal forms of equations of conics already given. First let 
L, M be any two tangents and R their chord of contact. Then 
the equation of the conic (Art. 252 ) is LM=R‘\ and if fiL = R 
be the equation of the line joining LR to any point on the 
curve, (which we shall call the point fj,), then substituting in the 
equation of the curve, we get 2f = fiR and fi‘L = M for the 
equations of the lines joining the same point to MR and to LM. 
Any two of these three equations therefore will determine a 
point on the eonic. 

The equation of the chord joining two points on the curve 

/t/Z- (/x + ^')i?+if=0. 

For it is satisfied by either of the suppositions 

(jjlL = R,fiR = 21), (/i'Z = R, fi'R = 21). 

If (i and fi coincide we get the equation of the tangent, viz. 
fi'L-2/iR + 2f= 0. 

Conversely, if the equation of a right line {fi‘L—2fiR+ 2f=0) 
involve an indeterminate n in the second degree, the line will 
always touch the conic L2I = 7?*. 

271. To find the equation of the polar of any point. 

Let the co-ordinates of the point substituted in the equation 
of either tangent through it, give the result 
p'L' — 2ftR 2T = 0 . 

3/ It 

Now at the point of contact yL=-j-, and M = ^ (Art. 270 ). 
Therefore the co-ordinates of tho point of contact satisfy tho 
equation 2W -2RR ■\-L2l' 

which is that of the polar required. 

If the point had been given as the intersection of the lines 
aL = R,hR = 21, it is found by the same method that the equa- 
tion of the polar is obL - 2aR + 21= 0. 
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272. In applying these equations to examples it is useful to 
take notice that, if we eliminate R between the equations of 
two tangents 

— 2/iii + M = 0, — 2fi!R + = 0, 

wo get fin'L = M for the equation of the line joining LM to 
the intersection of these tangents. Hence if we are given the 
product of two /t’s, /*/*' = a, the intersection of the corresponding 
tangents lies on the fixed line aL = M. In the same case, sub- 
stituting a for /i/i' in the equation of the chord joining the points, 
we see that that chord passes through the fixed point (aZ + .V, R). 

Again, since the equation of the line joining any point ft, to 
LM is /t’Z = J/, the points + /t, — ^ lie on a right line passing 
through LM. 

Lastly, if LM=R^.^ LM=R* be the equations of two conics 
having X, M for common tangents; then since the equation 
/*’Z = M does not involve R or R\ the line joining the point 
+ on one conic to cither of the points ± /* on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point + /t on the one conic corresponds directly to 
the point + p, and inversely to the point — p on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 

Ex. 1. Corresponding chords of two conics intersect on one of the chords 
of intersection of the conics. 

The conics LM - S', LM - R* have iJ* - .ff* for a pair of common 
chords. But the chords 

pp'L - (/i + /*') iJ + = 0, pp'L - JJ” + = 0, 

evidently intersect on JZ - J2'. And if we change the signs ol p, p' in the 
second equation, they intersect on J2 -i- iZ'. 

Ex. 2. A triangle is circumscribed to a given conic ; two of its vertices 
move on fixed right lines ; to find the locus of the third. 

Let us take for lines of reference the two tangents through the inter- 
section of the fixed lines, and their chord of contact. Let the equations of 
the fixed lines be aL-M=0, bL-M-^O, 

while that of the conic is LM - R = 0. 

Now we proved (Art. 272) that two tangents which meet on aL - M 
most have the product of their p’atsa-, hence, if one side of the triangle 
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touch at the point fi, the othen will touch at the points - , - , and their 
equations will be ^ A* 

tZ- 2- lf=0, -‘z-2- JZ + Jf-0. 

ft* /i fi‘ II 

/i can easily be eliminated from the last two equations, and the locus of the 

vertex is found to be _ 

Z3f — J2*, 

(o + 6J- 

the equation of a conic having double contact with the given one along 
the line JR.* 

Ex. 3. To find the envelope of the base of a triangle, inscribed in a 
conic, and whose two sides pass through fixed points. 

Take the line joining the fixed points for S, let the equation of the conic 
be LM = IC, and those of the lines joining the fixed points to LSI be 
ai + ilf = 0, 4Z + Af = 0. 

Now, it was proved (Art. 272) that the extremities of any chord passing 
through {aL + SI, R) must have the product of their /I's = a. 

Hence, if the vertex be /i, the base angles must be — and - , and the 
equation of the base must be /* /* 

oiX - (o + 4) iiR + i^SI = 0. 

The base must, therefore (Art. 270), always touch the conic 

Sab 

a conic having double contact with the given one along the line joining the 
given points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through 
three given points. 

Two of the points being assumed, as in the last Example, we saw that 
the equation of the base must be 

abL - (o + 4) iiR + ii^SI = 0. 

Now, if this line pass through the point eZ - JZ ^ 0, dR - 3f = 0, we must have 
q 4 - (a .f 4) ne + i^cd = 0, 
an equation sufficient to determine /i. 

Now, at the point n we have iiL = R, n'L = SI; hence the co-ordinates 
of this point most satisfy the equation 

abL - (a + 4) ciZ + cdJU = 0. 

The question, therefore, admits of two solutions, for either of the points in 
which this line meets the curve may be taken for the vertex of the required 
triangle. 


• This reasoning holds even when the point LSI is within the conic, 
and therefore the tangents Z, SI imaginary. But it may also be proved 
by the methods of the next section, that when the equation of the conic is 
Z* + SI' = R‘, that of the locus is of the form Z* t SP - k’R^. 
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It is not obvious what is the geometric meaning of the equation we have 
found, but the following geometric considerations enable us to interpret it : 

Let us suppose that we have drawn the two triangles 123, 456 which 
can be drawn through the points A, B, C; then applying Pascal’s theorem 
to the hexagon 123456, we see that the line BC passes through the inter- 
section of 16, 34. But this latter point is the pole of AL (Ex. 1, p. 139). 
Conversely, then AL passes through the pole of BC, and since Z is on the 
polar of A (Ex. 1, 
p. 139), we have the 
following construc- 
tion : “ F orm the tri- 
angle DBF whose 
sides are the polars 
of the given points 
A, B, C-, let the 
lines joining the cor- 
responding vertices 
of the two triangles meet the opposite tides of the polar triangle in Z, 3f, iV; 
then the lines LM, MN, NL pass through the vertices of the reqtiired tri- 
angles.” 

We can verify that the line oiZ - (a 4 5) ci2 -f edM answers to the line 
MN on the figure. The three given points are 

(oZ + M, JR), {hL + M, B), (cL -R, dR- M), 
and the three polars, 

aL-M, IL-M, cdL-1cR\M^ 
the three joining lines are 

i (a + «/) Z - 2c (a 4 i) i2 4 (a 4- ed) MaO, 
a (6 4 cd) Z - 2e (a 4 5) iZ 4 (i 4 cd) a 0, 
cdZ - Jlf = 0. 

Now, the line oiZ - (a 4 &) cI2 4 cdM passes through the intersection of 
the first of these lines with bL - M, and of the second with aZ - M. 

Ex. 5. The base of a triangle touches a given conic, its extremities move 
on two fixed tangents to the conic, and the other two sides of the triangle 
pass through fixed points ; find the locus of the vertex. 

Let the fixed tangents be Z, M, and the equation of the conic LM = iZ*, 
Then the point of intersection of the line Z with any tangent (fiJL-2fiR^ M) 
will have its co-ordinates Z, JZ, M respectively proportional to 0, 1, 2/«. 
And (by Art 65) the equation of the line joining this point to any fixed 
point LRM wUl bo xilf' - L M = 2/4 (ZiZ" - Z'iZ). 

Similarly, the equation of the line joining the fixed point L'R'M" to tlie point 
(2, n, 0), which is the intersection of the line M with the same tangent, is 
2 [RM" - BJ'M) = /4 [LM' - B'M). 

Eliminating /i, the locus of the vertexes found to be 

[LM - LM) [LM' - L'M) = 4 [LR - L'R) [RM‘ - BTM}, 
the equation of a conic througb^the two given points. 
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273. The chord joining the points t&n<f>, /j, cot (p (where 

^ is any constant angle) will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 
chord is (tan<^ + cot.^) 4- df = 0, 

which, since tan (^ + cot (^ = 2 cosec2<f>, is the equation of a tan- 
gent to LM siu’'2(/) = E‘ at the point ^ on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan- 
gents at the points /x tan^, fi cot<f> is the conic Z.l/=iF‘ sin’'2^. 

Ex. If in Ex. 6, Art. 272, the extremities of the base lie on any conic 
having double contact with the given conic, and passing through the given 
points, find the locus of the vertex. 

Let the conics be 

ZJf -JP = 0, iafsin*20-ir = O, 

then, if any line touch the latter at the point fi, it will meet the former in 
the points fi tan0 and /i cot0; and if the fixed points arc fi, /i", the equa- 
tions of the sides are 

fjift tan0i - [pi' ^ ft tan0) 72 + 3/ = 0, 
flfl" COt0i - (/t" 4 fl cot0) 72 4 ilf = 0. 

Eliminating /i, the locus is found to he 

[M- fi'R) [ft"L - 72) = tan‘0 [M - ft"R) [fi'L - 72). 

274. Given four points of a conic^ the anharmonic ratio of the 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points /»', /x", p", p"" to any fifth point 
/X, are 

p' [pL — ]l) + {M — pR) = 0, p" [pL — i?) -h {M —p-R) — 0, 
p'"[pL - iZ) 4- {M- pR) = 0, p""[pL - 7?) 4- [M- pR) = 0, 
and their anharmonic ratio is (Art. 58) 

ip - p" ) { p" - p"" ) 

(V-m'") (^'-7*'"')’ 

and is, therefore, Independent of the position of the point p. 

We shall, for brevity, use the expression, “ the anharmonic 
ratio of four points of a conic,” when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

275. Four fixed tangents cut any fifth in points whose anhar- 
monic ratio is constant. 

Let the fixed tangents be those at the points p\ p'\ p"\ p"" ; 
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and the variable tangent that at the point fi ; then the anharmonic 
ratio in question is the same as tliat of the pencil joining the four 
points of intersection to the point LM, But (Art. 272) the 
equations of the joining lines arc 

/i'/ii — il/= 0, fi"fiL — M=0, fi!" fi,L — M=0, = 0, 

a system (Art. 59) hovxograpkic with that found in the last 
Article, and whose anharmonic ratio is therefore the same. 
Thus, then, the anharmonic ratio of four tangents is the same as 
that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 

ratio of four points on a conic, /i', /a", remains unchanged 

if we alter the sign of each of these quantities; hence (Art. 272) 
if we draw four lines through any point LM^ the anharmonic 
ratio of four of the points [p\ g!", p"") where these lines meet 

the conic, is equal to the anharmonic ratio of the other four points 
(— p, — p", — p'", — p"") rohere these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on one 
conic is equal to that of the four corresponding points on another ; 
since corresponding points have the same p (Art. 272). Again, 
the expression (Art. 274) remains unaltered, if we multiply each 
p either by tan<^ or cot<f>: hence we obtain a theorem of Mr. 
Townsend’s, “ If two conics have double contact, the anharmonic 
ratio of four of the pwints in which any four tangents to the one 
meet the other is die same as that of the other four points in which 
the four tangents meet the curve, and also the same as that of the 
four points of contact." 

277. Conversely, given three fixed chords of a conic aa', 
hb', cc' ; a fourth chord dd, such that the anharmonic ratio of 
abed is equal to that of a'b'c'd, will always touch a certain conic 
having double contact with the given one. For let a, b, c, a', V, c 
denote the values of p for the six given fixed points, and p, p’ 
those for the extremity of the variable chord, then the equation 

{a -h)[c- p ) ^ {a - b') {c - p) 

[a-c){b-p) [d -c ){b' -p')' 
when cleared of fractions, may, for brevity, be written 
App' + Bp + Cp' + i) = 0, 
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where A, B, C, D are known constants. Solving for fi! from this 
equation and substituting in the equation of the chord 

Hft,'L — [n + fi.’)R + M=0, 

it becomes 

{Bn + D)L + R{n {An + C) - {Bn + i?)} - 3/ {An + (7) = O, 
or n\JiL + AR)+n[DL-\{C-B)R- AM\ - (275+ Cif ) = 0, 
which (Art. 270) always touches 

{DL^■{C-B)R-AM\'\^{BL^■AR){GM■>tI)R) = fi, 

an equation which may be written in the form 

4 {BC- AD) {LM- Rr) + {DL+{B^ C)R + AM]' = 0, 

showing that it has double contact with the given conic. 

In the particular case when B= C the relation connecting 
n, n becomes + B{n + n')+J^ = o, 

which (Art. 51) expresses that the chord — (fi + /t') iZ + 3f 
passes through a fixed point. 

EQUATION BEFEBRED TO THE SIDES OF A SELF-CONJUGATE 
TRIANGLE. 

278. The equation referred to the sides of a self-conjugate 
triangle Pa* + m'R* = n*7* (Art. 258) also allows the position of 
any point to be expressed by a single indeterminate. For if 
we write la = ny coB<f>, mR = ny a\n<f>, then, as at pp. 96, 205, 
the chord joining any two points is 

la coe\{<f> + <ft') + m^ Bm\{<f> + 4>') = ny cob ^{<f> — 
and the tangent at any point is 

/a CO80 + sin<^ = ny. 

If for symmetry we write the equation of the conic 

aa* + bR* + 07* = 0, 

then it may be derived from the last equation, that the equation 
of the tangent at any point a'R'y is 

aaa' + bRR + cyy' = 0, 

and the equation of the polar of any point a'R'y' is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa + nR 4 V7 = 0, we see that the co-ordinates of 
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the pole of the last line are ^ ^ ^ ; and, since the pole of 
any tangent is on the curve, the condition that Xa + /iy9 + vy 

X’ li’ V* 

may touch the conic is h ^ H — = 0. When this condition 

a b c 

is fulfilled the conic is evidently touched by all the four lines 
\% ± + V7, and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, p. 139). In like 
manner, if the condition bo fulfilled, aa" + tyS'* + 07** = 0, the 
conic passes through the four points o', ±ff,± 7'. 


Ex. 1. Find the locus of the pole of a given line Xa + /i/3 + »7 with re- 
gard to a conic vhich passes through four fixed points a', i /tf, ± y. 


. Xa" V 

Ant. + + — ■ 

a ^ 7 


0 . 


Ex. 2. Find the locus of the pole of a given line Xa i ^/3 4 V7, with 
regard to a conic which touches four fixed lines la ± tn^ i nrf. 

Pa m'B 

Ant. — 4 — ^ 4 — t » 0. 

\ fl V 

These examples also give the locus of centre ; since the centre is the 
pole of the line at infinity a sin ..d 4 /3 sin .8 4 7 sinC. 


279. The equation of this section is used with advantage in, 
investigating the properties of the foci. For, if * = 0, y = 0 bo 
any lines at right angles to each other through a focus, and 7 
the corresponding directrix, the equation of the curve is 

*‘+y‘ = eV, 

a particular form of the equation of this section. Its form 
shows (Art. 2.')8) that the focus (ary) is the pole of the directrix 7, 
and that the polar of any point on the directrix Is perpendicular 
to the lino joining it to the focus (Art. 192); for y, the polar 
of (ary) is perpendicular to *, but x may be any line drawn 
through the focus. 

The form of the equation shows that the two imaginary 
lines X* + y* arc tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conics 
which have the same focus have two imaginary common tangents 
passing through this focus. All conics, therefore, which have both 
foci common, have four imaginary common tangents, and may 
be considered as conics inscribed in the same quadrilateral. The 
imaginary tangents through the focus (x* + y' = 0) are the same, 
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as the lines drawn to the two imaginary points at infinity on any 
circle (see Art. 257). Hence we obtain the following general 
conception of foci : Through each of the two imaginary points 

at infinity on any circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve.” 

280. The tangents through (7, x) to the curve are evidently 
«7 + X and erf —x. If, therefore, the curve be a parabola, e = 1 ; 
and the tangents are the internal and external bisectors of the 
angle (7X). Hence, “ tangents to a parabola from any point on 
the directrix are at right angles to each other.” 

In general, since x = erf co6<f>, y = ey sin^, we have 

^ = tan^; 

or if> expresses the angle which any radius vector makes with x. 

Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 

X cos| {<f> + ^') + y sin H<f> + <f>') = ey cos 4>'), 

]£<}>- <f>' he constant, must, by the present section, always touch 
a;* + y* = eV cob* ^ 

a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents is found by subtracting 

X cos^ +y sin^ — S7 = 0, 

X cos^' + y sin^'-C7 = 0, 
to be X sinJ(0 + ^')-y cosj(^ + ^') = 0, 

the equation of a line making an angle + <p’) with the axis 
of X, and therefore bisecting the angle between the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cosj ((f) + ^') 4 y sini {(f> + (f>') - 0, 
a line evidently at right angles to the last. 

To find the locus <f the intersection of tangents at points which 
subtend a given angle 28 at the focus. 
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By an elimination precisely the same as that in Ex. 2 , p. 96, 
the equation of the locus is found to be (**+y*) cos *3 = e* 7 ', 
which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = — ^ . 

If the eurve be a parabola, the angle between the tangents is 
in this case given. For the tangent (a: cos<^+y sin<^— 7 ) bisects 
the angle between x cm sin <f> and 7 . The angle between the 

tangents is, therefore, half the angle between x cos^-l-y sin^ and 
X coa<f)' + y or = ^ {<f> — <f>). Hence, the angle between two 
tangents to a parabola ts half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to a parabola^ which contain a given angle, is a hyperbola 
with the same focus and directrix, and whose eccentricity is the 
secant of the given angle, or whose asymptotes contain double 
the given angle (Art. 167). 

282. Any tico conics have a common self-conjugate triangle. 
For (see Ex. 1 , p. 139) if the conics intersect in the points 
A, B, C, D, the triangle formed by the points E, F, 0, in which 
each pair of common chords intersect, is self-conjugate with re- 
gard to either conic. And if the sides of this triangle be a, jS, 7 , 
the equations of the eonics can be expressed in the form 
aa*-fJ/9' + C 7 * = 0 , aV + J'yS* + c ' 7 * = 0 . 

We shall afterwards discuss the analytical problem of reducing 
the equations of the conics to this form. If the conics intersect 
in four imaginary points, the lines a, / 8 , 7 are still real. For it 
is obvious that any equation with real coefiBcients which is 
satisfied by the co-ordinates x' -Vx" y' + y" V(— l)j will 

also be satisfied by x' — x" 1 ), y' — y" V(— l)j and that the 
line joining these points is real. Hence the four imaginary 
points common to two conics consist of two pairs x' ±x" V(— 1 ), 
y'±y"V(-i); V(-i), y'"±y'"' V(-i)- Two of the 

common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the iorm L±M 
L' ± M' V(— 1)» intersecting in two real points LM, L'M'. C<jn- 
sequently the three points E, F, 0 are all real. 

If the conics intersect in two real and two imaginary points, 
two of the common chords are real, viz. those joinmg the two 

k2 
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real and the two imaginary points ; and the other four common 
chords are imaginary. And since each of the imaginary chords 
passes through one of the two real points, it can have no other 
real point on it. Therefore, in this case, one of the three points 
E, F, 0 \s real and the other two imaginary ; and one of the 
sides of the self-conjugate triangle is real and the other two 
imaginary. 

Ex. 1. Find the locu* of vertex of a triangle whose base angles move 
along one conic, and whose sides touch another. [The following solution 
is Mr. Burnside's.] Let the conic touched by the sides be ** + y* - **, and 
the other <u^ + 6y* - ex*. Then, as at Ex. 1, p. 96, the co-ordinates of the 
intersection of tangents at points a, 7, are cos J (« + 7), sin \ (a ^ 7), cos i (“ -7) i 
and the conditions of the problem give 

a cos'J (a + 7) + J sin’J (o -f. r/) = c cos*i (0-7); 
or (a + 6 - c) + (a - 6 - c) cosa CO87 + (6 - e - o) sina sin7 = 0 . 

In like manner 

(a + i - c) + (o - 6 - c) co 8 / 3 cos 7 + (6 - c - o)sinj3 sin 7 = 0, 
whence (a + 6 - c) cos 1 (o + /3) = (6 + c - a) cos i (« - ^) CO 87 ; 

(a -f i - c) sin i (a + /3) c: (a 4 c - i) cos i (“ - /3) sin7, 
and since the co-ordinates of the point whose locus we seek are cosj (a 4 /3], 
sin I (a 4 /3), cos t (a - y3), the equation of the locus is 
X* y* *• 

(i 4 c - a)’ ^ (c 4 a - 6}’ ” (a 4 6 - c)* ‘ 

Ex. 2. A triangle is inscribed in the conic z* 4 y* = and two sides 
touch the conic az* 4 iy* = cs* ; find the envelope of the third side. 

An$. (ca 4 a4 - be)' z* 4 (o4 4 6c - ca)* y* = (6c 4 ca - a6)' s*. 

ENVELOPES. 

283. If the equation of a right line involve an indeterminate 
quantity in any degree, and if we give to that indeterminate a 
aeries of different values, the equation represents a series of 
different lines, all of which touch a certain curve which is called 
the enwlope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope, by 
proving, independently of Art. 270, that the line 
where ft is indeterminate, always touches the curve LM - It'. 
The point of intersection of the lines answering to the values 
fj, and /t + k, is determined by the two equations 

fjIL — 2ftR + M =0, 2 (jj.L — R) + kL = 0 ; 
the second equation being derived from the first by substituting 
fi + k for fly erasing the terms which vanish in virtue of the first 
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equation, and then dividing by k. The smaller k is, the more 
nearly does the second line approach to coincidence with the • 
first ; and if we make k = 0, we find that the point of meeting 
of the first line with a consecutive line of the system is de- 
termined by the equations 

fi'L — 2/j.li + J/’= 0, (jlL — i? = 0 ; 


or, what comes to the same thing, by the equations 
fiL— Jl = 0f flit — M=0. 

Now since any point on a curve may be considered as the inter- 
section of two of its consecutive tangents (p. 140), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope ; and therefore 
the two equations last written, determine the point on the 
envelope which has the line fi^L — 2fiR + M for its tangent. 
And by eliminating fi between tlie equations we get the equa- 
tion of the locus of all the points on the envelope, namely 
LM=S^. 


A similar argument will prove, even if i, M, R do not re- 
present right lines, that the curve represented \>j fjlL-2fiR-\-M^ 
always touches the curve LM—R^. 

The envelope of i/ cos + sin fl, where ^ is indeter- 
minate, may be either Investigated directly in like manner ; or 
may be reduced to the preceding by assuming tan \(f> = fi, when 
on substituting 

1— /** . . 2/i 

cosffl = - — , smffi = — — 5 , 

^ 1 + /t” ^ 1 + M 

and clearing of fractions, wo get an equation in which /x only 
enters in the second degree. 


284. We might also proceed as follows: The lino 

fJL — 2fiR + M 

is obviously a tangent to a curve of the second class (see note, 
p. 137) ; for only two lines of the system can be drawn through 
a given point : namely, those answering to the values of fi de- 
termined by the equation 

fi*L' -2fiR -V M’ = 0, 

where i', 5', M' are the results of substituting the co-ordinates 
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of the given point in Ly M. Now these values of p, will 
evidently coincide, or the point will he the intersection of two 
consecutive tangents, if its co-ordinates satisfy the equation 
LM—S?. And, generally, if the indeterminate p. enter alge- 
braically and in the w"* degree, into the equation of a line, the 
line will touch a curve of the n“ class, whose equation is found 
by expressing the condition that the equation in p shsdl have 
equal roots. 

Ex. 1. The vertices of a triangle move along the three fixed lines 
a, p, 7 , and two of the sides pass through two fixed points a'p <^ , «"/3"7", 
find the envelope of the third side. Let a + /i/3 be the line joining to ap the 
vertex which moves along 7, then the equations of the sides through the 
fixed points are 

7' (a + fip) - (o' + ,Lpr) 7 = 0, V' (“ + /*^) - (o" + 7 -0. 

And the equation of the base is 

(o' 4 ^pr) 7 "o 4 (o" 4 m/3") iiiP - (o' 4 + My3") T “ 0, 

for it can be easily verified, that this passes through the intersection of the 
first line with o, and of the second line with /3. Arranging according to 
the powers of we find for the envelope 

(o)3'7" 4 pi<^' - 7«')3" - (»'/' - 

This example may also be solved by arranging according to the powers 
of a, the equation in Ex. 3, p. 51. 


Ex. 2. Find the envelope of a line such that the product of the perpen- 
diculars on it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendiciilar through 
its middle point, so that the co-ordinates of the fixed points may be y = 0, 
s; ° ± c ; then if the variable line be y - mz 4 » = 0, we have by the conditions 
of the quesUon („ 4 me) (n _ „c) - 5* (1 + m*), 
or n* = 6* 4 iW 4 c*m*, 

but n* = y* - 2mzy 4 mV, 

therefore m* (»* - i* - e*) - 2mcy 4 y* - 5* = 0 ; 

and the envelope is **y' = (** - 5* - c*) (y* - 4*), 

*• 


or 


.4 -La 1. 
4* 4 c* 4' 


Ex. 3. Find the envelope of a line such that the sum of the squares of 
the perpendiculars on it from two fixed points may be constant. 


Ant. 


-^42*^*-! 

4' -2c* 4' 


Ex. 4. Find the envelope if the difference of squares of perpendiculars 
be given. Ant, A parabola. 

Ex. 6. Through a fixed point 0 any line OP is drawn to meet a fixed 
line; to find the envelope of FQ drawn so as to make the angle OPQconstant. 
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Let OP make tke angle 0 with the perpendicular on the fixed line, and 
ita length ia piQcO-, but the perpendicular from O on PQ makea a fixed 
angle p with OP, therefore ita length in =p aec0 coa/3 ; and aince this per- 
pendicular makea an angle • 0 i with the perpendicular on the fixed line, 
if we assume the latter for the axis of x, the equation of PQ ia 
X cos {0 i P) y sin {0 i p) ^ p nec0 cos/3, 
or X cos (20 4 /3) 4 y sin (20 t- /3) • 2/i cos/3 - x eonp - y sin /3, 
an equation of the form X cos0 4 ilf sin0 => S, 
whose envelope, therefore, ia 

X* 4 y* » (x cos/3 4 y ain/3 - 2p coa/3)*, 
the equation of a parabola having the point O for ita focus. 

£ 

Ex. 6. Find the envelope of the line ^ ^ = L where the indeter- 

minatea are connected by the relation /< 4 /u' ° C. 

We may substitute for n', C- !>, and clear of fractional the envelope is 
thus found to be ^ S’ * O’ - 2AB - ZdC - 2BC~ 0, 
an equation to which the following form will be found to be equivalent, 
i ±^X±^C«0. 

Thus, for example, — Given vertical angle and sum of aides of a triangle, to 
find the envelope of base. 

The equation of the base is x y , 

- r ” 

a o 

where a 4 i = c. 

The envelope is, therefore, 

X* 4 y* - 2xy - 2cx - 2cy 4 c* •• 0, 
a parabola touching the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, 
and the sum of their squares, to find its envelope. 

If in the equation ^ 

we have o'* + i" = c*, the envelope is 

X ± y ± 0 = 0. 

The ellipse, therefore, must always touch four fixed right lines. 

285. If the coefficients in the equation of any right line 
Xa + /t/3-bv7 be connected by any relation of the second order 
in /s, V, 

4IX* + BfH -f C 7 v’ -h 2 jF/4k + 2 + 2 J 3 X/S = 0, 

the envelope of the line is a conic section. UlimlnatiDg v between 
the equation of the right line and the given relation, we have 

(.47*-2G'y« + Ca^X*-l-2 (H'f — Fqa. — Oq^ + Cafi)\iJi. 

-l-(ZV-2i^7/3+C'/3*)As* = 0, 
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and the envelope is 

(.47*- 2 (?7a f Ca']{By‘- 2Fyfi+ C^)=[Hy*-Fya - Gy^+ Cafif. 
Expanding this equation, and dividing by 7*, we get 
(BG-F')a' + (CA-(P)^+{AB-IP)y‘ 

+ 2 ( GH-AF) /37 + 2 {IIF-BO) 7a + 2 (F(? - CJI) = 0. 

The result of this article may be stated thus : Any tangential 
equation of the second order in X, v represents a conic, tohose 
trilinear equation is found from the tangential by exactly the 
same process that the tangential is found from the trilinear. 

For it is proved (as in Art. 151) that the condition that 
Xa + p-B + vy shall touch 

aa* + bB‘ + C7* + if By + igya + 2Aoy3 = 0, 
or, in other words, the tangential equation of that conic, is 
(Ac — /*) X’ + (ca - f) /*’ + (oi — A*) 

+ 2 (^rA - a/) /iv + 2 (A/- Ay) vX + 2 (^ - cA) X/* = 0. 
Conversely, the envelope of a line whose coeflScients X, p, v 
fulfil the condition last written, is the conic aa* + &c. = 0 ; and 
this may be verified by the equation of this article. For, 
if we write for A, B, &c., bc—f*, ca—g*, &c., the equation 
{BC — jF“) a* + &c. = 0 becomes 

(oAc+2/^A— qjf*— Ay*— cA’)(oa’+ Ay9’+C7*+ ifBy-V 2y7a+2Aa/9)=0. 


Ex. We may deduce aa particular cases of the above, the results of 
Arts. 127, 130, namely, that the envelope of a line which fulfils the 


. 0 is t ^{Gp) + V(-Ht) ■ 


... F O H 
condition — + — h — 

\ p • 

fulfils the condition AFK) + 'J(OiA + = 0is — + — + — 

a p ^ 


0; and of one which 
0 . 


286. It is proved, as at Art. 76, that if the condition be 
fulfilled ABC+ 2FGH- AF*-BG -CW^Q, 
then the equation 

.4 X’ + Bp* +Cv* + iFpv + 2 (JkX + illXp = 0, 
may be resolved into two factors, and is equivalent to one of the 
form (a'X + B“p + fv) (a"X + B"p + 7'V) = 0. 

And since the equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line \a + pB + yy passes through one 
or other of two fixed points. 
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If, as In the last article, we write for A, hc-f*, &c., it will 
be found that the quantity ABC + ^FGlI+&c. is the square 
of flic + 2/^A 4- &c. 

Ex. If a conic pass ihrough two given points and have double contact 
with a fixed conic, the chord of contact passes through one or other of two 
fixed points. For let S be tbe fixed conic, and let the equation of the otlier 
be /S' = (\a f /i/3 f ■>7)’. Then substituting the co-ordinates of the two given 
points, we have 

S' = (\o' + /./S' + »-/)• j s" = (\i" + + V7')*i 

whence (\a' + /./S' + »7') = ± (Xa" + /./S" + >"■/') V(5')i 

showing that Xa -f /i/3 4 ^7 passes through one or other of two fixed points, 
since S', S" are known constants. 

287. To find the equation of a conic having donhle contact 
with two given conics, 8 and S'. Let E and bo a pair of 
their chords of intersection, so that 8— 8' =-EF\ then 

/x*.E?-2/u [8^ 5') + ^’ = 0, 

represents a conic having double contact with 8 and S ' ; for it 
may be written 

[fiE+ F)* = ifiSj or (jiE~ Fy = ^fiS'. 

Since n is of the second degree, we see that through any 
point can be drawn tmo conics of this system ; and there are 
three such systems, since there are three pairs of chords E^ F. 
If S' break up into right lines, there are only two pairs of 
chords distinct from 8'^ and but two systems of touching conics. 
And when both 8 and S' break up into right lines there is but 
one such system. 

Ex. Find the equation of a conic touching four given lines. 

Am. - 2/i (.3 C + BD) + F'* = 0, 
where A, B, C, D are the sides; B, F* the diagonals, and .4 C- .EF*. 
Or more symmetrically if X, ilf, iV be the diagonals, L ±M±N the sides, 
/.•X* - /. (X* + Jtf* - A”) + Ff* = 0. 

For this always touches (X* + M' - iV’/ - iL'M} 

= (X + JW+ A0(Af+ JV- X)(X + N - X - N). 

X* Ff* 

Or again, the equation may be written JV*= — — + (see Art. 278. V. 

cos’0 sm*0 

288. The equation of a conic having double contact with 
two circlea assumes a simpler form, viz. 
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The chords of contact of the conic with the circles are found 
tobe C-(7' + /a = 0 , and (7-C'-/* = 0, 

which are, therefore, parallel to ewh other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form V <7± V C'' = V/*- 

Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant, is a conic having double contact 
with the two circles. If we suppose both circles indnitely small, 
we obtain the fundamental property of the foci of the conic. 

If fi be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ex. 1. Solve by this method the Examples (pp. 106, 107) of finding 
common tangents to circles. 

.dns. Ex. 1. VC'+VC' = 4ort=2. ^ns. Ex. 2. 1 or= ^-79. 

Ex. 2. Given three circles ; let L, L' be the common tangents to C'C, 
M, M' to C,Ci Nflf to C, C; then if X, M, If meet in a point, so will 
X', itr , N'. 

Let the equations of the pairs of common tangents be 

VC' + VC" = <, vc" + VC=t', vc'+^/C"-r. 

Then the condition that X, Af, N should meet in a point is f ±t = and it 
is obvious that when this condition is fulfilled, X', Af', A7' also meet in a point, 

GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is no conic whose equation may not be written 
in the form 

oa* + 5/9* + C 7 * + 2f^y + 2gya + 2Aa/9 = 0 . 

For this equation is obviously of the second degree; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation jnst written includes the ordinary Car- 
tesian equation, if we write x and y for a and )9, and if wo 
suppose the I'me 7 at infinity, and therefore write 7 = 1 , (see 
Art. 69 and note, p. 73). 

In like manner the equation of every curve of any degree 
may bo expressed as a homogeneous function of o, /9, 7 . For 
it can readily be proved that the number of terms in the complete 
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equation of the n“ order between two variables is the same as 
the number of terms in the homogeneom equation of the 
order between three variables. The two equations then, con- 
taining the same number of constants are equally capable of 
representing any particular curve. 

290. Since the co-ordinates of any point on the line joining 

two points a/ 8 ' 7 ', are (Art. 66) of the form la! + ma", 

+ «iy9", ly + my'\ we can find the points where this joining 
line meets any curve by substituting these values for a, 7 , 
and then determining the ratio l\ mhy means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

r (oa” + + + 2gy'oi + 2 Aa'/ 8 ') 

+ 2 Z«i{aa'a" + J)3'/8" + C7V’ 

+/(y9'7" + y8"7') +9 (7'a" + 7 V) + h (a'/ 8 " + a"/?)} 
+ m* (oa"* 4 JyS"* 4 C7"* 4 2^’V' 4 2gy"a!' 4 ^ha’^") = 0 ; 

or, as wo may write it, for brevity, P8' + 2lmP-\-m^S" = 
When the point a'^ 7 ' is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for Z : m, 
we see that the co-ordinates of the point where the conic is met 
agsun by the line joining to a point on the conic a’/ 3 ' 7 ', 

are 8"a' - 2 ih", 8"^ - 2P/3", 8"y' - 2Py". These co-ordinates 
reduce to a'ffy if the condition P =0 be fulfilled. Writing this 
at full length, we see that if a"ff'y" satisfy the equation 

aaa' + b8^ + cyy'+f{8y ■¥ Py)+g ( 7 'a 4- ya!) 4- A (a'^ 4- o/9^ = 0, 

then the line joining a"8!'y’ to a'ffy' meets the curve in two 
points coincident with a'8'y'' in other words, a"8!'y" lies on 
the tangent at a'ffy. The equation just written is therefore 
the equation of the tangent. 

291. Arguing, as at Art. 89, from the symmetry between 
o8y, a'^y' of the equation just found, wo infer that when u'/S't' 
is not supposed to bo on the curve, the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing, as at Art. 91, that P =0 expresses the condition that 


* This method ira« introduced bjr Joachimstbsl. 
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the line joining a'/Sy, a'ff'y" shall be cut harmonically by the 
curve. The equation of the polar may be written 

a {aa + A/3 + gy) + /S' (Aa + A/3 +/y) + 7 ' [ga + C 7 ) = 0 . 

But the quantities which multiply a', /S', y respectively, are half 
the differential coefficients of the equation of the conic with 
respect to a, /3, 7 . We shall for shortness write S',, 5,, S', in- 
stead of ^ ^ ® equation of tlie polar is 

a'S, + S’S, + 7' S', = 0. 

In particular, if /S', 7 ' both vanish ; the polar of the point fiy 
is S|, or the equation of the pohir of the intersection of two of the 
lines of reference is the differential coefficient of the equation of 
the conic considered as a function of the third. The equation of 
the polar being unaltered by interehanging a/Sy, a'/S'y', may also 
be written aS/ + SS,' + 7 S,' = 0 . 


292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the intersection of the 
right lines. Geometrically it is evident that the locus of har- 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines, and the line joining their inter- 
section to the given point. And we might also infer, from the 
formula of the last article, that the polar of any point with 
respect to the pair of lines a /8 is /S'a + a'/3, the harmonic con- 
jugate with respect to a, /8 of /S'a — a'/3, the line joining a/3 to 
the given point. If then the general equation represent a pair 
of lines, the polars of the three points jSy, 7 a, a/S, 


aa + A/S +.97 = 0 , Aa + A/3+/y = 0 , ga+f^ + cy = 0, 
are three lines meeting in a point. Expressing, as in Art. 
38, the condition that this should be the case, by eliminating 
a, /3, 7 between these equations, we get the condition, already 
found by other methods, that the equation should represent 
right lines; which we now see may be written in the form 
of a determinant, 

I h 9\ 


K f>, f 

9i /. c 


= 0; 


or, expanded, oAc + ifgh — affi — hg* — ch* = 0 . 
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The left-hand side of this equation is called the discriminant* 
of the equation of the conic. We shall denote it in what follows 
by the letter A. 

293. To find the co-ordinates of the polo of any line 
\« + /i /8 + jwy. Let a'yS' 7 ’ be the sought co-ordinates, then wo 
must have 

aoL + + g^' =z\, hd +fy' go! -\-f^ -k- cy = v. 

Solving these equations for a', 7 ', wo get 

tid = \{bc !Ji,{fg-ch) + v {hf - Ig), 

= 'h-{fg-ch) + g.[ca- g‘) + v {gh - af)^ 

Ay' = X {hf -bg)+fi [gh -af) + v{ab- A*) ; 

or, if we use A, B, (7,t &c. in the same sense as in Art. 151, 
we find the co-ordinates of the pole respectively proportional to 
Ax + Ilfi -i- Gvf H\ + Bft + Fv, GX + F/i + Cv. 

Since the pole of any tangent to a conic is a point on that 
tangent, wo can get the condition that Xa 4 + vy may touch 

the conic, by expressing the condition that the co-ordinates just 
found satisfy Xa 4 4 V 7 = 0 . Wo find thus, as in* Art. 285, 

.4X* 4 Bfj." 4 Cti' 4 2Ffiv 4 2 GvX 4 2HX(i = 0. 

If we write this equation S = 0 , it will be observed that the 
co-ordinates of the polo arc S„ S„ that is to say, the differ- 
ential coefficients of 2 with respect to X, /t, v. Just, then, as the 
equation of the polar of any point is a<S’,' 4 4 yS^ = 0, so 

the condition that Xa 4 (•■B + ™ay pass through the polo of 
X'a 4 + ►’Tj (or» other words, the tangential equation of 

this pole) is X2,' 4 /i2,' 4 K2,' •= 0. And again, the condition 
that two lines Xa 4 fiB 4- V 7 , X'a 4 g,'B 4 v '7 may be conjugate 

* In general, if a homogeneous function of any number of variables be 
differentiated successively with respect to all these variables, and the vari- 
ables eliminated between the resulting equations, the result of elimination 
is called the discriminant of the given function. Thus, in particular, the con- 
dition that an algebraic equation should have equal roots is the discriminant 
of that equation. For if the equation be made homogeneous by the intro- 
duction of a variable y, the condition that the equation should have equal 

roots, is obtained by eliminating r and y between ~ = 0, ^ = 0. 

t A, B, C, &c. are the minort of the determinant of the last article. 
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with respect to the conic ; that is to say, may be such that the 
polar of either lies on the other, may obviously be written in 
either of the equivalent forms 

X'2, + ya' 2, + v'S, = 0, X2,' + yaS,' + v2,’ = 0. 

From the manner in which 2 was here formed, it appears that 
2 is the result of eliminating a', yS', 7 ', p between the equations 

oa’ + AyS' + g^' + pX = 0, ha + +//' + PM = 

gd +^' 4 07 ' + pv = 0, Xa' 4 4 »*y' = 0 ; 

in other words, that 2 may be written as a determinant 
rt. A, g, X 
h /) M 

9i /) c, V 
X, /i, V, 

£x. 1 . To find the coordinates of the pole of Va + + i«y irith respect to 

+ V(™^) + V(" 7 )- The tangential equation, in this case, (Art 130 ), 

Ifiv + »B»X + = 0, 

the co-ordinates of the pole are 

a' c ms 4 »M, P' » nX 4 fs, y = 4 «nX 

Ex. 2 . To find the locus of the pole of Xa 4 /iy 3 4 >>7 with respect to a 
conic being giren three tangents, and one other condition.* 

Solving the preceding equations for A m, n, we find I, m, n proportional to 
X {iipf 4 vy - Xa'), /I (»y 4 Xa' - ^/V), » (Xa' 4 >iyj' - »y). 

Now y(f*) 4 4 V(n7) denotes a conic touching the three line* 

a, p, 7 ; and any fourth condition establishes a relation between I, m, n, in 
which, if we substitute the values just found, we shall have the locus of the 
pole of Xa 4 mP 4 >7. If we write for X, n, r the sides of the triangle of 
reference a, b, e, we shall have the locus of the polar of the line at infinity 
aa 4 ip 4 C7; that is, the locus of centre. Thus the condition that the conic 

should touch Aa + BP Oy, being -4 4 ^ 4 -^ = 0 , (Art. 130 ), we infer that 

ABC 

the locus of the pole of Xa 4 ^P 4 17 with respect to a conic touching the 
four lines o, p, 7, Aa 4 BP 4 Oy, is the right line 

X (/iP 4 17 - Xa) y« (»7 4 Xa - ^) » (Xa 4 )iy 3 - >7) _ „ 

A B ^ C 

Or again, since the condition that the conic should pass through a'yJ'y is 
y(Jo') 4 V(mP') 4 y(" 7 ') = 0 , the locus of the pole of Xa 4 a>P 4 »7 with re- 


* The method here used is taken from Hearn’s Besearche* on Conic 
Seciionc, 
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ipect to a eonio which touchea the three lines ■>, p, 7, and passes through a 
point is 

V{X«'(;i /3 + »7 - + -^[upr (»<Y + Xa - /iP)] + Y{»V {\a^■ Itp- 117)} » 0 , 

which denotes a conic touching ju/3 + 17 - Xa, 117 -f Xa - \a ^ /tp - vy. 
In the case where the locus of centre is sought, these three lines are the 
lines joining the middle points of the sides of the triangle formed by a, p, 7. 

Ex. 3. To find the co-ordinates of the pole of Xa -f /iR + 07 with respect 
to tpr/ + nt'^a -f nap. The tangential equation in this case being. Art. 127, 
rX* + mV + nV - 2mnMs - 2nh>X - 2/mX/t - 0, 
the co-ordinates of the pole are 

a' = 7 (fX - mfi - no), p' = m (m/t - «» - 7X), y = u (m> - /X - m^i), 
whence my + » - 2hnnX, na'-t iy = - 2imn/i, Ipf + ma’ = - 2/mn» j 

and, as in the last example, we find I, m, n respectively proportional to 
o' (zip' ■^py - Xo"), P' (ay + Xo' - fipf), y (Xo' + ,ip - vy). 

Thus, then since the condition that a conic circumscribing 0^7 should 

pass through a fourth point a'py is i + ^ ^ ■ 0, the locus of the pole of 

a p y 

\a \ !tp -i- vrf, with regard to a conic passing through the four points, is 


^ + »7 - Aa) -t ^ (17 + Xa - /iR) + ^ (Xo + - 17) = 0 , 

which, when the locus of centre is sought, denotes a conic passing through 
the middle points of the sides of the triangle. The condition that the conic 
should touch Aa BP -k- Cy, being -^(Al) + VC-®"*) + V(CVi) = Ihe locus 
of the pole of \a-H‘P + ry, with regard to a conic passing through three 
points and touching a fixed line, is 

^{An (hP + »7 - Xa)) + •J{Bp (»7 + Xo - /u/ 5 )) + -JOf (Xa -f - 17) • 0 , 
which, in general, represents a curve of the fourth degree. 


294. If a''/9'V’ point on any of the tangents drawn 

to a curve from a fixed point a’)? 7', the line joining a'/S'7', oi'ff'y" 
meets the cnrve in two coincident points, and the equation in 
I : m (Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'/3'7', we must substitute la + tna, + 
ly + my in the equation of the curve, and form the condition 
that the resulting equation in ^ : m shall have equal roots. 
Thus, (see Art. 92) the equation of the pair of tangents to a 
conic is 88’ = I * ; where 

8=aa* + &c., 8" = aa”‘ + &c., P=aaa.' + &c. 

This equation may also be written in another form ; for since 
any point on either tangent through a 8" 7' evidently possesses 
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the property that the line joining it to a’/S” y touches the curve, 
we have only to express the condition that the line joining two 
points (Art. 65) 

o (yS'7" - ff'y') f ^ {y'a" - y"a'] + y [oiff' — a"/8') = 0 
should touch the curve, and then consider oi'fi"y" variable, when 
we shall have the equation of the pair of tangents. In other 
words, wo are to substitute ^y — ^y, y% — y'a, ay3’ — a^ for 
X, /i, V in the condition of Art. 285, 

.^X* -f li/j^ + ^F/jiv -t" 2 (7y\ + — 0. 

Attending to the values given (Art. 285) for A, B, &c., it may 
easily be verified that 

(na* + &c.) [ad* 4- &c.) — [uad + &c.)” = A [fiy — ffy)* &c. 

295. It follows, as a particular case of the last, that the 
pairs of tangents from Byi ya, a^ arc 

By*JfC^- 2FBy, Ca* + Ay* -2 Oya, A^ + Ba* - 2llaff, 

as indeed might be seen directly by throwing the equation of 

the curve into the form 

[aa + h^+ gy* + ( (7yS* + By* — 2F^y) = 0. 

Now if the pair of tangents through By he ^8 — ^7, /8 — A’7, it 

* 

appears from these expressions that Idc =-^, and that the corre- 

. ^ C A 

sponding quantities for the otlier pairs of tangents are j ^ > 

and these three multiplied together are = 1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if A, F, B, D, C, E 
be the angles of a circumscribing hexagon, 

dm EAB .dmFAB .sxnFBC .dm DBC .dm DCA.dmECA 
sin EA C. sin FA C. sin FBA .sin L)BA .dmJJ CB . sin £ CB 

Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 

iV’+AT’+2/'JAV=0, N*+U-\-2gNL = Q, i’+i/’+2A'Z3/=0, 

for the equations of the three pairs of tangents, already found, 
can be thrown into this form by writing d[AL) for a, &c. 

296. If we wish to form the equations of the lines joining 
to dB'y all the points of Intersection of two curves, we have 
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only to substitute la. + »ia', /y 4 my' in both equations, 

and eliminate I : m from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to a'/S'y’ meets both curves in 
the same point ; therefore the equations in I : m, which determine 
the points where one of these lines meets both curves, must 
have a common root ; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to a'/S'y' the points where any right line L meets S', 
is L'*S- 2LL'P-\- L'S' = 0. If the point a'/S'y' be on the curve 
the equation reduces to L'S — 2LP= 0. 

Ex. A chord which subtends a right angle at a given point on the curve, 
passes through a fixed point (Ex. 2, p. 16.5.). We use ordinary rectangular 
co-ordinates, and, as above, form the equation of the lines joining the given 
point to the intersection of the conic with \x + /ly + ». These lines will be 
at right angles if the sum of the squares of the coefficients of »' and y* 
vanish, which gives the condition 

(Xx” + /ly* 4 v) (a t 6) a 2 (oXx" 4 R/iy'). 

And since X, /i, v enter in the first degree, the chord passes through a 

fixed point, viz. ? — - x", - — r </• If the point on the curve vary, this other 

040040 ' 

point will describe a conic. If the angle subtended at the given point be 
not a right angle; or, if the angle be a right angle, but the given point not 
on the curve, the condition found in like manner will contain X, /t, v in the 
second degree ; and the chord will envelope a conic. 

297. Since the equation of the polar of a point Involves the 
coefficients of the equation in the first degree, if an indeterminate 
enter in the first degree into the equation of a conie it will 
enter in the first degree into the equation of the pole. Thus, 
if P and P" he the polars of a point with regard to two eonics 
S, S' ; then the polar of the same point with regard to S' 4- kS' 
will bo P-h For 

(a 4- ka) aa' 4- &c. = aaa' 4 &c. 4- k [daa! 4- &c.}. 

given four 2ioints on a conie., the jwlar of any given point 
passes through a fixed point (Ex. 2, p. 143). 

If Q and Q be the polars of another point with regard to S 
and 5’, then the polar of this second point with regard to S-\-kS' 
is Q + kQ', Thus, then, (see Art. .59) the polars of two points 
with regard to a system of conics through four points, form two 
homogrjiphic pencils of lines. 

s 
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Given two homographic pencils of lines, the locus of the inter- 
section of the corresponding lines of the pencils is a conic through 
the vertices of the pencils. For, if wo eliminate k between 
F-i-kF, Q + kQ, we get PQ' — FQ. In the particular case 
under consideration, the intersection of P+kP, Q + kQ is the 
pole with respect to S+kS' of the line joining the two given 
points. And wo see that, given four points on a conic, the locus 
of the pole of a given line is a conic (Ex. 1, p. 241). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in the second degree 
into the equation of the polar of a given point, which will then 
envelope a conic. Thus, if a conic have double contact with 
two fixed conics, the polar of a fixed point will envelope one 
of three fixed conics ; for the equation of each system of conics 
in Art. 287 contains p in the second degree. 

We shall in another chapter enter into fuller details re- 
specting the general equation, and here add a few examples 
illustrative of the principles already explained. 

Ex. 1. A point moves along a fixed line ; find the locus of the intersec- 
tion of its polars with regard to two fixed conics. If the polars of any two 
points o'/yy, on the given line with respect to the two conics bo 

P', P"', Q, O' i then any other point on the line is Xu" + /w", ir ftfi', 
Xy 4 ft'/"-, and its polars \P‘ 4 pP'', XQ' 4 /iQ", which intersect on the 
conic P'Q“ = P"Q’. 

Ex. 2. The enharmonic ratio of four points on a right line is the same 
as that of their four polars. 

For the anhamionic ratio of the four points 

fa' 4 mo", fa 4 m'o", f"a' 4 m"a", f"a 4 m"'o", 
is evidently the same as that of the four lines 

IP’ 4 mP", IP' 4 m’P", fP' 4 m“P\ T"P’ 4 m"'P". 

Ex. 3. To find the equation of the pair of tangents at the points where 
a conic 5 is met by the line y. 

The equation of the polar of any point on -/ is (Art. 291) JS, 4 = 0. 

But the points where 7 meets the curve, are found, by making 7 = 0 in the 
general equation, from ^ 2Ao'/3' 4 W* = 0. 

Eliminating a', between these equations, we get for the equation of 
the pair of tangonU 4 65,* = 0. 

Thus the equation of the asymptotes of a conic (given by the Cartesian 
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for the asjrmptotes are the tangente at the points trhere the curve is met by 
the line at infinity z. 

Ex. 4. Given three points on a conic ; if one asymptote pass through a 
fixed point, the other will envelope a conic touching the sides of the given 
triangle. If be the asj'mptotes, and aa + 6R + C7 the line at infinity, 
the equation of the conic is = (aa + 6^ + 07)". But since it passes through 
^7, 7“i 0/3, the equation must not contain the terms o', y. If therefore 

I, be Xa + /I/3 + i>7, must be^o + — ^ + — y; and if t, pass through 

then (Ex., p. 248) <, touches a<J{aa) + + csJ{y/') = 0. The same 

argument proves, that if a conic pass through three fixed points, and if one 
of its chords of intersection with a conic given by the general equation be 

Xo + + i,y, the other will be^o + - /3 + iy, 

X /I r 

Ex. 5. Given a self conjugate triangle with regard to a conic ; if one 
chord of intersection with a fixed conic (given by the general equation) pass 
through a fixed point, the other will envelope a conic [Mr. Burnside]. The 
terms jjy, ya are now to disappear &om the equation, whence if one 
chord be Xa + the other is found to be 

\a (/Iff + *A - X/) + /r/3 (»A + X/ - /Iff) + vy (X/ + /iff - rh). 

Ex. 6. A and A' ('■,/3,ri, 0,^,7}) are the points of contact of a common 
tangent to two conics U, V; P and P' are variable points, one on each 
conic ; find the locus of C, the intersection of AP, A'P', if J'P'pass through 
a fixed point O on the common tangent [Mr. Williamson]. 

Let P and Q denote the polors of with respect to U and V 

respectively; then (Art. 290) if afiy be the co-ordinates of C, those of the 
point P where A C meets the conic again, are l/b, - 2Po, l/jSi - 2Pp, 
Uy, - 2Pyj and those of the point P' are, in like manner, Vof - 2Qa, &c. 
If the line joining these points pass through O, which we choose as the in- 
tersection of a, p, we must have 

r/i, - 2Pa - 2Qa 

U0i--2P$" }%-‘2QP’ 

and when A, A', O are unrestricted in position, the locus is a curve of the 
fourth order. If, however, these points be in a right line, we may choose 
this for the line a, and making a, and a, = 0, the preceding equation be- 
comes divisible by a, and reduces to the curve of the third order P Vp,^ QUp^, 
Further, if the given points are points of contact of a common tangent, P 
and Q represent the same line; and another factor divides out of the 
equation which reduces to one of the form TI •hV, representing a conic 
through the intersection of the given conics. 

Ex. 7. To inscribe in a conic, given by the general equation, a triangle 
whose sides pass through the three points 7“, o/3. We shall, as before, 
write S^, S„ for the three quantities, hp^t p7, hmhp\ fy, +//3 + 07. 
Now we have seen, in general, that the line joining any point on the curve 
^p-j to another point «'/S'7' meets the curve again in a point, whose co- 

S2 
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ordinates are S'a - 2P'a', 5 /3 - 2i’'/9', S'-y - 2P'Y. Now if the point <i'/3'Y 
be the intersection of the lines p, 7, we may take o' = 1 , /S' = 0, 7' = 0, which 
gives 5* = o, P' = 5„ and the co-ordinates of the point where the line joining 
0^7 to py meets the curve, are oo - 25,. ap, a^f. In like manner, the line 
joining 0/87 to 70, meets the curve again in 6«, i/3 - 25 ^ 67. The line 
joining these two points will pass through a/3, if 
oo - 25, ba 

“ bp-2S,’ 

or, expanding 25,5, = aaS, 4 i/35,, 

which is the condition to be fulfilled by tlie co-ordinates of the vertex. 
Writing in this equation oo = 5, - W - gy, bp = S, - ha -Jy, it becomes 
h (a5, 4 ^5,) 4 y(/S, 4 s-5,) = 0. 

But since 0/J7 is on the curve, a5, 4 PS, i yS, = 0, and the equation last 
written, reduces to 7 (/S, 4 gS, - hS,) = 0. 

Now the factor 7 may be set aside as irrelevant to the geometric solution 
of the problem ; for although either of the points where 7 meets the curve 
fulfils the condition which we have expressed analytically, namely, that if it 
be joined to Py and to 7a, the joining lines meet the curve again in points 
which lie on a line with ap ■ yet, since these joining lines coincide, they 
.cannot be sides of a triangle. The vertex of the sought triangle is therefore 
either of the points where the curve is met by /5i 4 gSt - hSf. It can be 
verified immediately that /5, = ^5> ~ A5, denote the lines joining the cor- 
responding vertices of the triangles agy, 5,^5,. Consequently (see Ex. 2, 
p. 60),/5i 4 gSf - hS, is the line whose construction is given, p. 237. 

Ex. 8. If two conics have double contact, any tangent to the one is cat 
harmonically at its point of contact, the points where it meets the other, 
and where it meets the chord of contact. 

If in the equation 54 i? •= 0, we substitute 4 ma", Iff 4 mff', *»7", 
for «, P, 7, (where the points <>'/}'Y, a'p"'f satisfy the equation 5 • 0), we get 
(IR 4 mRy 4 21mP = 0. 

Now, if the line joining a'ff-y, a^ffy", touch 5 4 iP, this equation must 
be a perfect square : and it is evident that the only way this can happen is 
if P = - 2RR', when the equation becomes (fJP - mR)‘ - 0 j whence the 
truth of the theorem is manifest. 


Ex. 9. Find the equation of the conic touching five lines, vis. a, p, 7, 
jia 4 SP 4 Oy, ^'o 4 RP 4 C' 7 . 

An$. {la)'‘ 4 (mfl /* 4 (n7)*, where I, m, n are determined by the conditions 


I m n ^ I m n 


0 . 


Ex. 10. Find the equation of the conic touching the five lines, a, P, 7, 
o 4 R 4 7 . 2o 4 /3 - 7 . 

tVe have / 4m4nc.O, J/4m-n = 0: hence the required equation is 
2 (- «)< 4 (3/8,* + (7)* = 0. 
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Ex. 11. Find the equation of the conic touching a, y, at their middle 

An*, (oa)* + (JB)* + (rr)* « 0. 
Ex. 12. Find the condition that (fa)^ -f (m/9)^ -f (ny)^ = 0 should repre> 
•ent a parabola. 

An*. The curve touches the line at infinity when - t ^ 4 - = 0. 

a 0 e 

Ex. 13. To find the locus of the focus of a parabola touching a, p, y. 
Generally, if the co-ordinates of one focus of a conic inscribed in the 
triangle oAy ho afSy, the lines joining it to the vertices of the triangle will be 


a “o'’ y°a'’ 

and since the lines to the other focus make equal angles with the sides of 
the triangle (Art. 189), these lines will be (Art. 65} 

«'a = dP, 0P » yy, y'y => o'a ; 

1 1 
y' 

Hence, if we are given the equation of any locus described by one focus, 
we can at once write down the equation of the locus described by the other ; 
and if the second focus be at infinity, that is, if a' sin ./d f B ' sin 4 y" sin C > 0, 

sin ri sin ^ sin C 

l m n 
sin'.ri ’ siu’.B’ sin'C' 
membering the relation in Ex. 12) these values satisfy both the equarions, 
a sin.ri 4 P sin.B 4 y sinC= 0, y/a 4 'Jmp 4 -jny • 0. 

sin'C 
n 


and the co-ordinates of the other focus may be taken ■ 

Hence, if we are given the 
we can at once write down the ei 
and if the second focus be at infin 

the first must lie on the circle ' 
of the focus of a parabola at infinity are 


' = 0. The co-ordinates 


,, since (re- 


The co-ordinates, then, of the finite focus are — ^ , 

I ftl 


Ex. 14. To find the equation of the directrix of this parabola. 

Forming, by Art. 291, the equation of the polar of the point whose co- 
ordinates have just been given, we find 

la (sin’.B48in*C-sin*..4)f mp (sin'Cfsin’.<4-sin*.B) 4 ny (sin'.d«sin'£- sin’C)«0, 


or Ut sinP unC cosA +mp sinCsin.ri cos.84n7 tin A sin.S cosCsO. 

Substituting for n from Ex. 12, the equation becomes 
I sin£ sinC(a cos.ri - y cosC) 4 m sinCsin.ri (3 cos£ - y cosC) = 0; 
hence the directrix always passes through the intersection of the perpendi- 
culars of the triangle (see Ex. 3, p. 56). 

Ex. 15. Given four tangents to a conic find the locus of the foci. Let 
the four tangents be a, /9, y, i, then, since any line can be expressed in 
terms of three others, these must be connected by an identical relation 
oa 4 53 4 cy 4 d3 o 0. This relation must be satisfied, not only by the co- 
ordinates of one focus a'B'y^', but also by those of the other 4 > 4 i 4 > 4 • 

a pr y e 


The locus is therefore the curve of the third degree 

a h c d ^ 

-4-4-45 = 0. 
a p y i 
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CHAPTER XV. 

THE PRINCIPLE OF DtrALITY; AND THE METHOD OF 
RECIPROCAL POLARS. 

298. The methods of abridged notation, explained in the 
last chapter, applj equally to tangential equations. Thus, if 
the constats X, /i., v In the equation of a lino be connected by 
the relation 

(aX + b/t + cv)[a'\ + + cV) = (a"X+ c'V)(a'"X+ J">+c"V), 

the line (Art. 285) touches a conic. Kow it is evident that one 
line which satisfies the given relation is that whose X, fi, v are 
determined by the equations 

a\ + bft + cv = 0, a"X + b"/j, + c"v = 0. 

That is to say, the line joining the points which these last 
equations represent (Art. 70), touches the conic in question. 
If then a, /3, 7, S represent equations of points, (that is to 
say, functions of the first degree in X, /i, v) ay = is 
the tangential equation of a conic touched by the four lines 
0/9, /9y, 7S, 8a. More generally, if S and S' in tangential co- 
ordinates represent any two curves, S — kS' represents a curve 
touched by every tangent common to S and S'. For, whatever 
values of X, ft, v make both <9=0 and S' = 0, must also make 
S—kS' = 0. Thus, then, if S represent a conic, S — kaS re- 
presents a conic having common with S the pairs of tangents 
drawn from the points a, /9. Again, the equation ay = k^ 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with tlic line a/9 ; and those 
which can be drawn from 7 coincide with the line 7/9. The 
points a, 7 are therefore on this conic, and /9 is the pole of the 
line joining them. In like manner, S — a' represents a conic 
having double contact with S, and the tangents at the points 
of contact meet in a ; or, in other words, a is the pole of tho 
chord of contact. 

So again, the equation ay = may be treated in the same 
manner as at Art. 270, and any point on the curve may be 
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represented by + 2/i/:y9 + 7 , while the tangent at that point 
joins the points fxa + fikff + y.* 

299. Thus we sec (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation, 
according as it is considered as an equation in trilinear or in 
tangential co-ordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 
in tangential co-ordinates, yield another theorem, the reciprocal 
of the former. Thus (Art. 26G) we proved that if three conics 
(iS, S+LM, S-\-LN) have two points [S, L) common to all, 
the chords in each case joining the remaining common points 
(3/, M—N), will meet in a point. Consider these as 

tangential equations, and the pair of tangents drawn from L 
is common to the three conics, while M, iV, M - X denote in 
each case the point of intersection of the other two common 
tangents. We thus get the theorem, “ If three conics have two 
tangents common to all, the intersections in each case of the 
remaining pair of common tangents, lie in a right line.” Every 
theorem of i^osition (that is to say, one not involving the magni- 
tudes of lines or angles) is thus twofold. From each theorem 
another can bo derived by suitably interchanging the words 
“point” and “line”; and the same equations differently inter- 
preted will establish either theorem. Wo shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this “ principle of duality. ”t 

• In other words, if in any system, x'F*', he the co-ordinates of 

any two points on a conic, and those of the pole of the line joining 

them, the co-ordinates of any point on the curve may be written 
+ 2/iAr"' + x", n'p' + + y", ft'z + 2fJcz" + s", 

while the tangent at that point divides the two fixed tangents in the ratios 
ft : k, ftk : 1. When A = 1, the curve is a parabola. Want of space pre- 
vents us from giving illustrations of the great use of this principle in solving 
examples. The reader may try the question : — To find the locus of the point 
where a tangent meeting two fixed tangents is cut in a given ratio. 

t The method of reciprocal polars was introduced by M. Poncelet, whose 
account of it will be found in Crelle’s Jonrnnl, Vol. IV. M. Pliicker, in his 
“ System der Analytiseben Geometric,” 1835, presented the principle of 
duality in the purely analytical point of view, from which the subject is treated 
at the beginning of this chapter. But it was Mobius who, in his “ Bary- 
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300. Being given a fixed conic section (2) and any curve 
(S), wo can generate another curve (s) as follows ; draw any 
tangent to S, and take its pole with regard to 2 ; the locus of 
this pole will be a curve s, which is called the jwlar curve of S 
with regard to 2. The conic 2, with regard to which the pole 
is taken, is called the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, p. 195), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to 2. Thus, since it appears from our definition that every point 
of s is the polo with regard to 2 of some tangent to S, we shall 
briefly express this relation by saying that every point of s cor- 
responds to some tangent of S. 

301. The point of intersection of tiro tangents to S tcill corre- 
spond to the line joining the corresponding points of s. 

This follows from the property of the conic 2, that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art. 14G). 

Let us suppose that in this theorem the two tangents to S 
are indefinitely near, then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to s; and since any tangent to S intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to S correspond to a point 
. on s, the point of contact of that tangent to S trill correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is reci- 
procal, that is to say, that the curve S might be generated from 
8 in precisely the same manner that s was generated from S. 
Hence the name “ reciprocal polars.” 

302. We arc now able, being given any theorem of position 
concerning any curve S, to deduce another conccniing the curve s. 

centrisehc Calcul,” 1827, had made the important step of introducing a 
system of co-ordinates in which the position of a right line was indicated 
by co-ordinates and that of a point by an equation. 
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Thus, for example, if we know that a number of points eon- 
nected with the figure /S' lie on one right line, we learn that the 
corresponding lines connected with the figure « meet in a point 
(Art. 146), and vice vertid ; if a number of points connected 
with the figure S lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to 2 ; or, in general, if the locus of any point connected with S 
bo any curve /S', the envelope of the corresponding line connected 
with a is s', the reciprocal polar of S', 

30.3. Hic degree of the polar reciprocal of any curve is equal 
to the class of the curve (sec note, p. 137), that is, to the number 
of tangents which can be drawn from any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on s, lying on 
a right line, correspond the same number of tangents to S passing 
through the point corresponding to that line. Thus, if /S be a 
conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 145) ; therefore, any 
line meets a in two, and only two points, real or imaginary ; wc 
may thus infer, independently of Ex. 12, p. 195, that the reci- 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where S and s arc conic 
sections, the mode of obtaining one theorem from another by 
this method. Wo know (Art. 267) that “if a hexagon be in- 
scribed in S, whose sides are A, B, G, D, E, F, then the points 
of intersection, AD, BE, CF, arc in one right line." Hence we 
infer, that “ if a hexagon be cfrcii/nscribed about s, whose vertices 
are a, b, c, d, e,f then the lines ad, be, cf, will meet in a point" 
(Art. 265). Thus wo see that Pascal’s theorem and Brianchon’s 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal wc have given. He will soon 
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find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words “point" and “line,” “inscribed” and “circumscribed,” 
“ locus” and “ envelope,” &c. 

If two vertices of a triangle move If two sides of a triangle pass 
along fixed right lines, while the sides through fixed points, while the ver- 
pass each through a fixed point, the tices move on fixed right lines, the 
locus of the third vertex is a conic envelope of the third side is a conic 
section. (Art. 269.) section. 

If, however, the points through If the lines on which the vertices 
which the sides pass lie in one right move meet in a point, the third side 
line, the locus will be a right line, will pass through a fixed point. 

(p. 42.) 

In what other case will the locus In what other case will the third 
be a right line P (p. 43.) side pass through a Axed point? 

(p. 51.) 

If two conics touch, their rcciprocttls will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conics 
have double contact their reciprocals will have double contact. 

If a triangle be circumscribed to If a triangle be inscribed in a co- 
a conic section, two of whose vertices nic section, two of whose sides pass 
move on fixed lines, the locus of the through fixed points, the envelope of 
third vertex is a conic section, having the third side is a conic section, hav- 
double contact with the given one. ing double contact with the given one. 
(Ex. 2, p. 235.) (Ex. 3, p. 236.) 

305. We proved (Art. 301, see figure, p. 2G8) if to two points 
P, P, on S, correspond the tangents j)t, p't\ on .v, that the tan- 
gents at P and P will correspond to the points of contact ji, p\ 
and therefore <?, the intersection of these tangents, will corre- 
spond to the chord of contact ip. Hence we Icam that to 
any ptoint Q, and its jTolar PP, with respect to correspond a 
line pp' and its pole q with respect to s. 

Given two points on a conic, and Given two tangents and two points 
two of its tangents, the line joining on a conic, the point of intersection 
the points of contact of those tangents of the tangents at those points will 
passes through one or other of two move along one or other of two fixed 
fixed points. (Ex., Ait. 286.) right lines. 

Given four points on a conic, the Given four tangents to a conic, the 
polar of a fixed point passes through locus of the pole of a fixed right line 
a fixed point. (Ex. 2, p. 143.) is a right line. 
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Given four points on a conic, the 
locus of the pole of a fixed right line 
is a conic section. (Ex. 1, p. 241.) 

The lines joining the vertices of a 
triangle to the opposite vertices of its 
polar triangle with regard to a conic, 
meet in a point. (Art 99.) 

Inscribe in a conic a triangle whose 
udes pass through three given points. 
(Ex. 4, p. 237.) 


Given four tangents to a conic, the 
envelope of the polar of a fixed point 
is a conic section. 

The points of intersection of each 
side of any triangle, with the opposite 
side of tlie polar triangle, lie in one 
right line. 

Circumscribe about a conic a tri- 
angle whose vertices rest on three 
given lines. 


306. Given two conics, S and S', and their two reciprocals, 
s and to the four points A, B, C, D common to S and S' 
correspond the four tangents a, h, c, d common to s and and 
to the six chords of intersection of S and S' , AB, CD ; A G, BD ; 
AD, BC correspond the six intersections of common tangents 
to 8 and s' ; ah, cd ; ac, hd ; ad, be* 


If three eonics have two eonimon 
tangents, or if they have each double 
contact with a fourth, their six chords 
of intersection will pass three by three 
through the same points. (Art. 264.) 

Or, in other words, three conics, 
having each double contact with a 
fourth, may be considered as having 
four radical centres. 

If through the point of contact of 
two conics which touch, any chord be 
drawn, tangents at its extremities 
will meet on the common chord of 
the two conics. 


If, through an Intersection of com- 
mon tangents of two conics any two 
chords be drawn, lines joining their 
extremities will intersect on one or 
otlicr of the common chords of the 
two conics. (Ex. 1, p. 235.) 


If three conics have two points 
common, or if they have each double 
contact with a fourth, the six points 
of intersection of common tangents lie 
three by three on the same right lines. 

Or, three conics, having each dou- 
ble contact with a fourth, may be 
considered as having four axes of si- 
militude. (See Art. 117, of which 
this theorem is an extension.) 

If from any point on the tangent 
at the point of contact of two conics 
which touch, a tangent be drawn to 
each, the line joining their points of 
contact will pass through the inter- 
section of common tangents to the 
conics. 

If, on a common cliord of two co- 
nics, any two points be taken, and 
from these tangents be drawn to the 
conics, the diagonals of the quadrila- 
teral so formed will pass through one 
or other of the intersections of com- 
mon tangents to the conics. 


• A system of four points connected by six lines is accurately called 
a quadrangle, ns a system of four lines intersecting in six points is called 
a quadrilateral. 
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If A and B be two conics having 
each double contact with S, the 
chords of contact of A and B with S, 
and their chords of intersection with 
each other, meet in a point, and form 
a harmonic pencil. (Art. 263.) 

If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the tangents at 
the points of contact will intersect on 
a common chord of A and B. 


If A and B be two conics having 
each double contact with S, the inter- 
sections of the tangents at their points 
of contact with S, and the intersec- 
tions of tangents common to A and 
B, lie in one right line, which they 
divide harmonically. 

If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the line joining 
the points of contact will pass through 
an intersection of common tangents of 
A and B. 


307. We have hitherto supposed the auxiliary conic 2 to ho 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars with regard to a circle, 
unless we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius ; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given 
ang point 0, if from it we let fall 
a perpendicular OT on any tan- 
gent to a curve S, and produce 
it until the rectangle OT.Opis 
equal to a constant Id, then the 
locus of the jK)int qj is a curve s, 
which is called the polar recipro- 
cal of S. For this is evidently 
equivalent to saying that p is the polo of PT, with regard to a 
circle whose centre is 0 and radius k. We sec, therefore (Art. 
301), that the tangent pt will correspond to the point of con- 
tact P, that is to say, that OP will he perpendicular to pt, and 
that OP.Ot = k\ 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of #, which is all that in 
most cases concerns us. In this manner of considering polars, 
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all mention of the circle may be suppressed, and s may bo called 
the reciprocal of S with regard to the point 0. We shall call 
this point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles: 

The distance of any point P from the origin is the reciprocal of 
the distance from the origin of the corresponding line pt. 

The angle TQT hetween any two lines TQ^ T Q, is equal to 
the angle pOp' suhfended at the origin hy the corresjmnding points 
p^p’ ; for Op is perpendicular to 2'Q, and Oj> to T Q. 

We shall give some examples of the application of these 
principles when we have first investigated the following 
problem : 


308. To find the polar reciprocal of one circle with regard to 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle ( 0) of any tangent PT to the circle ( C). Let 
MN be the polar of the point C 
with regard to 0, then having 
the points (7, />, and their polars 
MNy PT, we have by Art. 101, 

00 Op 

the ratio -yrr, = — {v, but the first 
LrP 

ratio is constant, since both OC 
and CP are constant ; hence the 
distance of p from 0 is to its distance from MN in the constant 
r.atio OC : CP; its locus is therefore a conic, of which 0 is a focus, 
MN the corresponding directrix, and whose eccentricity is OC 
divided by CP. Hence the eccentricity is greater, less than, or 
= 1, according as 0 is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section, of 
which the origin is the focus, the line corresponding to the centre 
is the directrix, and which is an ellipse, hyperbola, or parabola, 
according as the origin is within, without, or on the circle. 


If 





i6 ) 

J ^ 

\ J 

— ^ M| 

\ 


309. We shall now deduce some properties conceniing angles, 
by the help of the last theorem givea in Art. 307. 
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Any two tangenti to a circle make The line drawn from the focus to 
equal angles with their chord of con- the intersection of two tangents bisects 
tact. the angle subtended at the focus by 

their chord of contact. (Art. 191.) 

For the angle between one tangent PQ (see fig., p. 2G8) and 
the ehord of contact PP is equal to the angle subtended at the 
focus by the corresponding points q ; and similarly, the angle 
QP'P is equal to the angle subtended by q ; therefore, since 
QPP = QP'Pi f Oq — p Oq. 

Any tangent to a circle is perpen- Any point on a conic, and the point 
dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 


Any line is perpendicular to the 
line joining its pole to the centre of 
the circle. 

The line joining any point to the 
centre of a circle makes equal angles 
with the tangents through that point. 

The locus of the intersection of 
tangents to a circle, which cut at a 
given angle, is a concentric circle. 

The envelope of the chord of con- 
tact of tangents which cut at a given 
angle is a eoncentrie circle. 

If from a fixed point tangents be 
drawn to a series of concentric circles, 
the locus of the points of contact will 
be a circle passing through the fixed 
point, and through the common cen- 
tre. 


Any point and the intersection of 
its polar with the directrix subtend a 
right angle at the focus. 

If the point where any line meets 
the directrix be joined to the focus, 
the joining line will bisect the angle 
between the focal radii to the points 
where the given line meets the curve. 

The envelope of a chord of a conic, 
which subtends a given angle at the 
focus, is a conic having the same 
focus and the same directrix. 

The locus of the intersection of tan- 
gents, whose chord subtends a given 
angle at the focus, is a conic having 
the same focus and directrix. 

If a fixed line interseet a series of 
conics having the same focus and 
same directrix, the envelope of the 
tangents to the conics, at the points 
where this line meets them, will be a 
conic having the same focus, and 
touching both the fixed line and the 
common directrix. 


In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a scries of hyperbolas having 
the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 
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If two chorus at right angles to each The locus of the intersection of 
other be drawn through any point on tangents to a parabola which cut at 
a circle, the line joining their cxtre- right angles is the directrix, 
mities passes through the centre 

We say a parabola, for, the point througli which the chords 
of the circle are drawn being taken for origin, the polar of the 


circle is a parabola (Art. 308). 

The envelope of a chord of a circle 
which subtends a given angle at a 
given point on the curve is a concen- 
tric circle. 

Ginn base and vertical angle of a 
triangle, the locus of vertex is a circle 
passing through the extremities of 
the base. 

The locus of the intersection of tan- 
gents to an ellipse or hyperbola which 
cut at right angles is a circle. 


The locus of the intersection of tan- 
gents to a parabola, which cut at a 
given angle, is a conic having the 
same focus and the same directrix. 

Given in position two sides of a tri- 
angle, and the angle subtended by the 
base at a given point, the envelope 
of the base is a conic, of which that 
point is a focus, and to which the two 
given sides will be tangents. 

The envelope of any' chord of a 
conic which subtends a right angle 
at any fixed point is a conic, of which 
that point is a focus. 


“ If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line” (Art. 125). 

If we take the fixed point for origin, to the triangle tnsertbed 
in a circle will corrc.spoud a triangle circumscribed about a para- 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, “ If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point.” If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para- 
bola^ the locus of the focus is the circumscribing circle (p. 193). 


The locus of the foot of the per- 
pendicular (or of a line making a 
constant angle with the tangent), from 
the focus of an ellipse or hyperbola 
on the tangent is a circle. 


If from any point a radius vector 
be drawn to a circle, the envelope of 
a perpendicular to it at its extremity 
(or of a line making a constant angle 
with it) is a conic having the fixed 
point for its focus. 
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310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines 
through the origin are easily transformed by the help of the first 
theorem in Art. .307. For example, the sum (or, in some cases, 
the difierence, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines coiTcspond two points on a lino 
passing through the origin. Hence, “the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant.” 

We know (p. 175) that this sum is four times the reciprocal 
of the parameter of the ellipse, and since we Icam from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the reci- 
procals of equal circles, xoith regard to any origin, have the same 
. parameter. 

The rectangle under the segments The rectangle under the perpen- 
of any chord of a circle through the diculars let fall from the focus on two 
origin is constant parallel tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 
any point on an ellipse is constant, may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of per- 
focus of the points of contact of pa- pendiculars let fall from any point 
rallcl tangents is constant. within a circle on two tangents whose 

chord of contact passes through the 
point, is constant. 

311. Many relations involving the magnitude of lines not 
passing through the origin may be transformed by the help of the 
theorem of Art. 101. Thus we know, that if PA, PB, PC, PD, 
be the perpendiculars let fall from any point of a conic on the 
sides of an inscribed quadrilateral, PA.PC=kPB.PD (Art. 259); 

now we may write this relation, ~Qpx “ut 

if a, h, c, d, be the points corresponding to the lines A, B, C, D, 
and ap the perpendicular let fall from a on the line corresponding 

to P, we have (Art. 101) - 0 p = Similarly for the other 
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sides; and Oa, Ob, Oc, Od, being constant, we infer that if a 
fixed qtiadrilaleral be circumscribed to a conic, the product of the 
perpendiculars let fall from two opposite vertices on any variable 
tangent is in a constant ratio to the product of the perpendiculars 
let fall from the other two vertices. 

The product of the perpendiculars The product of the perpendiculars 
from any point of a conic on two fixed from two fixed points of a conic on 
tangents, is in a constant ratio to the any tangent, is in a constant ratio to 
square of the perpendicular on their the square of the perpendicular on it, 
chord of contact. (Art. 259.) from the intersection of tangents at 

those points. 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is, “the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle.” 

The product of the perpendiculars The square of the radius vector 
on any tangent of a conic from two firom a fixed point to any point on 
fixed points (the foci) is constant. a conic, is in a constant ratio to the 

product of the perpendiculars let fall 
from that point of the conic on two 
fixed right lines. 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
harmonically, and arc transformed by the following principle : 
To any four points on a right line correspond four lines passing 
through a point, and the anharmonic ratio of this qwncil is the 
same as that of the four qwints. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conics in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the points 
joining four points on a conic to a in which four fixed tangents to a conic 
variable fifth is constant. * cut any variable fifth is constant. 

The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conics. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant, therefore the first theorem is true for all conics. 
By observing the angles which correspond in the reciprocal 

T 
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fignre to the angles which aro constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus by the four points in which any inscribed pencil meets 
the directrix. 


313, The anhannonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 

for each Ime AB involved in it, gp , can be re- 


duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining 0 to the points A, B, &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For exaunple, the following theorem, due to 
Carnot, is an immediate consequence of Art. 148: “If any 
conic meet the side AB of any triangle in the points c, c' ; BC 
in a, a' ; A C in 5, 5' ; then the ratio 


Ac.Ac'.Ba.Ba'.Cb.Cb' „ 
Ab.Ab'.Bc.Bc'.Ca.Ca ~ 


Now, it will be seen that this ratio is such that wo may 
substitute for each line Ac the sine of the angle A Ocy which it 
subtends at any fixed point; and if we take the reciprocal of 
this theorem, we obtain the theorem given already at p. 256. 


314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conics. 

Wo proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 
without, or on the curve ; we sliall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
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distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
bo on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 254) that 
every parabola has one tangent situated at an infinite distance. 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
dependiig solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
origpn to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve (I’.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

F.Z. 1. The reciprocal of a parabola with regard to a point on the 
directrix ia an equilateral hjrperbola. (See Art. 221.) 

Ex. 2. Prove that the following theorems are reciprocal : 

The intersection of perpendiculars The intersection of perpendiculars 

of a triangle circumscribing a para- ofa triangle inscribed in an equilateral 
bola is a point on the directrix. hyperbola lies on the curve. 

Ex. 3. Derive the last from Pascal’s theorem ; (see Ex. 3, p. 232). 

Ex. 4 . The axes of the reciprocal curve are parallel to the tangent and 
normal of a conic drawn through the origin confocal with the given one. 
For the axes of the reciprocal curve must be parallel to the internal and 
external bisectors of the angle between the tangents drawn from the origin 
to the given curve. The theorem stated follows by Art. 189. 

T 2 
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316. Given two circles, we can find an origin such that the 
reciprocals of hoth shall be confocal conics. For, since the reci- 
procals of all circles must have one focus (the origin) common ; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given & system. 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will bo a system of confocal conics. 

The reciprocals of any two conics will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves are the same. 


Confocal conics cut at right angles. 
(Art. 188.) 

The tangents from any point to two 
confocal conics are equally inclined 
to each other. (Art. 189.) 

The locus of the pole of a fixed line 
with regard to a scries of confocal 
conics is a line perpendicular to the 
fixed line. (p. 196.) 


The common tangent to two circles 
subtends a right angle at either limit- 
ing point. 

If any line intersect two circles, 
its two intercepts between the circles 
subtend equal angles at either limit- 
ing point. 

The polar of a fixed point, with 
regard to a series of circles having 
the same radical axis, passes through 
a fixed point; and the two points 
subtend a right angle at either limit- 
ing point 


317. \Vc may mention here that the method of reciprocal 
polars aifords a simple solution of the problem, “ to describe a 
circle touching three given circles.” The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — “ Given base and 
dificrcnce of sides of a triangle.” Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a common 
tangent to the two circles thus determined, and take the polo 
of this line with respect^to (1), we have the centre of the circle 
touching the three given circles. 
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318. To find the equation of the reciprocal of a conic with 
regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could bo expressed in terms of the angles it makes with the axes, 

2>* = a’ cos’ ^ + 6’ sin* 6. 

Hence the polar equation of the reciprocal cmwe is 

^ = o’ cos’0 + V sin“0, 

P 


or 


ly 

k' 


^ 7.4 ^7 


a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal of a conic with 
regard to any j>oint {x'y'). 

The length of the perpendicular from any point is (iVrt. 178) 

IP 

p = — = s/[(f coa'6 + b' sin*^) — x coad — y' aindf 

therefore, the equation of the reciprocal curve is 
{xx' + yy + i’)’ = o’x’ + Vf. 

320. Given the reciprocal of a curve with regard to the origin 
of co-ordinates, to find the equation of its reciprocal with regard 
to any point {x'y). 

If the perpendicular from the origin on the tangent be P, 
the perpendicular from any other point Is (Art. 34) 

P—x' coeff -y' aiaP, 

and, therefore, the polar equation of the locus Is 


— = ^—x' cos 0 — y' sin 0 : 
p Ji a i 


^ P x' X y' y j It cos d p cosd 

hence ^ ^ and ~ i 


we must, therefore, substitute. In the equation of the given 

. , lc‘x . . Pi/ , 

reciprocal, , — , — for x, and —7 , — n for y- 

^ ^xx+yy+k'‘ x-v+yy+k^ ^ 

The effect of this substitution may be very simply written 
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as follows: Let the equation of the reciprocal with regard to 
the origin be ^ ^ &c. = 0, 

where denotes the terms of the n“ degree, &c., then the 
reciprocal with regard to any point is 

a curve of the same degree as the given reciprocal. 


321. To find the reciprocal with respect tosd-\-p* — Jd of the 
conic given hy the general equation. 

We find the locus of a point whose polar xx + yy' — Id shall 
touch the given conic by writing x\ y\ — for X, v in the 
tangential equation (Art. 151). The reciprocal is therefore 

Ajd 4 iUxy + Bf — 2 Ok'x — iFTdy + Ck* = 0. 

Thus, if the curve be a parabola, G or ai — A* = 0, and the 
reciprocal passes through the origin. We can, in like manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written A* = — and 
looked for the reciprocal with regard to the curve a:’4y4*’=0, 
the polar would have been xx' 4 yy 4 and the equation of 
the reciprocal would have been got by writing x, y, z for X, /i, v 
in the tangential equation. In like manner, the condition that 
Xa: 4 4- v« may touch any curve, may be considered as the 

equation of its reciprocal with regard to a:’ 4 y" 4 a*. 

A tangential equation of the n“ degree always represents 
a curve of the n“ class ; since if we suppose Xa; 4 /ty 4 vr to 
pass through a fixed point, and therefore have Xa:'4 py'+ v«' = 0; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the ti" degree to determine 
X : ; and therefore n tangents can be drawn through the given 

point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
a parabola instead of a circle. We proved (Art. 211) that the 
intercept made on the axis of the parabola between any two 
lines is equal to the intercept between perpendiculars let fall on 
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the axis from the poles of these lines. This principle, then, 
enables us readilj to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that, consequently, the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci- 
procal will be a parabola if the axis pass through a pomt at 
infinity on the original curve. 

“ Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant.” 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed lino portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem : “ The rectangle under parallels drawn to the asymp- 
totes from any point on the curve is constant.” 

Chords drawn from two fixed If any tangent to a parabola meet 
points of a hyperbola to a variable two fixed tangents, perpendiculars 
third point, intercept a constant from its extremities on the tangent 
length on the asymptote (p. 179). at the vertex will intercept a constant 

length on that line. 

This method of parabolic polars is plainly very limited in 
its application. 
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CHAPTER XVI. 


HARMONIC AND ANHARMONIC PROPERTIES OF CONICS.* 


323. The harmonic and anharmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are, 
when one of the four points of the right line, whose anharmonic 
ratio we are examining, Is at an infinite distance. The an- 
harmonic ratio of four points, A, B, C, D, being in general 


,, AB AD . • 1 • AJ3 . 

(Art. 5G) reduces to the simple ratio — when 


i> is at an infinite distance, since then AD ultimately = — DC. 
If the line be cut harmonically, its anharmonic ratio = — 1 ; and 
if D be at an infinite distance AB=BC, and AC is bisected. 
The reader is supposed to bo acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anharmonic section. 


324. We commence with the theorem (Art. 146): “K any 
line through a point 0 meet a conic in the points R, R\ and 
the polar of 0 in B, the line ORRR' is cut harmonically.” 
First. Let R' be at an infinite distance ; then the line OR 
must be bisected at R ; that is, if through a fixed point a line he 
drawn parallel to an aegmptote of an hgperbola, or to a diameter 
of a parabola^ the jfortion of this line between the fixed point and 
its jiolar will be bisected by the curve. (Art. 211). 


• The fundamental property of anharmonic pencils was given by 
Pappus, Math. CoU. vil., 129. The name “anharmonic” was given by 
Chasles in his History of Geometry, from the notes to which the follow- 
ing pages have been developed. Further details will be found in his 
Traiti de Oeometrie Superieure. The anharmonic relation, however, had 
been studied by Mobius in his Barycentric Calculus, 1827, under the 
name of “ Doppclschnittsverhaltniss.” 


Digitized by Googl 




ANHAKMONIC PHOPERTIE8 OF CX)NIC8. 281 

Secondly. Let R be at an infinite distance, and RR' must 
be bisected at 0 ; that is, if throutjh any point a chord he drawn 
parallel to the polar of that jxiint^ it will be bisected at the point. 

If the polar of 0 be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infnity (p. 146). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infnity in which its 
ordinates are supposed to intersect. 

This also follows from the equation of the polar of a point 
(Art. 145) 

[ax 4 hy-^g) 4 {hx 4 by 4/) 4- = q. 

Mow, if x'y be a point at infinity on the line my = nx, we must 
make ~ j infinite, and the equation of the polar 

becomes ^ (ax + hy + g) + n (hx 4 by +f) = 0, 
a diameter conjugate to my = nx (Art. 141), 

325. Again, it was proved (Art. 146) that the two tangents 
through any point, any other lino through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since tbe polar of 
any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes, together with any pair of 
conjugate diameters, form a harmonic pencil, and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196). 

326. The anharmonic property of the points of a conic (Art. 
259) gives rl.se to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, smd 
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either one or two of them may be at an infinite distance ; tlie 
fifth point 0, to which the pencil is drawn, may bo also either 
at an infinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will bo 
the tangent at that point; then, again, we may measure the 
anbarraonic ratio of the pencil by the segments on any lino 
drawn across it, which we may, if we please, draw parallel to 
one of the leg;s of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student In developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the g;eneral principle. 

We use the abbreviation {O.ABCD} to denote the anhar- 
monic ratio of the pencil OA, OB, OG, OD. 

Ex. 1. [A.ABCD]’^{B.ABCD]. 

Let these ratios be estimated by the segments. on the line CD; let the 
tangents tX, A, B meet CD in the points T, T', 
and let the chord AB meet CD in K, then the 
ratios are TK.DC KT’ .DC 
TD.KC" KD.r C' 

that is, if any chord CD meet two tangents in 
T, T‘, and their chord of contact in K, 

KC. KT.TD = KD.TK.TC. 

(The reader must be careful, in this and the 
following examples, to take the points of the pencil 
in the some order on both sides of the equation. 

Thus, on the left-hand side of this equation we 
took K second, because it answers to the leg OB 
of the pencil ; on the right hand we take K first, because it answers to 
the leg OA). 

Ex. 2. Let T and T' coincide, then 

KC.TD<-- KD.TC, 

or, any chord through the intersection of two tangents is cut harmonically 
by the chord of contact. 

Ex. 3. Let T' be at an infinite distance, or the secant CD drawn parallel 
to FT', and it will be found that the ratio will reduce to 
TK' - TC.TD. 

Ex. 4. Let one of the points be at an infinite distance, then (O.ABCao } 
is constant, l^t this ratio be estimated on the line C <c . Let the lines 
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AO, BO cut Coo in a, 6; then the ratio of the pencil will reduce to j 

Co 

and we learn, that if two fixed points, A, B, on a hyperbola or parabola, be 
joined to any variable point O, and the joining line meet a fixed parallel to 
an asymptote (if the curve be a hyperbola), or a diameter (if the curve be 
a parabola), in a, b, then the ratio Ca ; Cb will be constant. 

Ex. 6. If the same ratio be estimated on any other parallel line, lines 
inflected firam any three fixed points to a variable point cut a fixed parallel 
to an asymptote or diameter, so that ab-.aew constant. 

Ex. 6. It follows from Ex. 4, that if the lines joining A,B \jo any fourth 
point O' meet C o> in a', b', we must have 

a6 aC 
a'b' a'C 

Now let us suppose the point C to be also at an infinite distance, the line 
C 00 becomes an asymptote, the ratio ab ; a'V becomes one of equality, and 
lines joining two fixed points to any variable point on the hyperbola inter- 
cept on either asymptote a constant portion (p. 179). 


Ex. 7. {A.ABCao}^{B.ABC<a}. 

Let these ratios be estimated on C so ; then if the tangents at A, B, cut 
Coo in a, b, and the chord of contact A Bin 
K, we have Ca CK 
CK° 

(observing the caution in Ex. 1). Or, if any 
parallel to an asymptote of a hyperbola, or 
a diameter of a parabola, cut two tangents 
and their chord of contact, the intercept from 
the curve to the chord is a geometric mean between the intercepts from the 
curve to the tangents. Or, conversely, if a line ab, parallel to a given one, 
meet the sides of a triangle in the points a, b, K, and there be taken on it 
a point C such that CK' •« Ca.Ch, the locus of C will be a parabola, if Ch 
be parallel to the bisector of the base of the triangle (Art. 211), but other- 
wise a hyperbola, to an asymptote of which ab is paralleL 



Ex. 8. Let two of the fixed points be at infinity, 

{oi.AB 00 od'] = [od'.AB eo Ob'] i 

the linos oo od, o>' o>', are the two asymptotes, while ob oo' is altogether at 
infinity. Let these ratios be estimated on the 
diameter OA ; let this line meet the parallels to 
the asymptotes B a, B oo', in a and a ' ; then the 

Or, parallels to the 


ratios become . 

Oa OA 


asymptotes through any point on a hyperbola cut 
any semi-diameter, so that it is a mean proportional 
between the segments on it from the centre. 

Hence, conversely, if through a fixed point 0 
a line be drawn cutting two fixed lines, Ba, Ba', 
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and a point A taken on it so that OA is a mean between Oa, Oa', the 
locus of ^ is a hjrperbola, of which 0 is the centre, and Sa, Ba', parallel 
to the asymptotes. 


Ex. 9. 


{ 00 . AB 00 oo'} = { oo'. AB 00 oc"). 


Let the segments be measured on the asymptotes, and we have 


OJ' 

Oa* 


( O being the centre), or the rectangle under parallels to the asymptotes 
through any point on the curve is constant (we invert the second ratio for 
the reason given in Ex. 1). 


327. Wo next examine some particular cases of the anhar- 
monic property of the tangents to a conic (Art. 275). 

Ex. 1. This property assumes a very simple form, if the curve be a 
parabola, for one tan- 
gent to a parabola is 
always at an inhnite 
distance (Art. 264). 

Hence three fixed tan- 
gents to a parabola T 
cut any fourth in the 
points A, B, C, so that 
AB : AC is always 
constant If the variable tangents coincide in turn with each of the given 
tangents, we obtain the theorem, 

pQ BP Or 
QR~ Pg° rP' 



Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel 
to each other, and let the variable tangent 
coincide alternately with each of the parallel 
tangents. In the first case the ratio is 

— , and m the second . 

JlC JJo 

Hence the rectangle Ab . DV is constant. 

It may be deduced from the enharmonic 
property of the points of a conic, that if the lines joining any point on the 
curve O to A, D, meet the parallel tangents in the points b, b', then the 
rectangle Ab . Db' will be constant. 



328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conics. 

Ex. 1. To prove MacLaurin’s method of generating conic sections 
(p. 233), viz. — To find the locus of the vertex V of a triangle whose sides 
pass through the points A, B, C, and whose base angles move on the fixed 
lines Oa, Ob. 
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Let us suppose four such triangles drawn, then since the pencil 
{C.aa'a"a"'} is the same pencil as 
{C.l6'6"l/"), we have 
faa'a"a"'j = 
and, therefore, 

(A.aa'a"a'"} = 

or, from the nature of the question, 

{A . W V" V"’] . {B. VV V" V "'] ; 
and therefore A, B, V, V, V", V" lie 
on the same conic section. Now if 
the first three triangles he fixed, it 
is evident that the locus of V" is the conic section passing through 
ABVV‘V\ 

Or the reasoning may be stated thus : The systems of lines through A, 
aud through B, being both homographic with the system through C, are 
homographic with each other; and therefore (Art. 297) the locus of the 
intersection of corresponding lines is a conic through A and B. The 
following examples are, in like manner, illustrations of the application of 
this principle of Art. 297. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if 
the side ab, instead of passing through the fixed point C, touch any oonio 
which touches Oa, Oh-, for then any four positions of the base cut Oa, Ob, 
»o that {aa'oV"} = {66'i'i'") (Art 275), 

and the rest of the proof proceeds the same as before. 

Ex. 3. Newton’s method of generating conic sections : — Two angles of 
constant magnitude move about fixed 
points P, Q ; the intersection of two 
of their sides traverses the right lino 
AA'i then the locus of V, the inter- 
section of their other two sides, will 
be a conic passing through P, Q. 

For, as before, take four positions 
of the angles, then 

{P.AA'A’'A'"\={Q.AA'A''A"'] ; 
but(P.AA'A"A'"}=iP. VV V" V''], 

{ Q.AA'A"A"'\ ={Q.Vr'r" V"j, 
since the angles of the pencils are the same ; therefore 
[P.VV'V'V'''} = (Q.VV'V" V"^, 

and, therefore, as before, the locus of V" is a conic through P, Q, V, V, V. 

Ex. 4. M. Chasles has extended this method of generating conic sections, 
by supposing the point A, instead of moving on a right line, to move on any 
conic passing through the points P, Q; for we shall still have 
[P.AA'A"A‘") = {Q.AA’A''A"'}. 
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Ex. 5. The demonstration would be the same if, in place of the angles 
APT, AQP being constant, APV and AQV cut off constant intercepts 
each on one of two fixed lines, for we should then prove the pencil 
{P.AA’A"A-] = {P.VV'VV'"], 

because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides 
on any fixed line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the 
line ab to move on any conic section passing through the points AB, for, 
taking four positions of the triangle, we have, by Art. 276, 

{aa'a"a"] = {bbb’b'"]-, 

therefore, {A . aaa"a"j = { JS . bb'b“b"'), 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersection of com- 
mon tangents to two conic sections ; the extremities of the base ab lie one 
on each of the conic sections, while the sides pass through fixed points A, B, 
one on each of the conics : the locus of the vertex is a conic through A, B. 

The proof proceeds exactly os before, depending now on the second 
theorem proved. Art. 276. We may mention that this theorem of Art. 276 
admits of a simple geometrical proof. Let the pencil j O . ABCD} be drawn 
from points corresponding to {o . ahcJ\. Now, the lines OA, oa, intersect at 
r on one of the common chords of the conics; in like manner, BO, bo, 
intersect in r on the same chord, &c.; hence {rr'r 'r "^ measures the anbar- 
monic ratio of both these pencib. 

Ex. 8. In Ex. 6 the base, instead of passing through a fixed point C, 
may be supposed to touch a conic having double contact with the given 
conic (see Art 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass 
through fixed points, the envelope of that side will be a conic having double 
contact with the given one. 

For, take any four positions of the polygon, then, if a, b, e, &c. be the 
vertices of the polygon, we have 

{oaV'a'") = (bb'b"b'"} = {fc'c"c'"J, &c. 

The problem is, therefore, reduced to that of Art. 277, — “ Given three pairs 
of points, ao'a', dd'd', to find the envelope of a'’'d"', such that 
{aa•a"a•’^ = (dArr'ii"')." 

Ex. 10. To inscribe a polygon in a conic section, all whose sides pass 
through fixed points. 

If we assume any point (a) at random on the conic for the vertex of the 
polygon, and form a polygon whose sides pass through the given points, the 
point z, where the lost side meets the conic, will not, in general, coincide 
with a. If we make four such attempts to inscribe the polygon, we must 
have, as in the last example, 

{aa'a"a'"} = 
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Now, if the laat attempt were successful, the point o'" would coincide with 
s", and the problem is reduced to, — “ Given three pairs of points, ao'a", 
ss't" , to find a point K such that 

{Kaa'a^ = [Ktiz').” 

Now if we make ai'a/ta'z' the vertices of an inscribed hexagon (in the order 
here given, taking an a and z alternately, and 
so that ax, a'z', o"z", may be opposite ver- 
tices), then either of the points in which the 
line joining the intersections of opposite sides 
meets the conic may be taken for the point K. 

For, in the figure, the points A CE are ao'o'', 

DFB are zz'z"; and if we take the sides in 
the order ABCDEF, L, M, N arc the in- 
tersections of opposite sides. Now, since 
{JTPiVX} measures both {D .KACE] and 
\A.KDFB], we have 

[KACE] - {KDFB}. Q.E.D.* 

It is easy to see, from the last example, that IT is a point of contact of 
a conic having double contact with the given conic, to which az, o' s', a"z" are 
tangents, and that we have therefore just given the solution of the question, 
“ To describe a conic touching three given lines, and having double contact 
with a given conic.” 



Ex. 11. The enharmonic property aflbrds also a simple proof of Pascal’s 
theorem, alluded to in the last example. 

AVe have {E .CDFB] = {A ,CDFB\. Now, if we examine the segments 
made by the first pencil on BC, and by the second on DC, we have 
{CRMB\ = 1CD.V.S}. 

Now, if we draw lines from the point L to each of these points, we form two 
pencils which have the three legs, CL, DE, AB, common, therefore the fourth 
legs, NL, LM, must form one right line. In like manner, Brianchon’s 
theorem is derived from the anharmonic property of the tangents. 


Ex. 12. Given four points on a conic, ADFB, and two fixed lines through 
any one of them, DC, DE, to find the envelope of the line CE joining the 
points where those fixed lines again meet the curve. 

The vertices of the triangle CEM move on the fixed lines DC, DE, NL, 
and two of its sides pass through the fixed points, B, F-, therefore, the 
third side envelopes a conic section touching DC, DE (by the reciprocal 
of MacLaurin’s mode of generation). 


* This construction for inscribing a polygon in a conic is due to 
M. Poncelet (IVoite d*x Proprietet Projeetivex, p. 351). The demonstration 
here used is Mr. Townsend’s. It shows that Poncelet’s construction will 
equally solve the problem, “ To inscribe a polygon in a conic, each of whose 
aides shall touch a conic having double contact with the given conic.” The 
conics touched by the sides may be all difierent. 
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Ex. 13. Given four points on a conic ABDE, and two fixed lines, 
AF, CD, passing each through a different one of the fixed points, the line 
CF joining the points where the fixed lines again meet the curve will pass 
through a fixed point. 

For the triangle CFM has two sides passing through the fixed points 
B, E, and the vertices move on the fixed lines AF, CD, NL, which fixed 
lines meet in a point, therefore (p. 266) CF passes through a fixed point. 

The reader will find how the last two theorems are suggested by other 
well-known theorems in the Chapter on Projection. (See Ex. 3 and 4, p. 307.) 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal 
to that of their four conjugates. This is a particular case of Ex. 2, p. 258 
that the anharmonic ratio of four points on a line is the same as that of 
their four polars. We might also prove it directly, from the consideration 
that the anharmonic ratio of four chords proceeding from any point of the 
curve is equal to that of the supplemental chords (Art. 179). 

Ex. 15. A conic circumscribes a given quadrangle, to find the locus of 
its centre. (Ex. 3, p. 143.] 

Draw diameters of the conic bisecting the sides of the quadrangle, their 
anharmonic ratio is equal to that of their four conjugates, but this last ratio 
is given, since the conjugates are parallel to the four given lines; hence the 
locus is a conic passing through the middle points of the given sides. If 
we take the cases where the conic breaks up into two right lines, we see 
that the intersections of the diagonals, and also those of the opposite sides, 
ore points in the locus, and, therefore, that these points lie on a conic pass- 
ing through the middle points of the sides and of the diagonals. 

329. Wo think it unnecessary to go through the theorems, 
which arc only the polar reciprocals of those investigated in 
the last examples ; but we recommend the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a conic. Almost all are embraced in the following theorem : 

If there he ang number of 2 >oaits o, h, c, J, dx. on a right line, 
and a homographic system a', b\ c', <f, dec. on another line, the 
lines joining corresponding ptoints will envelope, a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa', bV, cc', then, by the anharmonic property of the 
tangents of a conic, any other of the lines dl must touch the 
same conic.* The theorem here proved is the reciprocal of 


* In the same case if F, F be two fixed points, it follows from the last 
article that the locus of the intersection of Pd, Fd is a conic through 
•P, F. We saw (Art. 277) that if <i, h, c, d, &c , o', b‘, d, (f be two homo- 
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that proved Art. 297, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P" ; Q., Q re- 
present tangentially two pairs of corresponding points, P+XP, 
Q + \Q represent any other pair of corresponding points ; and 
the line joining them touches the curve represented by the 
tangential equation of tho second order, PQ = PQ. 

Kx. Any transversal through a fixed point P meets two fixed lines OA, 
OA', in the points A A'; and portions of given length Aa, A'a' are taken on 
each of the given lines ; to find the envelope of aa'. Here, if we give the 
transversal four positions, it is evident that CP) = {A'B'C'I/\, and that 
{ABCD] = (aied), and [A'B'C'D'} = [a'bc'd}. 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
bo altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa' 
cannot be at an infinite distance, unless in some position AA' 
can be at an infinite distance, that is, unless P b at an infinite 
distance. Hence we see tbiit in the last example if the trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would bo a parabola. In like manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example. Art. 328. 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and sucb 
that three points taken arbitrarily o', J', c shall correspond to 
three given points a, 6, c of the first line. For let the distances 
of the given points on the first line measured from any fixed 
origin on the line be a, ft, c, and let the distance of any vari- 

graphic aystems of points on a conic, that is to say, such that [ahcd\ always 
= [db'dit), the envelope of dd is a conic having double contact with the 
given one. In the same case, if P, P be fixed points on the conic, the locus 
of the intersection of Pd, P'd is a conic through P, P'. Again, two conics 
ore cut by the tangents of any conic having double contact with both, in 
bomographic systems of points, or such that {abed} = {a'b'c'd\ (Art. 276); 
but it is not true conversely, that if we have two bomographic systems of 
points on different conice, the lines joining corresponding points necessarily 
envelope a conic. 

U 
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able point on the line measured from the same origin be x. 
Similarly let the distances of the points on the second line 
from any origin on that line be a\ 6', c', x\ then, as in Art. 277 , 
we have the equation 

(a — h)[c — x) _ [a‘ — h') [c — x') 

{a — c){b— x) (a — c) {¥ — x') ’ 
which expanded is of the form 

Axx' + Bx + Cx' + /) = 0.* 

This equation enables us to find a point x' in the second line 
corresponding to any assumed point x on the first line, and such 
that [abex] = [a'h'cx']. If this relation be fulfilled, the line 
joining the points x, x' envelopes a conic touching the two given 
lines ; and this conic will bo a parabola if A = 0, since then as 
is infinite when x is infinite. 

The result at which we have arrived may be stated, con- 
versely, thus : Two systems of points^ connected by any relation^ 
toill be homographic, if to one point of either system always cor- 
responds one, and but one, point of the other. For, evidently, 
an equation of the form 

Axx' + Bx + Cx' + Z) = 0 


is the most general relation between x and x that wo can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of x', or vice versa. And when this relation 
is fulfilled, the anharmonic ratio of four points of the first 
system is equal to that of the four corresponding points of the 


second. For the anharmonic ratio 


(x-y) [z-w) 
{x-z) (y-w) 


is unaltered 


* M. Cbaslea states the matter thus ; The points x, x' belong to homo- 
graphic systems, if a, b, a', V being fixed points, the ratios of the distances 
ax : bx, clil : 6V, be connected by a linear relation, such as 


. ax dx' 


0 . 


Denoting,as above, the distances of the points from fixed origins, byo,i,x; 
a!, tt, d, this relation is 

a ■ 


. - - X a' - d 


0 , 


which, expanded, gives a relation between x and x' of the form 
Axd + i?x 4 Cx” 4 J) = 0. 
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if instead of x wc write — -j ^ , and make similar substitu- 

tions for y, m?. 

332. T7ie distances from the origin of a pair of points A, B 
on the axis ofx being given by the equation^ ax* + 2hx + 6 = 0, and 
those of another pair of points A\ B' by a'x* + 2h'x + 6' = 0, to 
find the condition that the two pairs should be harmonically con- 
jugate. 

Let the distances from the origin of the first pair of points 
be a, /3 ; and of the second a', B ; then the condition is 
AA' _ AB' a — a! a — /S' 

'AB~~ If B’ ~ ~ ’ 

* which expanded may be written 

(a + P) [d + /S') = 2a/S + 2a’/S'. 

But a + /S — a/S = -; (a' + /8') — , a'/S' = ^4 • 

a a a a 

I’ho required condition is therefore 

aJ' + a'6-2M' = 0.» 

It is proved, similarly, that the same is the condition that the 
pairs of fines aa* + 26a/S + 6/3”, a’a* + 2/t'a/S + J'/S*, 
should be harmonically conjugate. 

333. If a pair of points ax* + ihx + J, be harmonically con- 
jugate with a pair a'x* + 26'a: + 6', and also with another pair 
o"x* + 2A"x + 6", it will be harmonically conjugate with ‘every 
pair given by the equation 

(a'x* + 2A'x + 6') + X (a"x* + 2A"x + 6") = 0. 

For evidently the condition 

a [V + X6") + 6 (a' + Xa") - 2A (A' + XA") = 0, 
will be fulfilled if we have separately 

oi' + 6a' — 2AA' = 0, ah" + ba" — 2AA" = 0. 

334. To find the locus of a point such dial the tangents from 
it to two given conics may form a harmonic pencil. 

* It can be proved that the anharmonio ratio of the system of four points 
trill be given, if (oV + a'6 - 2AA')' bo in a given ratio to (a6 - A*) (a'6' - hi*), 

U2 
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For simplicity we refer the eonics to their common self-con- 
jugate triangle (Art. 282), and write their equations 
aa’ -1- + C7* = 0, a V + t'/S* -t cy* = 0. 

Now the equation of a pair of tangents from any point to the 
first conic being 

(oa" + + C7'’) (oa* + b^ + 07') = (aaa' + J/ 9 /S' -1- cyy')\ 

if in this we make 7 = 0, the points where the line 7 is met by 
the pair of tangents, are determined from the equation 

a {b^ + cy'^) a* - 2ahd^'aS + b {aoT + 07'’) /S* = 0. 

Forming the condition that this shall form a harmonic system 
with the corresponding pair of points for the second conic, we 
find for the equation of the locus 

db' [b^ + C7*) (aV + cV) + ba' (ft'/S* -I- cV)(oa’ + cy') = 2aba'bV^, 
which expanded and reduced is 

aa' {be' + b'c) a’ + bb' {ca’ + c'a) /9* 4 cc' {ab' 4 a'b) 7* = 0 ; 
a conic having important relations to the two conics, which will 
bo treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree, 
F* = IcSS', where S, S', F, denote the two given conics, and 
that now found. 

335. To find the condition that the line \a 4 4 vy should 

be cut harmonically by the two conics. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(av* 4 cX*) o* — 2cX/xaS 4 (ir* 4 c/**) /9* = 0. 

Forming the condition that this should be harmonically con- 
jugate with the corresponding equation for the second conic, 
we obtain 

(ar* 4 cX’') [b'y' 4 4 (a’v* 4 c'X’) [bv' 4 c/**) = 2cc'XV, 

which reduced is 

{l>c' 4 b’c) X' 4 {cd 4 c'a) fi' + {ab' 4 a'b) v’ = 0. 

The line consequently envelopes a conic.* 

• If substituting in the equations of two conics U, V, for a, \a 4 fia, &c. 
we obtain results 

X’If+ 2X/<P + /.'ir, \T+ 2X^0 + /»’F’, 


Digitized by Google 



ANUAKMONIC PEOPERTIES OF CONICS. 


293 


INVOLUTION. 

336. Two systems of points a, b, c, &c., a', b', c', &c., situ- 
ated on the same right line, will be homog^phie (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Axx + Bx + Cx' + Z> = 0. 


Now this equation not being symmetrical between x and the 
point which corresponds to any point of the line considered as 
belonging to the first system, will in general not be the same 
as that which corresponds to It considered as belonging to the 
second system. Thus, to a point at a distance x considered as 
belonging to the first system, corresponds a point at the dis- 
tance - but considered as belonging to the second 

Cx + D 

system, corresponds - ^ . 

Two homographic systems situated on the same line are 
said to form a system in involution, when to any point of the 
line the same point corresponds whether It be considered as 
belonging to the first or second system. That this should be 
the case it is evidently necessary and sufficient that we should 
have B=C va the preceding equation, in order that the relation 
connecting x and x' may be symmetrical. We shall find it 
convenient to write the relation connecting any two correspond- 
ing pomts A*x’ + //(x + x')+5 = 0; 


and If the distances from the origin of a pair of corresponding 
points be given by the equation 

ox’ + ihx + J = 0, 
we must have Ab + Ba— illh = 0. 


then it U easy to see, as above, that XIV' + U'V- 2PQ, represents the pair 
of lines vrhich can be drawn through so as to be cut harmonically by 
the conics. In the same case (Art. 296), the equation of the system of four 
lines joining to the intersections of the conics, is 

(Ifr+ l7'K-2PQ)* = 4(l7ir'-J»)(FK'-Q*). 

UU'- P* and VV- O' denote the pairs of tangents from to the 
conics. 
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337. It appears, from what has been said, that a system in 
involution consists of a number of pairs of points on a line 
a, a ; b,b'j &c., and such that the anhannonic ratio of any 
four is equal to that of their four conjugates. Tlie expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from {oicaj = {a’i’c'a}, we have 

ab.ca ab'.c'a 
ad. be da, b'c' ’ 

or ab.cd. b'c = — db'. c'a . be. 

The development of such relations presents no difficulty. 

338. The relation Axx' H{x+x') + B = 0, connects the 
distances of two corresponding points from any origin chosen 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance x = a, the given relation becomes 

./I (iC + a) (j:' + a) + i7(x + a;' + 2a) + jB = 0 ; 
or Axx' + [n+ Aa) {x + x')+Ad + 2//a + 5=0. 

And if we determine a, so that H+ Aa = 0, the relation reduces 
to au;' = constant. The point thus determined is called the 
centre of the system ; and we learn that the product of the dis- 
tances from the centre of two corresponding points is constant. 


339. Since, in general, the point corresponding to any point 
SE Is — when Ax + H=0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears frem the relation 
{abcc'\ = {a'6'c'c} , or ^ 

ac.be a'c.b'c’ 


Let c' be infinitely distant, be ultimately = oc', and dc = J'c', 
and this relation becomes ac.de = bc.b'c] or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation connecting the distances from the centre 
may be cither ca.cd — Id or ca.cd = — ld. In the one case 
two conjugate points lie on the same side of the centre ; in the 
other case they lie on opposite sides. 
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340. A point which coincides with its conjugate is called a 

focus of the system. There are plainly two fociff equidistant 
from the centre on either side of it, whose common distance 
from the centre c, is given by the equation Thus, 

when is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By writing 
a: = 35' in the general relation connecting corresponding points, 
we see that in general the distances from any origin of the 
foci are given by tbe equation 

Aa? B=Q. 

341. We have seen (Art. 336) that if a pair of corresponding 
points be given by the equation aa? + ihx + J = 0, we must have 
Ah + Ba — 2llh = 0. Now this equation signides (see Art 332) 
that any two corresponding points are harmonically conjugate 
with the two foci. The same inference may be drawn from 
the relation [aff'a'\ = [a'ff'a]^ which gives 

afa'f ^ a’f.af . 

aa'.ff' a'a.Jf ’ f'a f'd ’ 

or the distance between the foci ff' is divided internally and ex- 
ternally at a and a' into parts which ore in the same ratio. 

Cob. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance ah between any two points of the 
system is equal to ah', the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 
We may take arbitrarily two pairs of points 

acd + 2hx + J, o'u;* + 2h'x + h', 
and we can then determine A, II, B from the equations 
Ah + Ba — 2lIh = Q, Ah' + Bd — 2Hh' = 0. 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given pairs may be represented by an 
equation of the form 

[aa? + 2hx ■+h) + \ {a'x* + 2h'x + h') = 0, 
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since, when A, /T, B are determineJ so as to satisfy the two 
equations written above, they must also satisfy 

A + \b') +B[a + \a') — 2// (A + XA') = 0.* 

The actual values of A, B, J7, found by solving these equations, 
are 2 [ah' — ah) j 2[hl' — h'b), ab' — a'b. Consequently the foci 
of the system determined by the given pairs of points, are 
given by the equation 

(ah' - a'h) x‘ + [ah' - a'b) x + [hb' - h'b) = 0. 

This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 
U = aa? + ihxy + by‘, V = a'x* + 'ilixy + b'y*. 

The equation which determines the foci la then 
^dV_dUdjr_ 

dx dy dy dx 

The foci of a system given by two pairs of points a, a ’ ; 6, b' 
may be also found as follows, from the consideration that 
{afba'] = [a'fb'a], or 

af.ba' a'f.b'a ^ 
a'f.ba q/.iV’ 

whence aj^ : a'f * :: ab.ab' : a'b.a'b'j 

or / is the point where aa' is cut cither internally or externally 

in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such that tlie same relations 
will subsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. Consequently, iy a yjcnciV be drawn from any point to 
six points in involution, any transversal cuts this 2 >vnvil in six 
points in involution. Again, the recijtrocal cf six j>oints in in- 
volution is a pencil in involution. 


* It easily follows from this, that the condition that three pairs of points 
ojr* + 2hi + b, a'j^ + 2A'x + 4', + 2A',i + 4" should belong to a system in 

involution, is the vanishing of the determinant 

a, h, b 
o', A', 4' 
o". A", 4" 
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The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a. — a — /*'y9 belong to a system in involution, if 
A/Mfi ■+ + ft') +B=0', 

and if we are given two pairs of lines 

C7= aa’ 4 ihaB 4 V= a'a’ 4 2h'a^ + b'ff', 
they determine a pencil in involution whose focal lines are 
{ah' - a'h) a* 4 {ah' - a'b) afi 4 {hb' - h'b) /9* = 0, 

da dfi dfi da ' ' 

344. system of conics passing through four fixed points 
meets any transversal in a system of joints in involution. 

- For, if 8^ S' be any two conics through the points, S+'b.S' 
will denote any other ; and If, taking the transversal for axis 
of X and making y = 0 in the equations, we get ajd 4 2ya; 4 c, 
and o'x* 4 ig'x 4 c to determine the points in which the trans- 
versal meets S and S', it will meet S 4 \S' in 

ax* 4 2y® 4- c 4 X {a'sd 4 2g'x 4 c ) , 
a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
g;eomctrIcally as follows : 

By the anharraonic proper- 
ties of conics, 

{a.AdbA'] = [c.AdbA']i 
but if we observe the points 
in which these pencils meet 
A A', we get {JCBA'} = (AB'C'A'} = {A'C'B'A}. 

Consequently the points AA' belong to the system in in- 
volution determined by BB', CC, the pairs of points in which 
the transversal meets the sides of the quadrilateral joining the 
given points. 

Keciprocating the theorem of this article we Icani that, the 
2 >airs of tangents drawn fiwn any point to a system of conics 
touching four fixed lines, form a system in involution. 

345. Since the diagonals ac, bd may be considered as a conic 
through the four points. It follows, as a particular case of the last 
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Article, that any transversal euts the four sides, and the diagonals 
of a quadrilateral in points BB', CG\ DD, which are in invo- 
lution. This property enables us, being given two pairs of points 
BB\ DU of a system in involution, to construct the point con- 
jugate to any other C. For take any point at random, a; join 
ai?, aD, a C ; construct any triangle hed, whose vertices rest on 
these three lines, and two of whose sides pass through B'D\ then 
the remaining side will pass through C, the point conjugate to C. 
The point a may be taken at infinity, and the lines aB, aD, aC 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — “ Through B, D, draw 
any pair of parallel lines Bb^ Be ; and through B\ D\ a difierent 
pair of parallels D'h^ B'c ; then he will pass through the centre 
of the system.” 

£x. 1. If three conics circumscribe the same quadrilateral, the common 
tangent to any two is cut harmonically by the third. For the points of con- 
tact of this tangent are the foci of the system in involution. 

Kx. 2. If through the intersection of the common chords of two conics 
we draw a tangent to one of them, this line will be cut harmonicaUy by the 
other. For in this ease the points Z) and D' in the last figure coincide, and 
will therefore be a focus. 

Ex. 3. If two conics have double contact with each other, or if they have 
a contact of the third order, any tangent to the one is cut harmonically at the 
points where it meets the other, and where it meets the chord of contact. 
For in this case the common chords coincide, and the point where any 
transversal meets the chord of contact is a focus. 

Ex. 4. To describe a conic through four points a, h, e, d, to touch a given 
right line. The point of contact must be one of the foci of the system BB", CC, 
&c., and these points can be determined by Art. 342. This problem, there- 
fore, admits of two solutions. 

Ex. 6. If a parallel to an asymptote meet the curve in C, and any inscribed 
quadrilateral in points aied; Ca.Cc = Cb.Cd. For Cis the centre of the system. 

Ex. 6. Solve the examples, p. 282, &c., as cases of involution. 

In Ex. l,£^isa focus : in Ex. 2, Eisalsoafocus : inEx. 3, 7isacentre,&c. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes 
arc equal. For in this case one focus of the system is at infinity (Cor. Art. 341 ). 

346. If there he a system of conics having a common self-con- 
jugate triangle, any line passing through one of the vertices of 
this triangle is cut hy the system in involution. 
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For, if in aa* + + 07 * we write a = iy9, we get 

{aJc‘ + b)^-^cy\ 

a pair of points evidently always harmonically conjugate with 
the two points where the line meets ^ and 7 , Thus, then, in 
particular, a system of conics touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, p. 1 39). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system. 

Ex. 1 . If two conics U, V touch their common tangents C, 2) in the 
points a, 6, e, d; a', V, e', <f ; a conic S through the points a, 6, c, and touch- 
ing D at d, will have for its second chord of intersection with V, the line 
joining the intersections of A with be, B with ca, C with < 16 . 

Let V meet ab in a, p, then, by this article, since ab passes through an 
intersection of diagonals of ABCD (Ex. 2, p. 228), a,b; a, p belong to a 
system in involution of which the points where ab meets C and I) are con- 
jugate points. But (Art. 346) the common chords of and V meet ab in 
points belonging to this same system in involution, determined by the points 
o, i; a, p, in which S and V meet the line ab. If then one of the common 
chords be X), the other must pass through the intersection of C with ab. 

Ex. 2. If in a triangle there be inscribed an ellipse touching the sides at 
their middle points a, b, e, and also a circle touching at the points a', b', c', 
and if the fourth common tangent D to the ellipse and circle touch the circle 
at d', then the circle described through the middle points touches the in- 
scribed circle at <t. By Ex. 1, a conic described through a, b, c, will touch 
the circle at d, if it also pass through the points where the circle is met by 
the line joining the intersections of A, be; B, ca; C, ab. But this line is in 
this case the line at infinity. The touching conic is therefore a circle. Sir 
W. K. Hamilton has thus deduced Terquem’s theorem (Ex. 4, p. 126) as a 
particular case of Ex. 1 . 

The point d and the line B can be constructed without drawing the 
ellipse. For since the diagonals of an inscribed, and of the corresponding 
circumscribing quadrilateral meet in a point, the lines ab, cd, a'ff, dd, and 
the lines joining AD, BC; AC, BD all intersect in the same point. If then 
a, p, 7 be the vertices of the triangle followed by the intersections of be, b'd j 
ea, e'a'; ab, a'V ; the lines joining a'a, b'p, c'y meet in d. In other words, 
the triangle “/Sy is homologous with abc, db'd, the centres of homology 
being the points d, d. In like manner, the triangle a /37 ** homologous 
with ABC, the axis of homology being the line D. 
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CHAPTER XVII. 

THE METHOD OF PROJECTION.* 

347. We have already several times had occasion to point 
out to the reader the advantage gained by taking notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space (0), the joining lines will form a cone, of which the 
point 0 is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always he projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding poinU on the projection ; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

* This method is the invention of M. Poncelet. See his Traiti des Pro- 
priiles Ptxdectives, published in the year 1822, a work which, I believe, may 
be regarded as the foundation of the Modem Geometry. In it were taught 
the principles, that theorems concerning infinitely distant points may be ex- 
tended to finite points on a right line ; tliat theorems concerning systems of 
circles may be extended to conics having two points common ; and that 
theorems concerning imaginary points and lines may be extended to real 
points and lines. 
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348. Any plane curve will always he projected into another 
curve of the same deyree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, C, Z), &c. the projection will 

be cut by the projection of that right line in the same number of 
corresponding points, a, J, c, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. It AB meet the curve in some real and 
some imaginary points, ab will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will be projected into a tangent to 
the other. 

For, any line AB on one curve must be projected into the 
line ab joining the corresponding points of the projection. Now, 
if the points A, B, coincide, the points a, &, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other *In any 
number of points, their projections will touch each other in the 
same number of points. 

.349. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB, then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the piano of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an Infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meeting in a 
point on the line DF, where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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pass through a point in general at a finite distance ; and again, 
that all the points at {njhuty on any plane may be considered as 
lying on a right line, since we have showed, that the projection 
of any point in which parallel lines intersect must lie somewhere 
on the right line DF in the plane of projection. 

350. We sec now, that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, “ if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line.” Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal’s and Brianchon’s 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they arc 
true for all conic sections. 

351. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line [ABCD], be- 
ing measured by the ratio of the pencil [O.ABGD] drawn to the 
vertex, must be the same as that of the four points [aied], where 
this pencil is cut by any transversal. Again, if there be an 
equation between the mutual distances of any number of points 
in a right line, such as 

AB.CD.EF+ h.AG.BE.DF+ I.AD.GE.BF+ &c. = 0, 
where in each term of the equation the same points are men- 
tioned, although in different orders, this property will bo projec- 
tive. For (see Art. 311) if for AB we substitute 

OA . OB. sin A OB . 

OP 

each term of the equation will contain OA .OB.OG.OD.OE.OF 
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in the numerator, and OP“ in the denominator. Dividing, then, 
hy these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points A, B, O', 
Z), Ef F, need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points bo so taken that after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP. OP. OP\ &c. Thus, for example, “ If lines meeting in a 
point and drawn through the vertices of a triangle meet the 
opposite sides in the points a, b,c, then Ab.Bc.Ca — Ac.Ba.Cb." 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point G projected to an infinite distance, then 
AC, BG, Cc are parallel, and the relation becomes 

Ab .Bc = Ac.Ba, 

the truth of which is at once perceived on making the figure. 

352. It appears from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simjjlest figure into which the given 
figure can be projected ; e.g. for one in which any line of tho 
given figure is at an Infinite distance. 

Thus, if it were required to investigate tho harmonic pro- 
perties of a complete quadrilateral ABCD, whose opposite sides 
intersect in E, F, and the intersection of whose diagonals is O, 
wo may join all tho points of this figure to any point in space 0, 
and cut the joining lines by any plane parallel to OEF, then 
EF is projected to infinity, and we have a new quadrilateral, 
whoso sides ah, cd intersect In e at infinity, that is, are parallel ; 
while ad, be intersect In a point/ at infinity, or are also parallel. 
We thus see that any quadrilateral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, tho diagonal ac is cut harmonically in the 
points a, g, c, and tho point where It meets the line at in- 
finity rf. Hence AB is cut harmonically in the points A, Q, C, 
and where it meets EF. 

Ex. If two triangles ABC, ABC, be such that the points of inteiseo- 
tion of AB, A'B ; BC, BC-, CA, C A •, lie in a right line, then the lines 
AA, BB, CC meet in a point 
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Project to infinity the line in which AB, A'S", &c., intersect; then the 
theorem becomes : “ If two triangles abc, a'b'tf have the aides of the one re- 
spectively parallel to the sides of the other, then the lines ad, bb‘, c& meet 
in a point.” But the truth of this latter theorem is evident, since aa\ bb 
both cut cd in the same ratio. 

353. In order not to interrupt the account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second deg^ree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

eftven any conic section and a point in its plane, we can prcyect 
it into a circle, of which the projection of that point is the centre, 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154). 

Ayiy two conic sections may he projected so as both to become 
circles, for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to Infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conics tohich have double contact with each other may 
be projected into concentric circles. For we have only to project 
one of them into a circle so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 
deriving properties of conics from those of the circle, or from 
other more particular properties of conics. 

Kx. 1. “A line through any point is cut harmonically by the curve and 
the polar of that point." This property and its reciprocal are projective pro- 
perties (Art. 351), and both being true for the circle, are true for every 
conic. Hence all the properties of the circle depending on the theory of 
poles and polars are true for all the conic sections. 

Ex. 2. The enharmonic properties of the points and tangents of a conic 
are projective properties, which, when proved for the circle, as in Art. 312, are 
proved for all conics. Hence, every property of the circle which results 
from either of its enharmonic properties is true also for all the conic sections. 
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Ex. 3. Carnot’s theorem (Art. 313), that if a conic meet the sides of a 
triangle, Ab.AV .Bc.B&.Ca.Ca’ = Ae.Ai/.Ba.Ba'.Cb.CV, 
is a projective property which need only be proved in the case of the circle, 
in which case it is evidently true, since Ab.Ab" - Ae.Ac, &c. 

The theorem is evidently true, and can be proved in like manner for any 
polygon. 

Ex. 4. From Ciamot’s theorem, thus proved, could be deduced the proper- 
ties of Art. 148, by supposing the point Cat an infinite distance ; we then hare 
Ab.Ab' Ba.Ba 
Ac . Ac Be . B<^ * 
where the line Ab is parallel to Ba. 

Ex. 6. Given two concentric circles. Given twoconics havingdouble con- 
any chord of one which touches the tact with each other, any chord of one 
other is bisected at the point of con- which touches the other is cut harmo- 
tact. nically at the point of contact, and 

where it meets the chord of contact 
of the conics. (Ex. 3, p. 298.) 

For the line at infinity in the first case is projected into the chord of 
contact of two conics having double contact with each other. Ex. 4, p. 209, 
is only a particular case of this theorem. 

Ex. 6. Given three concentric cir- Given three conics all touching each 
cles, any tangent to one is cut by the other in the same two points, any tan- 
other two in four points whose anhar- gent to one is cut by the other two in 
monic ratio is constant. four points whose anharmonic ratio 

is constant. 

The first theorem is obviously true, since the four lengths are constant. 
The second may be considered as an extension of the anharmonic property of 
the tangents of a conic. In like manner, the theorem (In Art. 276) with re- 
gard to anharmonic ratios in conics having double contact is immediately 
proved by projecting the conics into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal’s 
theorem for the case of a circle, but, by the, help of Art. 349, we may still 
further simplify our figure, for we may suppose the line joining the intersec- 
tion of A B, DE, to that of BC, EF, to pass off to infinity ; and it is only neces- 
sary to prove that, if a hexagon be inscribed in a circle having the side AB 
parallel to DE, and BC ta EF, then CD will be parallel to AF-, but the 
truth of this can be shown from elementary considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose aides pass through 
fixed points, to find the envelope of the third (p. 236). Let the line joining 
the fixed points be projected to infinity, and at the same time the conic into 
a circle, and this property becomes, — “ A triangle is inscribed in a circle, two 
of whose sides are parallel to fixed lines, to find the envelope of the third.” 
But this envelope is a concentric circle, since the vertical angle of the triangle 
is given; hence, in the general case, the envelops is a conic touching the 
given conic in two points on the line joining the two given points. 

X 
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Ez. 9. To inzestigate the projectize properties of a quadrilateral inscribed 
in a conic. Let the conic be projected into a circle, and the quadrilateral 
into a parallelogram (Art. 352). Now the intersection of the diagonals of a 
parallelogram inscribed in a circle is the centre of the circle; hence the in- 
tersection of the diagonals of a quadrilateral inscribed in a conic is the pole 
of the line joining the intersections of the opposite sides. Again, if tangents 
to the circle be drawn at the vertices of this parallelogram, the diagonals of 
the quadrilateral so formed will also pass through the centre, bisecting the 
angles between the first diagonals ; hence, “ the diagonals of the inscribed 
and corresponding circumscribing quadrilateral pass through a point, and 
form a harmonic pencil.” 

Ez. 10. Given four points on a Given four points on a conic, the 
conic, the locus of its centre is a conic locus of the pole of any fixed line is a 
through the middle points of the conic passing through the fourth har- 
sides of the given quadrilateraL monic to the point in which this line 

meets each side of the given quadri- 
lateraL 

Ez.Il. The locus of the point where If through a fized pointO a line be 
parallel chords of a circle are cut in a drawn meeting the conic in A, B, and 
given ratio is an ellipse having double on it a point P be taken, such that 
contact with the circle. (Art. 163.) [OABP] may be constant, the locus 

of P is a conic having double contact 
' with the given conic. 

355. We may project several properties relating to foci by 
the help of the definition of a focus given page 242, viz. that 
if be a focus, and A, B the two imaginary points in which 
any circle is met by the lines at infinity ; then FA, FB are 
tangents to the conic. 

Ez. 1 . The locus of the centre of a If a conic be described through two 
circle touching two given circles is a fixed points A, B, and touching two 
hyperbola, having the centres of the given conics which also pass through 
given circles for foci. those points, the locus of the pole of 

./IP is a conic touching the four lines 
CA, CB, CA, CB, where C, C, are 
the poles of ABvi\\h regard to the 
two given conics. 

In this example we substitute for the word * circle,’ “ conic through two 
fixed points A, B” (Art 257), and for the word ‘ centre,’ “ pole of the line 
AB.” (Art 154.) 

Ez. 2. Given the focus and two Given two tangents, and two points 
points of a conic section, the intersec- on a conic, the locus of the intersec- 
tion of tangents at those points will tion of tangents at those points is a 
be on a fixed line. (Art 191.) right line. 
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Ex. 3. Given a focus and tvo tan- Given two fixed points A, B ; two 
gents to a conic, the locus of the other tangents FA,FB passing one through 
focus is a right line. (This follows each point, and two other tangents to 
from Art. 189.) a conic ; the locus of the intersection 

of the other tangents from A, B,ia & 
right line. 

Ex. 4. Given a triangle circumscrib- Given two triangles circumscrib- 
ing a parabola ; the circle circumscrib- ing a conic, their six vertices lie on 
ing the triangle passes through the the same conic, 
focus, p. 193. 

For if the focus be F, and the two circular points at infinity A, B, the 
triangle FAS is a second triangle whose three sides touch the parabola. 

Ex. 6. The locus of the centre of a Given one tangent, and three points 

circle passing through a fixed point, on a conic, the locus of the intersec- 
and touching a fixed line, is a parabola tion of tangents at any two of these 
of which the fixed point is the focus, points is a conic inscribed in the 

triangle formed by those points. 

Ex. 6. Given four tangents to a Given four tangents to a conic, the 
conic, the locusof the centre is the line locus of the pole of any line is the line 
joining the middle points of the dia- joining the fourth harmonica of the 
gonals of the quadrilateral. points where the given line meets the 

diagonals of the quadrilateral. 

It follows from our definition of a focus, that if two conics have the same 
focus, this point will be an intersection of common tangents to them, and will 
possess the properties mentioned at the end of Art. 264. Also, that if two 
conics have the same focus and directrix, they may be considered as two conics 
having double contact with each other, and may be projected into concentric 
circles. 

356. Since angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a: = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is x’-|-y* = 0, or 

®+yV— 1 = 0> *— yV— 1 = 0. 

Ilenco (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points. A, B, C, D, of a line cut harmonically, 
where A, B may be real or imaginary, if these points bo trans- 
ferred by a real or imaginary projection, so that A, B may 

X2 
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become the two imaginary points at infinity on any circle, then 
any lines through (7, D will be projected into lines at right 
angles to each other. Conversely, any ttco lines at right angles 
to each other will be projected into lines which cut harmonically 
the line joining the two jixed points which are the projections of 
the imaginary points at infinity on a circle. 

Ex. 1. The tangent to a circle is at AnychordofaconicUcutharmoni* 
right angles to the radius. cally hy any tangent, and hy the line 

joining the point of contact of that 
tangent to the pole of the given chord. 
(Art. 146.) 

For the chord of the conic is supposed to be the projection of the line at 
infinity on the plane of the circle ; the points where the chord meets the conic 
will be the projections of the imaginary points at infinity on the circle ; end the 
pole of the chord will be the projection of the centre of the circle. 

£x.2. Any right line drawn through Any right line through a point, the 

the focus of a conic is at right angles line joining its pole to that point, and 
to the line joining its pole to the focus, the two tangents from the point, form 
(Art. 192.) a harmonic pencil. (Art. 146.) 

It is evident that the first of these properties is only a particular case of 
the second, if we recollect that the tangents from the focus are the lines join- 
ing the focus to the two imaginary points on any circle. 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the locus of 
the pole of a given line with regard to a system of confocal conics. Being 
given the two foci, we are given a quadrilateral circumscribing the conic 
(Art. 279); one of the diagonals of this quadrilateral is the line joining the foci, 
therefore (Ex. 6) one point on the locus is the fourth harmonic to the point 
where the given lii^e cuts the distance between the foci. Again, another 
diagonal is the h'ne at infinity, and since the extremities of this diagonal are 
the points at infinity on a circle, therefore by the present Article, the locus 
is perpendicular to the given line. The locus is, therefore, completely 
determined. 

Ex. 4. Two confocal conics cut each If two conics be inscribed in the 

other at right angles. same quadrilateral, the two tangents 

at any of their points of intersection 
cut any diagonal of the circumscribing 
quadrilateral harmonically. 

The last theorem is a case of the reciprocal of Ex. 1, p. 298. 

Ex. 6. The locus of the intersection The locus of the intersection of tan- 
of two tangents to a central conic, gents to a conic, which divide harmo- 
which cut at right angles, is a circle, nically a given finite right line AB, 

is a conic through A, B. 
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The last theorem may, by Art. 146, be stated otherwise thus ; *' The locus 
of a point O, such that the line joining O to the pole of AO may pass through 
£, is a conic through A, and the truth of it is evident directly, by taking 
four positions of the line, when we see, by Ex. 2, p. 258, that the anharmonic 
ratio of four lines, AO,)a equal to that of four corresponding lines, BO. 


Ex. 6. The locus of the intersection 
of tangents to a parabola, which cut 
at right angles, is the directrix. 


If in the last example A S touch the 
given conic, the locus of O will be the 
line joining the points of contact of 
tangents from A, B. 


Ex. 7. The circle circumscribing a Given two triangles, both self- 
triangle self-conjugate with regard conjugate with regard to a conic ; 
to an equilateral hyperbola, passes their six vertices lie on a conic, 
through the centre of the curve. 

(p. 202.) 

The fact that the asymptotes of an equilateral hyperbola are at right angles, 
may be stated, by this article, that the line at infinity cuts the curve in two 
points which are harmonicsdly conjugate with respect to A, B, the imaginary 
circular points at infinity. And since the centre C'is the pole of AB, the 
triangle CAB is self-conjugate with regard to the equilateral hyperbola. It 
follows by reciprocation, that the six sides of two self-conjugate triangles 
touch the same conic. 


Ex. 8. If from any point on a conic If a harmonic pencil be drawn 
two lines at right angles to each other through any point on a conic, two legs 
be drawn, the chord joining their ex- of which arc fixed, the chord joining 
tremities passes through a fixed point, the extremities of the other legs will 
(p. 165.) pass through a fixed point. 

In other words, given two points, n, c, on a conic, and [abed] a harmonic 
ratio, bJ will pass through a fixed point, namely, the intersection of tangents 
at a, c. But the truth of this may be seen directly : for let the line ac meet 
bd in K, then since [a.abcd] is a harmonic pencil, the tangent at a cuts bd in 
the fourth harmonic to K : but so likewise must the tangent at c, therefore 
these tangents meet bd in the same point As a particular case of this theorem 
we have the following ; “ Through a fixed point on a conic two lines are 
drawn, making equal angles with a fixed line, the chord joining their extre- 
mities will pass through a fixed point” 


357, A system of pairs of right lines draion through a point, 
every two of which make equal angles with a fixed line, cuts the 
line at infinity in a system of points in involution, of which the 
two points at infinity on any circle form one pair of conjugate 
points. For they evidently cut any right line in a system of 
points in involution, the foci of which are the points where the 
line is met by the given internal and external bisector of every 
pair of right linos. The two points at infinity just mentioned 
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belong to the system, since they also are cut harmonically by 
these bisectors. 


The tangents from any point to a 
system of confocal conics make equal 
angles with two fixed lines. (Art.I89.) 


The tangents from any point to a 
system of conics inscribed in the same 
quadrilateral cut any diagonal of that 
quadrilateral in a system of points in 
involution of which the two extremi- 
ties of that diagonal are a pair of con- 
jugate points. (Art. 344.) 


358. Two lines which contain a constant angle, cut the line 
joining the two points at infinity on a circle, so that the anhar- 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle 6 being 
x = 0, y = 0, the direction of the points at infinity on any circle 
is determined by the equation 

3? + y‘ + 2xy cos 0 = 0; 

and, separating this equation into factors, we see, by Art. 57, that 
the anharmouic ratio of the four lines is constant if 6 be constant. 


Ex. 1. “ The angle contained in the same segment of a circle is constant.” 
We see, by the present Article, that this is the form assumed by the anhar- 
monic property of four points on a circle when two of them are at an infinite 
distance. 


Ex. 2. The envelope of a chord of a 
conic which subtends aconstant angle 
at the focus is another conic having 
the same focus and the same directrix. 


Ex. 3. The locus of the intersection 
of tangents to a parabola which cut at 
a given angle is a hyperbola having 
the same focus and the same directrix. 


Ex. 4. If from the focus of a conic a 
line be drawn making a given angle 
with any tangent, the locus of the point 
where it meets it is a circle. 


If tangents through any point O 
meet the conic in T, T‘, and there be 
taken on the conic two points A, B, 
such that (O.vtjTB 7”) is constant, the 
envelope otABis a conic touching the 
given conic in the points T, V. 

If a finite line A B, touching a conic, 
be cut by two tangents in a given en- 
harmonic ratio, the locus of their in- 
tersection isaconictouchingthe given 
conic at the points of contact of tan- 
gents from A, B. 

If a variable tangent to a conic meet 
twofixed tangents in T, V, and a fixed 
line in M, and there be taken on it a 
point P, such that [PTMT'^ maybe 
constant, the locus ofP is a conic pass- 
ing through the points where the fixed 
tangents meet the fixed line. 


Digitized by Google 



THE METHOD OF PBOJECTION. 


311 


A particular case of this theorem is : “ The locus of the point where 
the intercept of a Tariable tangent between two fixed tangents is cut in 
a given ratio, is a hyperbola whose asymptotes are parallel to the fixed 
tangents.” 

Ex. 5. If from a fixed point O, OP Given the anharmonic ratio of a 
be drawn to a given circle, and the pencil,threeofwhoselcgspassthrough 
angle TPO he constant, the envelope fixed points, and whose vertex moves 
of TP is a conic having O for its focus, along a given conic, passing through 

two of the points ; the envelope of the 
fourth leg is a conic touching the lines 
joining these two to the third fixed 
point. 

A particular case of this is; “If two fixed points A, B, on a conic be 
joined to a variable point P, and the intercept made by the joining chords 
on a fixed line he cut in a given ratio at M, the envelope of PM is a conic 
touching parallels through A and B to the fixed line.” 

Ex. 6. If &om a fixed point O, OP Given the anharmonic ratio of a 
be drawn to a given right line, and the pencil, threeofwhoselegspass through 
angle TPO he constant, the envelope fixed points, and whose vertex moves 
of TP is a parabola having O for its along a fixed line, the envelope of the 
focus. fourth leg is a conic touching the three 

sides of the triangle formed hy the 
given points. 

359. Wc have now explained the geometric method by 
which from the properties of one figure may be derived those 
of another figure which corresponds to it, (not as in Chap. XV. 
so that the points of one figure answer to the tangents Of the 
other, but) so that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the other. 
Ail this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear co-ordinates, 
referred to a triangle whose sides are o, J, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides arc a', A', c’, we get a new curve of the same degree 
as the first ;* and the same equations which establish any pro- 
perty of the first curve will, when differently interpreted, establish 

* It U easy to see, that the equation of the new curve referred to the old 
triangle, is got hy substituting in the given equation for », /3, 7 ; mfi + ny, 
fa 4 m'P 4 n'7, t’a 4" m”/3 4 n"7 ; where U 4 m/3 4 ny represents the line 
which is to correspond to a, &c. For fuller information on this method of 
transformation, see Higher Plane Curvet, Chap. VI. 
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a corresponding property of the second. In this manner a 
right line in one system always corresponds to a right line in 
the other, except in the case of the equation aa + + cy = 0 , 

which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a'o 4 4 c' 7 , 

which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear co-ordinates the reader can hardly have failed to take 
notice, how the method itself teaches him to generalize all 
theorems in which the line at infinity is concerned. Thus 
(see p. 241) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are given, this 
is done by finding tbe locus of the pole of the line at infinity 
aa 4 6/9 4 C 7 , and the very same process gives the locus under 
the same conditions of the pole of any line \a 4 /i/9 4 F 7 . 

We saw (Art. 59) that the anharmonic ratio of a pencil 
P— kP, P— IP, &c. depends only on the constants k, I, and is 
not changed if P and P are supposed to represent different right 
lines. We can infer then that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio is the same. 

An equation, S=0, which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

54 (oa 4 6/9 4 C 7 ) (\« 4 m/9 4 »v) = 0, 

all curves of the second system answering to circles in the 
first will have common the two points common to S and 
oa 4 6/9 4 07 . 

360. In this way we are led, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poncelct’s great work consists. The 
principle of continuity (in virtue of which properties of a figure 
in which certain points and lines are real, are asserted to be 
true even when some of these points and lines are imaginary,) 
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is more easily established on analytical than on purely geo- 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, so im- 
portant in pure geometry. The processes for example by which, 
in Chap. xiv. we obtained the properties of systems of conics 
represented by equations of forms S=kafi or 8=ka* are un- 
affected, whether we suppose a and /S to meet 8 in real or 
imaginary points. And though from any given property of a 
system of circles, we can obtain, by a real projection, only a 
property of a system of conics having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it at the same time for conics 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
points on the other. Thus, for example, a* + /S' = 7 * denotes a 
curve met by 7 in imaginary points ; but if we substitute for 
o, /3; P± Q V(— 1)) and for 7 , iZ, where P, Q, R denote right 
lines, we get a curve met in real points by R the lino corre- 
sponding to 7 . 

The chief difference in the application of the method of 
projections, considered geometrically and considered algebrai- 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a partieular 
case. 


THEORY OF THE SECTIONS OP A CONE. 

361. ITie sfctions of a cone hy parallel planes are similar. 
Let the line joining the vertex 0 to any fixed point A in one 
plane, meet the other in the point a ; and let radii vectores be 
drawn from A, a, to any other two corresponding points P, h. 
Then, from the similar triangles OAB, Oab, AD is to ah in the 
constant ratio OA : Oa; and since every radius vector of the 
one curve is in a constant ratio to the corresponding radius 
vector of the other, the two curves are similar (Art. 233). 
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CoK. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. This 
is evident as before : we may, if we please, suppose the points 
A, o, the centres of the curves. 

362. The sections of a cone^ standing on a drcxdar base, may 
be either an ellipse, hyperbola, or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly tbe 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane { OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the sectionLf&A 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper: the line RS, in which the 
section meets the base, is, therefore, 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN, in which the 
section cuts the plane OAB to meet 
both the sides OA, OB, as in the figure, on the same side of 
the vertex. 

Now let a plane p.arallel to the base be drawn at any other 
point s of the section. Then wc have (Euc. III. 35) the square 
of RS, the ordinate of the circle, = AA.A2?, and in like manner 
rs' = ar.rb. But from a comparison of the similar triangles 
ARM, arM', BRX, brX, it can at once be proved that 

AR.RB : 3IR.RN :: ar.rb : Mr.rN. 

Therefore RS' -. rs* v. MR . RN : Mr . rX. 

Hence the section MSsN is such that the square of any ordinate 
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rs is to the rectangle under the parts in which it cuts the line 
MX in the constant ratio US' : Mil. UN. 

Hence it can immediately be inferred 
(Art. 149) that the section is an ellipse, 
of which MN is the axis major, while 
the square of the axis minor is to MN* 
in the given ratio 

RS * : MR.RN. 

Secondly. Let MN meet one of the 
sides OA produced. Tlie proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate rs in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MN pro- 
duced. The learner will have no difficulty 
in proving that the locus will in this 
case be a hyperbola, consisting evidently of the two opposite 
branches NsS, Ms'S'. 

Thirdly. Let the line MN be jmrallel 
to one of the sides. In this case, since 
AR = ar, and R£ : rb it RN : rN, we have 
the square of the ordinate rs(=ar.rb) to 
the abscissa rN in the constant ratio 

RS*{=AR.RB) : RN. 

The section is therefore a parabola.* 

* Those who first treated of conic sections only considered the case when 
a right cone is cut by a plane perpendicular to a side of the cone : that is to 
say, when MN is perpendicular to OB. Conic sections were then divided into 
sections of a right-angled, acute, or obtuse-angled cone ; and according to 
Eutochius, the commentator on Apollonius, were called parabola, ellipse, or 
hyperbola, according as the angle of the cone was equal to, less than, or ex- 
ceeded a right angle. (See the passage cited in full, B'aUon's Examples, 
p. 428.) It was Apollonius who first showed that all three sections could be 
made from one cone ; and who, according to Pappus, gave them the names 
parabola, ellipse, and hyperbola, for the reason stated, p. 176. The autho- 
rity of Eutochius, who was more than a century later than Pappus, may not 
be very great, but the name parabola was used by Archimedes, who was 
prior to Apollonius. 
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363. It is evident that the projections of the tangents at the 
points B oi the circle are the tangents at tlie points M, N of 
the conic section (Art. 348) ; now in the case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an uifinite distance. 

364. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line 0 C, perpendicular to 
the plane of the circle A QSB. Now let 
the section meet the base in any line QS, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the 
line MN, then the proof proceeds exactly 
as before ; we have the square of the ordi- 
nate RS equal to the rectangle LR.RK) 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- 
ing it too complicated), we have the square 
of any other ordinate, rs, equal to the corresponding rectangle 
Ir.rk", and we then prove by the similar triangles KR2f, hrM\ 
LRN, IrN, in the plane OLK, exactly as in the case of the right 
cone, that RS ‘‘ : rs‘, as the rectangle under the parts into which 
each ordinate divides MN, and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, a hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given QS is supposed to intersect the eircle 
in real points ; if it did not, we have only to take, instead of the 
eircle AB, any other parallel eircle ab, which does meet the sco 
tlou in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems 
though they are evident by the principle of continuity. 

I. If a circular section he cut by any plane in a line QS, 
the diameters conjugate to QS in that gdane, and in the plane of 
the circle, meet QS in the same point. When qs meets the circle 


o. 
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in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle 
point r. Wo have therefore only 
to examine the case where QS does 
not meet in real points. It was 
proved (Art 361) that the diameter 
df which hisects chords, parallel to 
js, of any circular section, will ho 
projected into a diameter DF bi- 
secting the parallel chords of any 
parallel section. The locus there- 
fore of the middle points of all chords of the cone parallel to qa 
is the plane Odf. The diameter therefore, conjugate to QS in 
any section is the intersection of the plane Odf with the plane of 
that section, and must pass through the point R in which QS 
meets the plane Odf 

II. In the same case, if the diameters conjugate to QS tn the 
circle, and in the other section, he cut into segments RD, RF; Rg, 
Rk ; the rectangle DR.RF is to gR.Rk as the square of the diar 
meter of the section parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points ; since rs* = dr. rf. In general, we have just proved that 
the lines gk, df, DF, lie in one plane passing through the vertex. 
The points D, d are therefore projections of g ; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr.rf : DR.RF i: gr.rk : gR.Rk', 
and since dr.rf isio gr.rk as the squares of the parallel semi- 
diameters, DR.RF \a to gR.Rk in the same ratio. 

If the section gskq and the lino QS be given, this theorem 
enables us to find DR.RF, that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through QS. 

366. Given any conic gskq and a line TL in its plane not 
cutting it, we can project it so that the conic may become a circle, 
and the line may he projected to infinity. 

To do this, it is evidently necessary to find 0 the vertex of 
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a cone standing on the given conic, and such that its sections 
parallel to the plane OTL shall be circles. For then any of 
these parallel sections would bo a projection fulfilling the con- 
ditions of the problem. Now it follows, from the theorem last 
proved, that the distance OL is given : for, since the plane OTL 
is to meet the cone in an infinitely small circle, OL‘ is to gL.Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to TL^ since it is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the position of the point 0, which 
may lie anywhere in a known circle in the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching the 
plane of any section, the point of contact will he a focus of that 
section, and the corresponding directrix will be the intersection of 
the plane of the section with the plane of contact of the cone with 
the sphere. 

Let a sphere be both inscribed and cxscribed between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line meet the planes 
of contact in l>d, then we have PD = PF, 
since theyare tangents to the same sphere, and, 
similarly, Pd = PF, therefore PF+ PF' = Dd, 
which is constant. The point (i?) where FF 
meets AB produced, is a point on the direc- 
trix, for by the property of the circle, NFMR 
is cut harmonically, therefore is a point on the polar of F. 

It is not difiScult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cor. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and NO is 
constant, being equal to the difference between MF' and NF,* 

* By the help of this principle, Mr. Muleahy showed how to derive pro- 
perties of angles subtended at the focus of a conic from properties of small 
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ORTHOGONAL PROJECTION. 

368. If from all the points of any figure perpendiculars be 
let fall on any plane, their feet will trace out a figure which is 
called the orthogonal projection of the given figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
l^rojections on any plane. 

For (see fig. p. 3) MM' represents the orthogonal projection 
of the line PQ, and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected, are equal to their orthogonal 
projections. 

For, since the intersection of the planes is Itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will be proved, in Chap, xix., that if two figures be such that 
the ordinate of one is in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in the 
same ratio. 


circles of s sphere. For example, it is known that if through any point P, 
on the surface of a sphere, a great circle be drawn, cutting a small circle in 
the points A, B, then tan ^A P tan iBP is constant. Now, let us take a cone 
whose base is the small circle, and whose vertex is the centre of the sphere, 
and let us cut this cone by any plane, and we learn that “ if through a point 
p, in the plane of any conic, a line be drawn cutting the conic in the points 
a, b, then the product of the tangents of the halves of the angles which ap, 
bp subtend at the vertex of the cone will be constant.” This property will be 
true of the vertex of any right cone, out of which the section can be cut, and, 
therefore, since the focus is a point in the locus of such vertices, it must be 
true that tan ia/p tan Ib/p is constant (see p. 197.) 
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Any ellipse can he orthogonally projected into a circle. 

For, if we take the interaection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 


= - , then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will 
be shortened in the ratio 6 : a ; the projection will, therefore 
(Art. 163), be a circle, whose radius is b. 


369. We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 6, 


p. 205.* 

Let the sides of the triangle be a, /9, y, and its area A, then, 
by elementary geometry. 




a0y 
4A ' 


Now let the ellipse be projected into a circle whose radius is by 
then, since this is the circle circumscribing the projected triangle, 
we have 

4A'* 


But, since parallel lines are in a constant ratio to their projec- 
tions, we have a! \ av.b :b'y 

J", 

i-.y.-.b-.b'"-, 

and, since (Art. 368) A’ is to A as the area of the circle (= ttJ*) 
to the area of the ellipse (= waJ), (see chap, xix.) we have 

A' •. A b a. 


Hence 


g'/Q'y «/9y 

4^' • 4A 


ab * : Vb"b"'y 


and, therefore. 


b’b"b‘" 

ah 


* lliii proof of Mr. MacCuUogh’i theorem is due to Dr. Graves. 
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CHAPTER XVIII. 


INVARIANTS AND COVARIANTS OF SYSTEMS OF CONICS. 

370. It was proved (Art. 250) that if 8 and S' represent 
two conics, there are three values of k for which kS + S' re- 
presents a pair of right lines. Let 

S = ax" + + cz" + 2jyz + 2gzx + 2hxy, 

S' = oV + b'y* + c'z" 4- 2f'yz + 2g'zx + 2h'xy. 

We also write 

A = ahe + 2fgh — of" — hg" — ch", 

A' = a'JV + 2f'g'h' - df" - Vg^" - ch'\ 

Then the values of k in question are got by substituting ka + a', 
kb + V, &c. for a, h, &c. in A = 0. We shall write the resulting 
cubic A^” + oZ:* + 0'/fc+A' = O. 

The value of O, found by actual calculation, is 
(6c -f) a'+ (ca-g‘) b'+(ab- h") c' 

+ 2{gh- af)f + 2 [hf- bg)g'+2\Jg- ch) h ' ; 
or, using the notation of Art. 151, 

Ad 4 .C6' + Cc + 2Ff Jr2Gg' + 2Hh ' ; 

or, again, 

’ „dA 


,dA ,,dA ,dA 


,dA ,,dA 
• + 4 


dc df'^^' dg ' '* dh ’ 


as is also evident from Taylor’s theorem. The value of e’ is 
got from 0 by interchanging accented and unaccented letters, 
and may be written 

O = Aa4"-B64"f/c4" 2F f-^2 G'g 4- 2H'h, 

If we eliminate k between kS+ S' = 0, and the cubic which 
determines the result 

AS'"-e8'"S-\^ Q'S'S"-A'S" = 0, 

(an equation evidently of the sixth degree,) denotes the three 
pairs of lines which join the four points of intersection of the 
two conics (Art. 238). 
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Ex. To Hud the locus of the intersection of normals to a conic, at the 
extremities of a chord which passes through a given point a/3. Let the 

curve be S = 1 j then the points whose normals pass through a 

given point x'y' arc determined (p. 165), as the intersections of S with the 
hyperbola S' = 2 (c'ry + I'l/x - a'x'y). AVc can then, by this article, form the 
equation of the six chords which join the feet of normals through xy, and 
expressing that this equation is satislicd for the point o/j, we have the locus 
required. 

AVe have A = - ^ , e = 0, 6' = - (a'x' + I'y"* - e‘). A' = - 2a'6V*'y'. 

The equation of the locus is then 

^ {a' fix - Vay - t*afif + 2 (oV + b'y' - c‘) {a' fix - I'ay - c^afi) ^ - 1 j 


which represents a curve of the third degree. If the given point be on 
either axis, the locus reduces to a conic, as may be seen by making a = 0 in 
the preceding equation. It is also geometrically evident, that in this case 
the axis is part of the locus. The locus also reduces to a conic if the point 
be infinitely distant : that is to say, when the problem is to find the locus 
of the intersection of normals at the extremities of a chord parallel to a 
given line. 


371. If on transforming to any new set of co-ordinates, 
Cartesian or trilincar, <S_and S' become S and S’, it is manifest 
that kS + S' becomes kS + S', and that the coefficient k is not 
affected. It follows that the values of k, for which kS+S' 
represents right lines, must be the same, no matter in what 
system of co-ordinates S and S' are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for k, found 
in tlic last Article, remains unaltered when we transform from 
any one set of co-ordinates to another.* The quantities A, G, 
0 ', a' arc on this account called invariants of the sy.stem of 
conics. If then, in the case of any tw'O given conics, having 
by transformation brought S and S' to their simplest form, and 


• It may be proved by actual tran.sformation that if in 5 and S' we sub- 
stitute for X, y,z; lx + my + ns, tx + m'y + n'z, I'x + m"y 4 n''z, the quan- 
tities A, e, 0', A' for the transformed system, are equal to those for the old, 
respectively multiplied by the square of the determinant 

/, fii, n I 
r, in', n' 1 
I', m“, ti" ' 
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having calculated A, 0, 0', A', we find any liomogeneoua rela- 
tion existing between them, wc can predict that tlie same relation 
will exist between these quantities no matter to what axes the 
equations are refen'ed. It will be found possible to express in 
terms of the same four quantities tbc condition that the conics 
should be connected by any relation, independent of the position 
of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, 0, 
0', A', include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the invariants when the conics are referred to their 
common self-conjugate triangle. We may take 

S = or* + + C2*, S' = o'x* + 6'y* 4 c'r*j 

and we may further simplify the equations by writing x, y, t, instead of 
* y vet’ll * 80 as to bring S' to the form ** 4 y* 4 We have 
a “ abe, 0 = Jc 4 ca 4 o4, O' = a 4 6 4 c, a' = 1. 

And S 4 kS' will represent right lines, if 

F 4 k* (a 4 4 4 c) 4 i (4c 4 CO 4 ai) 4 oJe “ 0. 

And it is otherwise evident that the three values for which 8 4 kS“ re- 
presents right lines, are - a, - 4, - c. 

Ex. 2. let S' as before be ** 4 y* 4 s', and let S represent the general 
equation. 

Am. 0 = (4c -/•) 4 (co - y') 4 (o4 - 7i*) = .4 4 J 4 Ci O' = o 4 4 4 c. 

Ex. 3. Let iS and S' represent two circles x* 4 y* - r”, {x- a)' - r'*. 

Am. a = -r*, 0 = a*4^-2r*-r'*, 0' = a*4^'-r’ - 2r'*, a’ = - r’. So 
that if D be the distance between the centres of the circles, S 4 kS' will 
represent right lines, if 

r* 4 (2r* 4 r" - D') k 4 (r* 4 2r’ - IT) kU = 0. 

Now since we know, that S - S' represents two right lines (one finite, the 
other infinitely distant), it is evident that - 1 must be a root of this equation. 
And it is in fact divisible by 7: 4 1, the quotient being 
r* 4 (r* 4 A 4 r'’*’ = 0. 

Ex. 4. Let /S represent — 4 - 1, while S^isthe circle (x-o)‘4(y-^)’-r*. 

^„s. a = -^,0 = ^.(«.4^-o--4*-r*). 


O' = 



- 1 -r* 



a' 


-r*. 


Ex. 5. Let S represent the parabola y’ - 4mx, and S' the circle as before. 
Am. a = - 4m*, O = - 4m (a 4 m). O' = ^ - 4ma - r*, a' = - r*. 


372. To Jiml the condition that two co7iics 8 and S' should 
touch each other, AVhen two points, A, B, of tbc four mter- 

Y2 
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sections of two conics coincide, it is plain that the pair of lines 
AC, BD is identical with the pair AD, BC. In this case, then, 
the cubic, + qX 4 a' = 0, 

must have two equal roots. But it can readily be proved that 
the condition that this should be the case is 

(00' - 9 A A’)“ = 4 (O’ - 3 A0') (O'* - 3 A'o), 
or O’O'* + ISAA'OO' - 27 A’A" - 4A0''’ - 4A'e’ = 0, 
which is the required condition that the conics should touch. 

It is proved, in works on the theory of equations, that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation in h ; and that when it is positive the roots of the 
equation in k are all real, but that when it is negative two of 
these roots are imaginary. In the latter case (see Art. 282), 
S and S' intersect in two real and two imaginary points: in 
the former case, they intersect either in four real or four 
imaginary points. These last two cases have not been distin- 
guished by any simple criterion. 

Ex. 1. To find by this method the condition that two circles should 
touch. Forming the condition that the reduced equation (£z. 3, Art. 371), 
»•* + (r* + r^- Z)*) k 1 1 -^k? = 0, should have equal roots, we get r* +r^ - If=t Hrr"! 
JD = r ± K as is geometrically evident. 

Ex. 2. Find the locus of the centre of a circle of constant radios touch- 
ing a given conic. We have only to write for A, a', e, O’ in the equaUon 
of this article, the values Ex. 4 and 6, Art. 371 ; and to'consider a, fi aa the 
running co-ordinates. The locus is in general a curve of the 8th degree, 
but reduces to the sixth in the case of the parabola. This curve is the 
same which we should find by measuring from the curve on each normal, s 
constant length, equal to r. It is sometimes called the cutye paralUl to the 
given conic. Its evolute is the same as that of the conic. 

Ex. 3. To find the equation of the evolute of an ellipse. Since two of 
the normals coincide which can be drawn through every point on the evolute, 
wc have only to express the condition that the curves S' and S' touch (Ex. 
Art. 370). Now when the term k' is absent from an equation, the condition 
that Aif + O'k + A' should have equal roots, reduces to 27 aa'* + 40’’ = 0. 
The equation of the evolute is therefore (a*** + 6'y* - c*/ + 27o’4'cVy* » 0. 
(See Art. 248.) 

Ex. 4. To find the equation of the evolute of a parabola. M'e have here 
S = y‘ - 4mx, S' = 2ary 4 2 (2m - »') y - 4my', 

A = - 4m*, 0 = 0, 0' = - 4m (2m - x), A' = 4my, 
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and the equation of the evolute is 27my* = 4 (z - 2m)*. It is to be observed, 
that the intersections of S and S' include not only the feet of the three nor- 
mals irhicb con be drawn through any point, but also the point at infinity 
on y. And the six chords of intersection of S and S', consist of three chords 
joining the feet of the normals, and three parallels to the axis through these 
feet. Consequently the method used (Ex. Art. 370) is not the simplest for 
solving the corresponding problem in the case of the parabola. We get 
thus the equation found (Ex. 12, p. 201), but multiplied by the factor 
4m (2my + y'x - 2my') - y'. 

373. If S' break up into two right lines wc have A' = 0, 
and wc proceed to examine tbe meaning in this case of 6 and O'. 
Let ns suppose the two right lines to be x and y ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true in 
general. The discriminant of 8+kxy is got by writing h + k 
fork in A, and is ^ + ^k{Jg — clt)—ck*. Now the coefficient 
of vanishes when c = 0, that is, when the point xy lies on 
the curve S. The coefficient of k vanishes when fy = cli\ that 
is (see Ex. 3, p. 202), when the lines x and y are conjugate with 
respect to S. Thus, then, vohen S' represents two right lines. A' 
vanishes ; O' = 0 represents the condition that the intersection of 
the two lines should lie on 8 / and B = 0 is the condition that the 
two lines should be conjugate icith respect to S. 

The condition that A 4 Ok + Q'k‘ should be a perfect square 
is 6 * = 4AO', which, according to the last Article, is the condition 
that either of the two lines represented by S' should touch S. 
This is easily verified in the example chosen, where 0 “ — 4 AO' 
is found to be equal to (Jc -/*) (ca — g‘). 

374. To find the equation of the pair of tangents at the jK/itiis 
where S is cut by any line \x p.y + vz. The equation of any 
conic having double contact with S, at the points where it meets 
this line, being kS 4 (Xa: 4 /ty 4 vz)“ = 0 ; it is required to deter- 
mine k so that this shall represent two right lines. Now it will 
be easily verified that in this c.osc not only A' vanishes but 0' 
also. And if wc denote by ^ the quantity 

A>J 4 Bp* -f 4 2Fpv 4 2 Gv\ 4 2ll\p ; 

the equation to determine k has two roots = 0, the third root 
being given by the equation ^-A 4 2 = 0. The equation of the 
pair of tangents is therefore 2<S= A {\x + py + vz)*. It is plain 
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that when Xa: + 4 vs touches S, the pair of tangents coincides 

with \x + fiy + vz itself ; and the condition that this should be 
the case is plainly 2 = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
trilinear equation. 

375. \Vc now examine the geometrical meaning, in general, 
of the equation O = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to 8, which must then 
reduce to the form aa^ + hy^ + cz* (Art. 258). We have there- 
fore f= 0, ^ = 0, A = 0. The value then of 0 (Art. 370) reduees 
to bca' + cab' + ahe j and will evidently vanish if we have also 
a' = 0, b' = 0, c' = 0, that is to say, if S', referred to the same 
triangle, bo of the form f'yz 4 g'zx 4 h'xy. Hence, 0 vanishes 
tohencirr any triangle inscribed in S' is self -conjugate with regard 
to S. If we choose for triangle of reference any triangle self- 
conjugate with regard to S', wo have f = 0, g' = 0, h’ = 0, and 
0 becomes ( ^ _ y \ + („j _ /,«) c ’ ; 

and will vanish if wc have bc=f‘, ca=g‘‘, ah = h*. Now bc=f* 
is the condition that the line x should touch S; hence, 0 also 
vanishes if any triangle circumscribing S is self-conjugate icith 
regard to S'. In the same manner it is proved that, 0' = 0 is the 
condition either that it should be possible to inscribe in S a tri- 
angle self-conjugate with regard to S', or to circumscribe about S' 
a triangle self-conjugate with regard to S. When one of these 
things is possible, the other is so too. 

A pair of conics connected by tlie relation 0 = 0, possesses 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic, be called the polo of either 
triangle with respect to that conic ; and let the lino joining the 
intersections of corresponding sides be called their axis. Then 
if 9 = 0, the pole with respect to S of any triangle inscribed in 
S' will lie on S' ; and the axis with respect to S' of any tri- 
angle circumscribing S will touch S. For eliminating x, y, z 
in turn between each pair of the equations 

ax 4 hy -Jr gz = 0, hx + by +fz = 0, gx +fy-\-cz = 0, 
wc get [yh - of) X = [hf- by) y==(Jj- <•/<) 
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for the equations of the lines joining the vertices of the triangle 
xyz to the eorresponding vertices of its polar triangle with 
respect to B. These equations may be written Fx — Gy = IIz^ 

and the co-ordinates of the pole of the triangle are p , 

Substituting these values in B\ in which it is supposed that the 
coefficients a', 6', c' 'Vanish, we get 2/y' + 2 Gy + 2i7/i' = 0, or 
0 = 0. The second part of the theorem is proved in like 
manner. 

Ex. 1. If two triangles be self-conjugate with regard to any conic S', 
a conic can be described passing through their six vertices; and another 
can bo described toucliing their six sides (see Ex. 7, p. .309). Let a conic 
be described through the three vertices of one triangle and through two of 
the other, which we take for x, y, z. Then because it circumscribes the 
first triangle 0' = 0, or o -t 6 t c = 0 (Ex. 2, Art. 371), and because it goes 
through two vertices of xyz, we have o = 0, 6 = 0, therefore c = 0, or the 
conic goes through the remaining vertex. The second part of the theorem 
is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to 
the circle circumscribing any self-conjugate triangle is constant, and = a'i 6' 
[M. Faure]. This is merely the geometrical interpretation of the condition 
0 = 0 found (Ex. 4, Art, 371), or a* /J* - r* = o* -t 6*. The theorem may 
be otherwise stated thus : “ Every circle which circumscribes a self-conjugate 
triangle, outs orthogonally the circle which is the locus of the intersection 
of tangents mutually at right angles.” For the square of the radius of the 
latter circle is o* + 6*. 

Ex. 3. The centre of the circle inscribed in every self-conjugate triangle 
with respect to an equilateral hyperbola, lies on the curve. This appears 
by making 6’ = - «' in the condition O' = 0 (Art 371, Ex. 4.) 

Ex. 4. If the rectangle under the segments of one of the perpendiculars 
of the triangle formed by three tangents to a conic be constant and 
equal to M, the locus of the intersection of perpendiculars is the circle 
I* -1 y* = o* 6' -1 M. For 0 = 0 (Ex. 4, Art. 371), is the condition that a 
triangle self-conjugate with regard to the circle cun be circumscribed about 
S. But when a triangle is self-conjugate with regard to a circle, it is easy 
to see that the centre of tho circle is the intersection of perpendiculars of 
the triangle, the square of the radius being the rectangle under the segments 
of any of the perpendiculars, (taken with a positive sign when the triangle 
is obtuse-angled, and with a negative sign when it is acute-angled). The 
locus of the intersection of rectangular tangents is got from this example, 
by making M = 0. 

Ex. 5. If the rectangle under the segments of one of the perpendiculars 
of a triangle inscribed in S be constant, and = M, tho locus of intersection 
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of perpendiculars is the conic concentric and similar with S, S = M 



[Dr. Hart.] This follows in the same way from O' = 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle 
inscribed in one conic and circumscribed about another [Mr. Burnside]. 
Take for origin the centre of the latter conic, and equate the values of M 
found from Ex. 4 and 6 j then if o', V be the axes of the conic S in which 


the triangle is inscribed, the equation of the locus is** + jf’-fl*-6* = 


o'*6'* 

j%6" 


8 . 


The locus is therefore a conic, whose axes are parallel to those of S, and 
which is a circle when 5 is a circle. 


Ex. 7. The centre of the circle circumscribing every triangle, self-con- 
jugate with regard to a parabola, lies on the directrix. This and the next 
example follow from 6=0, (Ex. 6, Art. 371). 

Ex. 8. The intersection of perpendiculars of any triangle circumscribing 
a parabola, lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self-conjugate tri- 
angle, the locus of centre is a parabola of equal parameter with the given one. 


376. If two conics be taken arbitrarily it is in general not 
possible to inscribe a triangle in one which shall be circom- 
scribed about the other; but an infinity of such triangles can 
be drawn if the coefficients of the conics be connected by a 
certain relation which we proceed to determine. Let us suppose 
that such a triangle can be described; and let us take it for 
triangle of reference; then the equations of the two conics 
must be reducible to the form 


S = X* + z" — iyz - 2zx — 2xy = 0, 

S' = 2fyz + 2yzx -f 2lixy = 0. 

Forming then the invariants, we have 

A = _4, O = 4 (/4 .7 + A), 0' = - (/-1-.7 + /0’, A' = 2fyh\ 
values which are evidently connected by the relation ©*=4A0'.* 


• This condiuon was first given by Mr. Cayley {Philosophical Magarine, 
Vol. VI., p. 99) who derived it from the theory of elliptic functions. He 
also proved, in the same way, that if the square root of i’A + A'O + ie’ + a', 
when expanded in powers of k,\ie A Bk ^ Ck' + &c., then the conditions 
that it should be possible to have a polygon of n sides inscribed in U and 
circumscribing V, are for n = 3, 6, 7, &c. respectively 
C'=0, 


1 C, Z>| 

C, J), E 

i l>. £ 1 = 0. 

E, r, a \ 
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This is an equation of the kind (Art. 371) which is unaffected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conics have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds O*=4A0', then if we take any triangle circum- 
scribing 8f and two of whose vertices rest on /S', the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may be such that a tri- 
angle can be inscribed in one and circumscribed about the other. Let 

- t* - ° Of then the condition is (see Ex. 3, Art. 371) 

(O - r*)* + {O - »■") = 0, or {O + r*)* = 4rV*; 
whence 2>* = r'* ± 2rr', Euler’s well known expression for the distance be- 
tween the centre ef the circumscribing circle and that of one of the circles 
which touch the three sides. 

Ex. 2. Find the locus of the centre of a circle of given radius, circum- 
scribing a triangle circumscribing a conic, or inscribed in an inscribed 
triangle. The loci are curves of the fourth degree except that of the centre 
of the circumscribing circle in the case of the parabola, which is a circle 
whose centre is the focus, os is otherwise evident. 

Ex. 3. Find the condition that a conic may be inscribed in S' whose 
aides touch respectively S + IS', S + mS', S + n.S'. Let 

5 = *' + y* + z’ - 2 (1 f ) y* - 2 (1 + my) zi - 2 (1 + nh) ary, 

S' = 2/yz + 2yzx 4 2Aary; 

then it is evident that S 4 IS' is touched by ar, &c. We have then 

A=>-(24jf’4 my 4 nhy - ^mnfgh, 

6 = 2 (/4 y 4 A) (2 4 4 my 4 nh) 4 2/^A (mn 4 nZ 4 Im), 

= n)fgh, A' = 2/gh. 

Whence obviously 

{0 - A' (mn 4 nZ 4 Zm)}* = 4 (A 4 ZmriA') {0' 4 A' (Z 4 m 4 n)), 
which is the required condition. 

377 . To find the condition that the line \x + /ly ^vz should 
2 >ass through one of the four points common to S and S'. This 
is, in other words, to find the tangential equation of these four 
points. Now we get the tangential equation of any conic of 

and for n =■ 4, 6, 8, &c. are 


ID, E 


D, E, F 1 

■ E. F 

= 0, 

E, F, 0 

F, 0 , II \ 
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the system 8+kS' by writing a + Ica', &c. for a, &c. in the 
tangential equation of S, or 

2 = {be — /*) \* 4- (ca — (f) /*” + («5 — h') v” 

+ 2 {(/h - (if) /iv + 2 {hf- Iff) v\ 4 2 {fj - cJt) \fi = 0. 
Wo get thus 2 4- 4- k“^' = 0, where 

4> »= {be' 4 b'c — 'iff') X* 4- (c<i' 4- e'a — iffff') 

4- {ah' 4- a'b — '2b1i') v“ 4- 2 {ffh' 4- ff'h — af — a'f) fiv 
4- 2 {hf 4- h'f- hff' - b'ff) v\ 4- 2 {f;/ +fff - eh! - <ih) Xff.. 

The tangential equation of the envelope of this system is there- 
fore (Art. 298) *!>'' = 422'. But since S-^JeS'j and the coire- 
sponding tangential equation, belong to a system of conics 
passing through four fixed points, the envelope of the system is 
nothing but these four points, and the equation <I>* = 422' is the 
required condition that the line \x+fj,ff-\-vz should pass through 
one of the four points. The matter may be also stated thus : 
Through four points there eau in general be described two 
conics to touch a given line (Art. 345, Ex. 4) ; but if the given 
line pass through one of the four points, both conics coincide 
in one whose point of contact is that point. Now <!>'' = 422' is 
the condition that the two conics of the system S + 7tS', which 
can be drawn to touch Xa; 4 /ly 4 vz, shall coincide. 

378. To find the equation of the four common tanffcnta to two 
conics. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conics, then (Art. 298) 2 -t-Z;2' represents tan- 
gentially a conic touclied by tlic four tangents common to the 
two given conics. Forming tlien, by Art. 285, the trilincar 
equation corresponding to 2 4- h'S.' = 0, we get 

AN 4“ 4" A;* A S —Oy 

where 

F = {nC' + B'C- 2FF) X* 4- ( Chd' 4- C'A - 2 O') ff 

+ {AB' + A'B-ilIH')z' 
+2{GH'+ G'II-AF'-A'F)yzJri{HF+H'F- 2BG'-2B'G)zx 

^^{FG' + F'G-iCH'-i O' II) xffy 
the letters A, B, &c. having the same meaning as in Art. 151. 
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But AjS+ + denotes a system of conies whose en- 

velope Is I" — iAA’SS'', and the envelope of the system evi- 
dently Is the four eommon tangents. 

The equation I” = 4AA’»S'aS’', by Its form denotes a locus 
touehing S and S', the curve F passing through the points of 
contaet. Hence, the eiejht jwtnts of contact of two conics with 
their common tangents, lie on another conic F. Reciprocally, the 
eight tangents at the points of intersection of two conics envelope 
another conic <I>. 

Ex. Find the equation of the four common tangents to the pair of conics 
aj* + by' + ci’ = 0, a'i* + b'y ' t c'a’ » 0. 

Here A = be, B = ca, C - ah, whence 

F = aa' (be e b‘c) x’ -r bV (ca‘ + c'a) y' + cc" (ah' + a'h) **, 
and the required equation is 
[aa' (b'c + b'c) 3^ W (ca’ s c’a) y' + c& (ah' + o'A) 

o iabca'b'tt (ax' ^ by' + «*) (a’x' + b y' + (fz*). 

379. The former part of this Chapter has suflScicntly shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covariant. Invariants 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the equations arc 
referred; but invariants are functions of the coefficients only, 
while covariants contain the variables as well. If we are give'n 
a curve, or system of curves, and have learned to derive from 
their general equations tlie equation of some locus, U=0, 
whose relation to the given curves is independent of the axes 
to which the equations are referred, U is said to bo a covariant 
of the given system. Now if wo desire to have the equation 
of this locus referred to any new axes, we shall evidently arrive 
at the same result, whether wc transform to the new axes the 
equation Z7= 0, or adiethcr we transform to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
rule that U was originally formed. Thus, if wc transform the 
equations of two conics to a new triangle of reference, by 
writing instead of x, y, z, 

lx + my + nz, I’x + my + n'z, I'x + m'y + n"s ; 
and if wc make the same substitution in the equation 'S‘—kA^8S', 
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we can foresee that the result of this last substitution can only 
differ by a constant multiplier from the equation I”= iAA'SS', 
formed with the new coefficients of S and S'. For either form 
represents the four common tangents. On this property is 
founded the analytical definition of covariants. “ A derived 
function formed by any rule from one or more given functions 
is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived.” 

380. There is another case in which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the lino \x + fiy + vz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new co-ordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tained. Suppose that by transformation \x-t- fiy + vz becomes 

X (ic + mt/ + 7iz) + fi (I'x + wi'y + n'z) + v {t'x + m"y + n'a), 
and that we write this X'x + ft!y + v'z, we have 
'S! = Tk+T + T'v, fj,' = mX + w'/a + m'V, v' = nX + n'fj, + n'V. 
Solving these equations, we get equations of the form 
X=XX'+iV+i’V', /*=J/X’+df>’+JlfV, v=N\'-\-Ny+N"y'. 

If then we put these values into the condition as first obtained 
in terms of X, v, we get the condition in terms of X', /x’, v', 
which can only differ by a constant multiplier from the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants. Contravariants are like 
covariants in this : that any contravariant equation, as for 
example, the tangential equation of a conic, {hc—f*) X*4 &c.=0 
can be transformed by linear substitution into the equation of 
like form {l/c' —f'*) + &c. = 0, formed with the coefficients 

of the transformed trllincar equation of the conic. But they 
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differ in that X, /*, v are not transformed by the same rule as 
X, y, that is, by writing for X, fX + wi/t + nr, &c., but by the 
different rule explained above. 

The condition found Art. 377 is evidently a contravarlant of 
the system of conics S’, S'. 

381. The condition <I> = 0 expresses that the line \x + flp-^■ vz 
is cut hannonically hy the system of conics S, S'. Wo have 
only to repeat with the general equation the process used Art. 
335. The points of Intersection of the lino with S satisfy the 
equation 

(av* — 2g\v + cX*) a^+2 (Ar’ — fXv - gpv + c\y) xy 

+ [by* - 2ffiv + cyT) y* = 0. 
Forming, by Art. 332, the condition that this should be har- 
monically conjugate with the corresponding equation for the 
second conic, we obtain 

(ar* — 2yXi' 4 cX*) (5'r* - 2f' fiv 4 c'fi,') 

4 (a’r’ - 2y'Xv 4 c'X’) (ir* — 2ffiv + CfJ) 

= 2 {hv* —fXv — gpv 4 cX/t) (A'r* -f\v- g'y,v 4 c'X/i), 
which expanded and reduced is 

{be 4 b'c — 2ff') X’ 4 {cd 4 ca — 2yy') /a* 4 {ah' 4 db — 2hK) v* 

4 2 [g'h 4 gh' — af — df) /av 4 2 [hf-^ hf — bg'~ h'g) vX 
+ 2 (^' +fg - ch' - c'h) X/a = 0. 

In like manner it is proved that F = 0 is the equation of the 
locus of points, whence tangents drawn to S and S' form a 
harmonic pencil. 

It will be found that the equation of any conic covariant 
with S and S' can be expressed in terms of S, S', and F j while 
its tangential equation can be expressed in terms of S, S', <1>. 

Ex. 1. To express in terms of S, S', F the equation of the polar conib 
of with respect to S'. From the nature of corariants and invarianta, any 
relation found connecting these quantities, when the equations are referred 
to any axes, must remain true when the equations are transformed. We 
may therefore refer S and S' to their common self-conjugate triangle 
and write S = oa:* 4 by’ 4 af, S' = i* + y* 4 z*. It will be found then that 
F = a (5 4 c) ** 4 4 (c 4 o) y* 4 c (o 4 5) I*. Now since the condition that 
a line should touch S is 4c\* 4 ca/i' A abr’ = 0, the locus of the poles with 
respect to S' of the tangents to S is besf 4 cay* 4 o4z* a 0. But this may 
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be written (6c + ca + o6) (x* + y' + **) = F* The locu* is therefore (Ex. 1, 
Art 371) OS' 9 F* hkc manner the polar conic of S’ with regard to 
S is &S = F. 

Ex. 2. To express in terms of S, S', F the conic enveloped by a line cut 
harmonically by S and S', The tangential equation of this conic. ♦ = 0 is 
(6 + c) X* + (c + a) /<’ + (a + 6) = 0. 

Hence its trilinear equation is 

(c + o) (o + 6) X* + (a + 6) (6 + c) y* + (c + a) (6 + c) ** = 0, 
or (6c + CO + o6) (x’ + y’ + r*) + (o 4 6 + c) (ox* 4 6y* 4 cz^ - F “ 0, 
or eS' 4 e'-S - F = 0. 

Ex. 3. To find the condition that F should break up into two right 
lines. It is 

o 6 c (6 4 c) (c 4 a) ( 046 ) = 0, or abc {(o 4 6 4 c) (6c 4 co 4 o6) - o6c) = 0, 
or AA' (00' - AA') = 0, 

which is the required formula. 00' = AA' is also the condition that * should 
break up into factors. This condition will be found to be satisfied in the 
case of two circles which cut at right angles, in which case any line through 
either centre is cut harmonically by the circles, and the locus of points 
whence tangents form a harmonic pencil also reduces to two right lines. 
The locus and envelope will reduce similarly if Z)* = 2 (r* 4 r'’). 

Ex. 4. To reduce the equations of two conics to the forms 
x’ 4 y* 4 i' « 0, ox* 4 6y* 4 ei’ = 0. 

The constants o, 6, c are determined at once (Ex. I, Art. 371) as the roots of 
aA* - 0/t* 4 0'* - A' = 0. 

And if we then solve the equations 

X* 4 y* 4 s* =» 5, ox* 4 ^* 4 ci* = S', o (6 4 c) X* 4 6 (c 4 o) y* 4 c (a 4 6) I* = p, 
we find X*, y*, e* in terms of the known functions S, S’, F- Strictly speak- 
ing, we ought to commence by dividing the two given equations by the cube 
root of A, since we want to reduce them to a form in which the discriminant 
of S shall be 1. But it will be seen that it will come to the same thing if 
leaving S and S' unchanged, we divide by A, F as calculated from the 
coefficients of the given equations. 

Ex. 5. Reduce to the above form 

3x* - 6xy 4 9y* - 2x 4 4y = 0, 6x* - 14xy 4 8y* - fix - 2 = 0. 

It is convenient to begin by forming the coefficients of the tangential 
equation. A, B, &c. These are - 4, - 1, 18 j - 3, 3, - 2 : - 16, - 19, - 9; 
21, 24, - 14. IVe have then 

a = -9, 0 = -S4, 0' = -99, A' = -64, 
whence a, 6, c are 1, 2, 3. We next calculate F which is 
- 9 (23x* - 50xy 4 44y* - 18x 4 12y - 4). 

Writing then 

AT* 4 r* 4 2* = 3x* - fixy 4 9y* - 2x 4 4y, 

A'*4 2r*4 3Z*= 6x*-14xy4 8y* - fix- 2, 

6.Y* 4 8E* 4 9Z* =. 23x* - OOry 4 44y* - 18x 4 12y - 4. 
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We get from 6S + S' - F, X* = (3y + 1)’, 

from j:" - 3S - 2S', I'* = (2x - y)*, 

from 2S + 3S' - P, Z’ = - (x + y + 1)’. 

Ex. 6. To find the envelope of the base of a triangle inscribed in S and 
two of whose sides touch S'. 

Take the sides of the triangle in any position for iines of reference, and let 

, S-2 {fyt + ysx + Axy), 

S' = z’ + y* + s’ - 2y* - 2sx - 2xy - 2hkzy, 
where x and y arc the lines touched by S'. Then it is obvious that 
kS 4 S' will be touched by the third side z, and we shall show by the 
invariants that this is a Jix$d conic. We have 

t.-=2fgh, e = -(f^g^h)'-2Jyhk, 0' = 2(/4y 4 A)(24W), A' = -(24A^)*, 
whence 8 " - 46a = 4aa'^, and the equation k.S 4 S' = 0 may be written 
in the form (e« _ 49 ^) S 4 4aa'S' = 0, 

which therefore denotes a fixed conic touched by the third side of the tri- 
angle. It is obvious that when O'* = 40 a the third side will always touch S'. 

Ex. 7. To find the locus of the vertex of a triangle whose three sides 
touch a conic U and two of whose vertices move on another conic V. We 
have slightly altered the notation, for the convenience of being able to 
denote by U' and V the results of substituting in U and V the co- 
ordinates of the vertex x'y'z'. The method we pursue is to form the equa- 
tion of the pair of tangents to U through x'y'z” j then to form the equation 
of the lines joining the points where this pair of lines meets V-, and, lastly, 
to form the condition that one of these lines (which must be the base of 
the triangle in question) touches V. Now if P be the polar of x'y'z', the 
pair of tangents is UU' - P*. In order to find the chords of intersection 
with V of the pair of tangents, we form the condition that UU' - F* -^W 
may represent a pair of lines. This discriminant will be found to give us 
the following quadratic for determining X, X*A' 4 XF 4 A !/■' E' = 0. In 
order to find the condition that one of these chords should touch U, we must, 
by Art. 372, form the discriminant of/tf7’4(l7'(/'-P‘4XE), and then form 
the condition that this considered os a function of /t should have equal roots. 
The discriminant is 

/*’a 4 4 * (2C/''A 4 Xe) 4 {17'’A 4 X (0174 Al') 4 XV), 
and the condition for equal roots gives 

X (1A9'- o')44A>E=0. 

Substituting this value for X in X'a' 4 Xp 4 A 17' E'= 0, we get the equation 
of the required locus 

16a’a' E- 4A (4AO' - O’) P 4 17 (4ao' - Q'f - 0, 
which, as it ought to do, reduces to E when 4 AO' = o’. 

Ex. 6. Find the locus of the vertex of a triangle, two of whose sides 
touch U, and the third side aU+bV, while the two base angles move on V. 
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It ii found by the same method os the last, that the locus is one or other 
of the conics, touching the four common tangents of U and V, 

AA'V V + X^F + /i' 17 = 0, 
where X : /i is giyen hy the quadratic 

a (ab - y3a) X* 4 a (4Ao + 266) Xfi - b'/i' = 0, 
where a = 4AA', /3 = 6* - dAe”. 

Ex. 9. To find the locus of the free vertex of a polygon, all vrhose sides 
touch U, and all whose vertices but one move on V. This is reduced t* the 
last; for the line joining two vertices of the polygon adjacent to that whose 
locus is sought, touches a conic of the form all ^bV. It will he found if 
X', /t'; X", /*" ; X'", n'" be the values for polygons of n - 1, n, and n + 1 aides 
respectively, that X'" = f*'" = A'X'X" {afi' - a'^X*). In the case of the 

triangle we have X' = a, fi' = a'/ 3 ; in the case of the quadrilateral X" = /3*, 
/t" = a (4 ao + 2^6) : and from these we can find, step by step, the values for 
every other polygon. 

382. The theory of covariants and invariants enables us 
readily to recognize the equivalents in trillnear co-ordinates of 
certain well-known formal® in Cartesian. Since the general 
expression for a line passing through one of the imaginary 
circular points at infinity is x±y V(— l) + c, the condition that 
\x+fiy+v should pass through one of these points is X’4 ^’=0. 
In other words, this is the tangential equation of these points. 
If then S = 0 be the tangential equation of a conic, we may 
form the discriminant of h + k (\* + /**). Now if follows from 
Arts. 285, 286, that the discriminant in general of 2 + k^' is 
A* + il:Ae'4i*A'0 + A:’A'*. 

But the discriminant of 2 4 i (X* 4 ft") is easily found to be 
A’4;fcA(a4 5)4fc’(ai-A’). 

If, then, in any system of co-ordinates we form the invariants 
of any conic and the pair of circular points. O' = 0, is the con- 
dition that the curve should be an equilateral hyperbola, and 
0 = 0, that it should be a parabola. The condition 
(a4 5)" = 4(o5-A") 

must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
through both, when a = b, A = 0. 

Now the condition X*4ft" = 0* implies (Art. 34) that the 

• This condition also implies (Art. 25) that every line drawn through 
one of these two points is perpendicular to itself. This accounts for some 
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length of the perpendicular let fall from any point on any lino 
passing through one of the circular points is always infinite. 
The equivalent condition in trilincar co-ordinates is therefore 
got by equating to nothing the denominator in tho expression 
for the length of a perpendicular (Art. 61). The general tan- 
gential equation of the circular points is therefore 

X” + fi’ + — 2fj,v cos A — 2rX cosi?— 2X/* cos(7= 0, 
Forming then the O and O' of the system found by combining 
this with any conic, we find that tho condition for an equilateral 
hyperbola, O' = 0, is 

a + b + c — '2f coiA—lg cos2?— 2/t 008(7 = 0; 
while the condition for a parabola, 0 = 0, is 
A sinM + B sin*i? + G sin" (7 + 2F sin i? sin G 

+ 2(? sin (7 sin .4 + 2// sin .A sinj5=0. 

The condition that tho curve should pass through cither circular 
point is 0" = 40, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with tho lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, F denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when tho second conic reduces to X’ + ; 

that is, when .4' = J5' = 1, and all the other coefficients of tho 
tangential of the second conic vanish, F *8 

G{x‘ + g') -2 Ox- 2Fy +4 + 5=0, 
which is therefore the general Cartesian equation of the locus 
of intersection of rectangular tangents. 

When tho curve is a parabola (7=0, and tho equation of tho 
directrix is therefore 2 ( Gx + Fy] = A-yB. 

apparently irrelevant factors which appear in the equations of certain loci. 
Thus if we look for the equation of the foot of the perpendicular on any 
tangent from a focus (x - a)' + (y - ft)' will appear as a factor in tho 
locus. For the perpendicular from the focus on cither tangent through it 
coincides with the tangent itself. 'Ihis tangent therefore is part of the locus. 

Z 
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Tho corresponding trilincar equation found in the same way is 
(i?+ C+ 2F COB A) x‘+(C+A + 20 coBJS)y’‘+{A+B+2llcoBC)2* 
+ 2 (A co3^ — F— G cos C— II cobB) yz 
+ 2{B cosB — G — II COB A -FcobC) zx 
+ 2(C cobC — II -FcobB— G coBA)xy = 0. 


It may be shown, as in Art. 128, that this represents a circle, 
by throwing it into the form 


, . . . _ . /B-{-G-\-2FcobA C+A-\-2GcobB 

{xamA+yBmB+zBmC]{^ x + y 

, .^+.542.^0080 N O t • A , • 7 j I ' n\ 


where 0 is the condition (Art. 382) that tho curve should be a 
parabola. When 6 = 0, this equation gives the equation of the 
directrix. 


384. In general, 2 4- /i;2' denotes a conic touching the four 
tangents common to 2 and 2'; and when is determined so 
that 2 4-^2’ represents a pair of points, those points are two 
opposite vertices of the quadrilateral formed by the common 
tangents. In the case where 2' denotes tho circular points at 
infinity, when 2 4- hi! represents a pair of points, these points 
are tho foci (Art. 279). If then it be required to find the foci 
of a conic, given by a numerical equation in Cartesian co-ordi- 
nates, we first determine h from the quadratie 

(fl J - /O if 4- A (a 4- ft) Z: 4- A” = 0. 

Then, substituting cither value of i in 2 4- (V 4- /x’'), it breaks 
up into factors (Xx' 4- y,y 4- vz) {\x" 4- /xy" 4- yz ") ; and the foci 

are ^ ^ . One value of h gives the two real foci, 

S/ z z s 

and the other two imaginary foci. The same process is appli- 
cable to trilincar co-ordinates. 

In general, 2 4- /c (V 4- /x’) represents tangentially a conic 
confocal with the given one. Forming, by Art. 285, the corre- 
sponding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

AS +h{C{x'‘+y*)—2 Gx — 2Fy 4- A 4- /?) 4- = 0. 
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From this wc can deduce that the equation of the common 
tangents is 

{ C (x* + y”) - 2 Ox — iFy + A + .B}’ = iAS. 

By resolving this into a pair of factors 

{(x-a)’ + (y-ySri [(*-«? + 

we can also get a, /9 ; a, /9' the co-ordinates of the foci. 

Ex. 1. Find the foci of - 2xy + 2y* - 2* - 8y + 11. The quadratic 
here is + iki. + a’ = 0, whose roots are A; = - a, A = - }a. But a = - 9. 
Using the value 3, 

6X* + 21/i’ + 3»' + 18;i» + 12>’X + 30X/1 + 3 (X* + fi') = 3 (X + 2/i + f) (3X + /i + »), 
showing that the foci are 1, 2; 3, 1. The value 9 gives the imaginary foci 

2 ± V(- 1). 3 T V(- 1). 


Ex. 2. Find the co-ordinates of the focus of a parabola given by a 
Cartesian equation. The quadratic here reduces to a simple equation, and 
we find that 

(a + i) {^X* + Jfft' + 2J)i» + 20i>\ + 2m. fi] - a (X* + /•*) 
is resolvable into factors. But these evidently must be 

(a + i) (2GX + 2F» and ' ^ 

The first factor gives the infinitely distant focus, and shows that the axis of 
the curve is parallel to Fx - Oy. The second factor shows that the co- 
ordinates of the focus are the coetneients of X and y in that factor. 


Ex. 3. Find the co-ordinates of the focus of a parabola given by the 
trilincar equation. The equation which represents the pair of foci is 
O'S = A (X’ + /i* + i>* - 2ftv cosA - 2*-X cos - 2X/x cosC). 

But the co-ordinates of the infinitely distant focus are known, from Art. 293, 
since it is the pole of the line at infinity. Hence those of the finite focus are 

- A 

A sin A t 11 sini/ f O sinC’ II sin.,d + V sinli + i’’sinC'’ 

O'C- A 

G sin-i + Fsiuli + C’sinC' 


.385. The condition (Art. 61) tluat two lines should he 
mutually perpendicular 

W' -1- lift! + vv — [fiv + fiv) cos A — (rX' -f |/'X) cos li 

- (X/i' 4 V/i) cosC= 0, 
is easily seen to be the same as the condition (Art. 29,3) that 
the lines should be conjugate with respect to 

X*4/i'‘4 v’* — 2/11' cos A - 2rX cosB— 2X/i cosC'= 0. 

Z2 
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The rclatioa then between two mutually perpendicular lines is 
a particular case of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point, is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It is proved {Geometry of Three 
Dimensions, Chap, ix.) that, in spherical geometry, the two 
imaginary circular points at infinity arc replaced by a fixed 
imaginary conic : that all circles on a sphere arc to be considered 
as conics having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of pcrpcndiculai-s of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conics connected by the relation 0 = 0, proved at the end 
of Art. 375. 

It has been proved (p. 267), that to several theorems concerning 
systems of circles, correspond theorems concerning systems of 
conics having double contact with a fixed conic. We give now 
some analytical investigations concerning the latter class of 
systems. 

386. To form the condition that the line \x + fiy-\- vz may 
touch S + fj.'y + v zY- Wc arc to substitute in 2, a + X", 
b + &c. for a, b, &c. The result may bo written 

2 + {n {ftv — fi'vy + &c.} = 0, 

where the quantity within the brackets is intended to denote 
the result of substituting in 8 fiv - /jlv, — for 

X, y, z. This result may bo otherwise written. For it was 
proved (Art. 291), that 

(ox’ 4- &c.) (rt.r'’ + «S:c.) — [axx + &c.)’ = A [yz' —y'z'Y + &c. 
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And it follows, by parity of reasoning, and can bo proved In 
like manner, that 

(AX’ + &c.) (AX” + &c.) - (AXV + &c.)’= A (« (^f' -/xV)’+ &c.], 

where AXX' + &c. is the condition that the lines Xa: + M^ + F 2 , 
X'ic-i- + V z may be conjugate ; or 

AXX'+ Cvv'+ F(fi.v + fji'v) + 0 (fX' + f'X) + II (X/t' + X'/i). 

If then we denote AX'“ + &e. by 2', and AXX'-t&c. by 11; 
and if we substitute for a (/if' — /a’f)* + &c. the value just found, 
the condition previously obtained may be written 
(A + 2’)2-n’‘ = 0. 

If we recollect (Art. 321) that X, v may be considered as 
the co-ordinates of a jtoint on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conics which have double contact, is 
a pair of conics also having double contact. This condition may 
also bo put into a form more convenient for some applications, 
if instead of defining the line Xx + fiy + vz by the coefficients 
X, /i, F, we do so by the co-ordinates of its polo with respect to 6’, 
and if we form the condition that the line P* may touch /S+P"*, 
where P is the polar of x'y'z' or oxx'-|-&c. Now the polar of 
x'y'z' will evidently touch S when x'y’z' is on the curve ; and 
in fact if in 2 wo substitute for X, fi, f ; S^, the coefficients 

of X, y, z in the equation of the polar, we get And again 

two lines will be conjugate with respect to 5, when their poles 
are conjugate ; and in fact if wo substitute as before for X, y 
in n we get AP, where U denotes the result of substituting the 
co-ordinates of either of the points x'y'z\ x"y"z". In the equation 
of the polar of the other. The condition that P* should touch 
8 + P” then becomes (1 + 8") 8' = if. 

387. To find the condition that the two conics 

8 + (X'a; + tty + f'«)’, 8 + (V'se + fz'y + f'z)’, 

should touch each other. They will evidently touch if one of 
the common chords, (X'x + fly + v'z) ± (X"x fi'y + F"e), touch 
either conic. Substituting then in the condition of the last 
Article X’ ± X" for X, &c., we get 

(A + 2 ') (2’±2n4 2 ") = ( 2 '±n)’, 
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which reduced may be written In the more symmetrical form 
(A + 2') (A + 2") = (A±n)*. 

The condition that 8+P^ and S + P"* may touch is found 
from this as in the last Article, and is 

(l + P) (l + S") = (l±iJ)\ 

Ex, I. To draw a conic having double contact with S and touching 
three given conics S 4 P^, S 4 P”*, S 4 P"*, also having double contact 
with Let xyz be the co-ordinates of the pole of the chord of contact 
with <S of the sought conic 5 4 P, then we have 

(l4SKltS') = (l4P)*i (14S)(14S")=(14P/; (US)(l45")=(l4P')*; 
where the reader will observe that S', S", S'" are known constants, but 
S, P, &c. involve the co-ordinates of the sought point aryz. If then we 
write I 4 S = P, &c., we get 

JtP = 1 4 P, = 1 4 P", kK"' = 1 4 P'. 

It is to be observed that P', P, P” might each have been written with a 
double sign, and in taking the square roots a double sign may, of course, be 
given to P, P, P". It will be found that these varieties of sign indicate 
that the problem admits of thirty-two solutions. The equations last written 
give (*' _ V ) = P - P' ; A (P- - A") = P - P' ; 

whence eliminating A, we get 

P (P - A"') 4 P (P” - A’) 4 P" (P - A") = 0, 
the equation of a line on which must lie the pole with regard to S of the 
chord of contact of the sought eonic. This equation is evidently satisfied 
by the point P = P' = P". But this point is evidently one of the radical 
centres (sec p. 267) of the conics S 4 P", <S 4 P") 4 P”. 

P P' P' 

The equation is also satisfied by the point order to 

see the geometric interpretation of this we remark that it may be deduced 
from Art. 386 that the tangential equations of 6' 4 P’’, 5 4 P” are respectively 

(1 4 5') S = A (XP + fi!/ + »!')', (1 4 S") 2 = A {X-r" 4 /</ 4 *z")\ 

Xx' 4 uu' 4 rz" Xx" 4 /It/" 4 sz" 

Hence ± 

represent points of intersection of common tangents to -S 4 P, S 4 P™, that 

it' X" 

is to say, the co-ordinates of these points ®'‘® ± polars of 

pi P" p> p« p., 

these points, with respect to S, are tt t It follows that — = — = 

K K K K K 

denote the pole, with respect to S, of an axis of similitude (p. 267) of the 

three given conics. And the theorem we have obtained is, — the pole of the 

sought chord of contact lies on one of the lines joining one of the four radical 

centres to the pole, with regard to S, of one of the four axes of similitude. 

This is the extension of the theorem at the end of Art. 1 18. 
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To complete the solution, we seek for the co-ordinates of the point of 
contact of S + P* with S F". Now the co-ordinates of the point of con- 

X x' 

tact, which is a centre of similitude of the two conics, being 'pt 

must substitute a: + ^, i' for x, &c. in the equations » 1 4 P", &c., and 
we get 

)tA'»l4P'4|s'i U"=l4P"4|P! *A^'=l4P"'4|. IP, 


where Ji, iP are the results of substituting P"y"'e"' respectively in 

the polar of ar'yV. We have then 

k (P -*')■. P - P" 4 I {S' - R), k (k- - k-) - P' - P" 4 I (S' - P), 
whence eliminating k, we have 

the equation of a line on which the sought point of contact must lie; and 
which evidently joins a radical centre to the point where P, P', P'' are re- 
S* It R 

spectively proportional \.ok - -^,k" - , ot \.o\, k'k" - R, k'k"' - R!. 

But if we form the equations of the polars, with respect to S 4 P*, of the 
three centres of similitude as above, we get 

{k'kr -R)P = P", (k k" - P) P = P ", &c., 
showing that the line we want to construct is got by joining one of the four 
radical centres to the pole, with respect to S 4 P*, of one of the four axes 
of similitude. This may also be derived geometrically as in Art, 121, from 
the theorems proved, p. 267. The sixteen lines which can be so drawn, 
meet S 4 P* in the thirty-two points of contact of the different conics which 
can be drawn to fulfil the conditions of the problem.* 

Ex. 2. The four conics having double contact with a given one S, which 
can be drawn through three fixed points, are all touched by another conic 
also having double contact with S.f Let 

5 = *’4y*4s’ - 2yx cos ..4 - 2tr cosP - 2ry cosC, 
then the four conics are S = (x ± y ± s)’, which are all touched by 
<Si = {x cos(P - C) 4y cos(C- A) + t cos(..4 - P))'. 


388. We give next some parts of the theory of the invariants 
of a system of three conics which can bo understood without a 


* 'The solution here given is the same in substance (though somewhat 
simplified in the details) as that given by Mr. Cayley, Ci-eUe, Vol. xxxix. 

t This is an extension of Terquem’s theorem (Ex. 4, p. 126) and itself 
admits of further extension. Sec Quarterly Journal of ilaikmnatics, 
Vol. VI., p. 67. 
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knowledge of the properties of curves of the third degree, re- 
ferring for further details to Lessons on Higher Algebra, p. 119. 

Oiven three conics U, F, TF, the locus of a point whose polars 
with respect to the three meet in a point is a curve of the third 
degree; which we call the tTaco&i'a/i of the three conics. For we 
have to eliminate x, y, z between the equations of the three polars 
Vpe + JJ^ + TJ^z = 0, l\x + \\y 4 F/ = 0, TT \x + TF,y + W^z = 0, 
and we obtain the determinant 

F. TF. - V, tt;) + u, ( i; TF. - T'; W,) + u, ( T- f; - f, tf.) = o. 

It is evident that when the polars of any point with respect to 
U, V, TF meet in a point, the polar with respect to X Z7+ /x V+ v TF 
will pass through the same point. The Jacobian is also tbe 
locus of the intersection of each pair of lines which can be re- 
presented by X Z7+ /X V+ V W. 

Ex. 1. Through four points to draw a conic to touch a given conic IF". 
Let the four points be the intersection of two conics U, J'; and it b evident 
that the problem admits of six solutions. For if we substitute a Ao', &c. 
for a in the condition (Art. 372) that U and W should touch each other, k, 
as is easily seen, enters into the result in tbe sixth degree. The Jacobbn 
of U, V, TF intersects TFin the six points of contact sought. For the polar 
of tbe point of eontact with regard to TT' being also its polar with regard 
to a conic of the form \ U i fiV passes through the intersection of the polars 
with regard to V and V. 

Ex. 2. If three conics have a common self-conjugate triangle, their 
Jacobian is three right lines. For it is verified at once that the Jacobian 
of or* + + cz*, a'x* + b'y' + c'l*, o"x* + 6"y* 4 c"** is xyz = 0. We can hence 

find at once the equation of the sides of the common self-conjugate triangle 
of two conics, by forming the Jacobian o{ S, S' and the covariant Fj since 
this triangle is also self-conjugate with respect to F (Art. 381, Ex. 1). 

Comparing this with the result obtained by Art. 381, Ex. 4, we get the 
identical equation 

» F - F> (OS' 4 ofS) 4 F (a'gS* 4 AO' 5 -q 4 (&& - 3aa ) ySS' 

- cAe,S' - 4 a' ( 2 a 0 ' - e') S’-S' 4 a (2a'8 - SST. 

Ex. 3. If three conics have two points common, their Jacobian consists 
of a line and a conic through tbe two points. It is evident geometrically 
that any point on the line joining the two points fulfils the conditions of the 
problem, and the theorem can easily be verified analytically. In particular 
the Jacobian of a system of three circles is the circle cutting tbe three at 
right angles. 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the 
quantities 5 bo a perfect square i*. For then X b a factor in the locus. 
Hence we can describe four conics touching a given conic 5 at two given 
points (S, L) and also touching S"; the intersection of the locus with 
S" determining the points of contact. 
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389. If we form the discriminant oi \ U+ fiV+ vW, tlie co- 
efficients of the several powers of fi, v will be invariants of 
the system of conics. Alt these bclonp; to the class of invariants 
already considered, e.xccpt the coefficient of X/tr, in which each 
term ahe of the discriminant of 17 is replaced by 

ab'c" + ah"c + ab"c + a'bc’ + a’hc + a"iV, &c. 

Some of the properties of a system of three conics can bo 
studied with advantage by c.NprcssIng each in terms of four 
lines a", a, w : thus 

/S = ax” + Inf + S’ = + b’f + c's'* + iVw\ 

S'' = «"x’+//y + cV + (fV. 

It is always possible, in an infinity of ways, to choose x, ?/, «, w 
so that the equations can be brought to the above form: for 
each of the equations just written contains explicitly three in- 
dependent constants: and each of the lines x, y, 2 , w contains 
implicitly two independent constants. The form, therefore, just 
written puts seventeen const.ants at our disposal, while <S', 5', S" 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w = \x + fiy + vz^ and we may suppose that the 
constants X, &c. have been included in x, &c., so that this rela- 
tion may be written in the symmetrical form x + y+ 2 +ic = 0. 

Let it be required now to find the condition that <8, S', S" 
may have a common point. Solving for x’, f, 2 *, between 
the equations S=0, S' = 0, S" = 0, and denoting by A, Ji, C, D 
the four determinants {bc'cT'), {dc'a"), {dab"), {ha'c"), we get 
X*, y, 2 *, w* proportional to A, JJ, C, D] and substituting in 
x + y+ z + w = 0, we obtain the required condition 

V(vl)-t-V(i^) + V(C) + V(^) = o, 
or 

{A\n'+C'+jy‘-2BC-2CA-2AD-2nD-2CDY=GiAJiCD. 

Now the right-hand side of this equation ABCD is an Invariant 
of the fourth degree in the coefficients of each conic, whose 
vanishing expresses the condition that It may ho possible to 
determine X, /i, v so that XS+^<S' + v<S” shall be a perfect square. 
.4* + J9’ + &c. is an invariant, first noticed by Mr. Sylvester, of 
only the second degree in the coefficients of each conic. Rules for 
forming both these invariants are given, IUghcr Algebra, j). 120. 
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I add some notes which occur to me on correcting the proofs 
of the foregoing Chapter. 

p. 324, Ex. 2. It may be convenient for reference to give at full length 
the equations of the parallel curves, vi'bich may also be regarded as equa- 
tions giving the length of the normal distances from any point to the curve. 
The parallel to tlie parabola is 

1 * - (Zy' + a:* + 8mx - 8ni') r* + {3y* + y* (2x* - 2mx 20m*) 

+ 8mi* + 8m'x* - 32m*i + 16m *J r* - (y* - 4mx)* {y* + (* - m)*} = 0. 
The parallel to the ellipse is 

c't^ - 2c*r* (c* (a* + b') + (o’ - 2i’) ** + (2o* - 6*) y*} 

+ r‘ (c* (o‘ + 4a’6* + b') - 2c* (o' - o*A* + 36‘) i* + 2c* (3o‘ - o*4* + 6') y* 

+ (a* - 6a*A* + 6i') x‘ + (Go* - 6o*i* 4 i‘) y‘ + (6a' - lOo’i* 4 6i‘) x*y*} 

4 r* {- 2o*6*c* (o* 4 6*) 4 2c*x* (3o‘ - o*i* 4 A') - 2c*y* (o' - o*A* 4 3A‘) 

- A*x‘(6a* - lOo’A* 4 6A*) - o*y* (6o' - 10o*A*4 CA‘) 4 x*y* (4o‘- Ga*A*-6o*A' 4 4A‘) 
4 2A* (a* - 2A*) X* - 2 (o' - o*A* 4 3A*) x'y* - 2 (3a* - o*A* 4 A‘) i*y * 4 2o* (A* - 2o*) y*) 
4 (A*x* 4 o'y* - o*A')* {(x - c)* 4 y*) {(x 4 c)* 4 y*} = 0. 

Thus the locus of a point is a conic, if the sum of squares of its normal 
distances to the curve be given. If tve form the condition that the equa- 
tion in r* should have equal roots, we get the squares of the axes multiplied 
by the cube of the evolutc. If we make r = 0, we find the foci appearing 
as points whose normal distance to the curve vanishes. This is to be 
accounted for by remembering that the distance from the origin vanishes 
of any point on either of the lines x* 4 y* = 0. 

p. 335, Ex. 7. The reader will find {Quarterly Journal of Afothematici, 
Vol. I., p. 344) a discussion by Mr. Cayley of the problem to find tbe locus 
of vertex of a triangle circumscribing a conic S, and whose base angles 
move on given curves. AVhen the curves are both conics, the locus is of 
the eighth degree, and touches >S at the points where it is met by the polars 
with regard to 5 of the intersections of the two conics. 

It ought to have been stated (p. 260) that the problem “to inscribe a 
triangle in a conic whose sides pass through fixed points” becomes indeter- 
minate when the fixed points form a self-conjugate triangle. 

p. 336, Ex. 10. Find the criterion whether a given point be inside or 
outside a conic j that is to say, whether the tangents from it are real or 
imaginary [Mr. Sylvester]. 

Ant. The point is inside when A and S' have the same sign. 

p. 336, Ex. 11. The triangle formed by the polars of middle points of 
sides of a given triangle with regard to any inscribed conic has a constant 
area [.M. Faure]. 

p. 344, Ex. 4. A^Tien the three conics are a conic, a circle, and the 
square of the line at infinity, the Jacobian passes through the feet of the 
normals which can be drawn to the conic through the centre of the circle. 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

390. Beferkinq the reader to other works where It is 
shown how the differential calculus enables us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of thsit method. The geometric methods 
arc not merely interesting in a historical point of view; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 400) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be Inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad itifinUum, the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circurnscribing polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of cither. 
Hence, in investigating the area or perimeter of any curve, wo 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides ; wo may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 
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391. Kx. 1. 'I'o jhul the ilirectkm of the tanjenl at any •point 
of a circle. 

In any isosceles triangle A OB, eitlicr base angle OBA is loss 
than a right angle by half the vertical angle ; but as tbc points 
A and B approach to coincidence, tlie 
vertical angle may he supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, viz., that two 
indefinitely near lines of equal I wjth 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
circles, it is evident, by similar trlanglc.s, that the bases ah, AB, 
arc to each other as the radii of the circles, and, therefore, that 
tbc whole perimeters of the polygons arc to each other in tbc 
same ratio ; and since this will be true, no matter how the 
number of sides of the polygon be increased, tbc circumferences 
are to each other in the same ratio. 

Ex. 3. The area of a circle is equal to the radius •multiplied 
by the semi-circumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by tbc perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the jicrpcndicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and tbc more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or = irr’. 

392. Ex. 1. To determine the direction of the tangent at any 
}>oint on an ellipse. 



Digitized by Googl 



THE METHOD OP INFINITESIMALS. 349 

Let P and P bo two indefinitely near points on the cun'c, 
then FP+ PF' = FP 4 - PF ' ; or, 
taking FB = FP, Fll'=F'P, we 
have PP = PR ' ; but in the tri- 
angles I'RP, PR'P, we have also 
the base PP common, and (by 
Ex. 1, Art. 391) the angles PRP, 

PR'P right ; hence the angle 
PPR = PPR. ' Now 2PF is ultimateljr equal to PPF^ since 
their difference PFP m.ay bo supposed less than any given 
angle ; hence TPF=PPF, or the focal radii make equal angles 
with the tangent. 

' Ex. 2. To ditcrmine thn ilirection of the tangent at any point 
on a hyperbola. 

Wc have 

F'P- F'P=FP-FP, 

or, as before, 

P'R = PR'. 

Uence the angle 

PPR = PPR', 
or, the tangent is the intcrn.al bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any point 
of a parabola. 

\Ve have FP=PN, and FP = PN'-, hence PR^PS, or 
the angle N'PP= FPP. The tangent, there- 
fore, bisects the angle FPN. >• 

393. Ex. 1. To fad the area of the para- 
bolic- sector FVP. ]) 

Since PS = /’i?, and PN = FP, we have the 
triangle FPR half the parallelogram PSFN'. 

Now if wo take a number of points P P', &e. 
between V and P, it is evident that the closer 
we take them, the more nearly will tlic sum of 
all the parallelograms PSXN’, &c., approach 
to equality with the area D VPX, and the sum of all the tri- 
angles PEA, &c., to the sector I'EP; hence ultimately the sector 
PFV is half the area DVPN, and therefore one-third of the 
quadrilateral DFPN. 
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Ex. 2. To find the area of the segment of a parabola cut of 
hg any right line. 

Draw the diameter bisecting it, then the parallelogram PR' 
is equal to P.1/', since they arc the com- 
plements of parallelograms about the dia- 
gonal ; but since TM is bi.scctcd at 1'', 
the parallelogram PN' is half PR ; if, 
therefore, we take a number of points 
P, P, P”, &c., it follows that the sum of 
all the parallelograms P\P is double the 
sum of all the parallelograms PN’, and 
therefore ultimately that the space V'PM 
is double VPN ; hence the area of the 
parabolic segment F’P.1/ is to that of the parallelogram V'NPM 
in the ratio 2 : 3. 

394. Ex. 1 . The area of an ellipse is equal to the area of a 
circle whose, radius is a geometric mean hetween the semi-ajce^ of 
the ellipse. 

For if the ellipse and the circle on the transverse axis bo 
divided by any number of lines 
parallel to the axis minor, then 
since mh : md:: nil': m'd' ::b:a, 
tbo quadrilateral mhh'm’ is to 
mdeTm in the same ratio, and the 
sum of all tbc one set of quad- 
rilaterals, that is, the polygon 
Bhh'h"A inscribed in the ellipse 
is to the corresponding polygon 
Ddiid'A inscribed in the circle, 
in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon : if 
we suppose them, therefore, increased indefinitely, we learn that 
tbc area of the ellipse is to the area of the circle as 5 to a ; but 
the area of the circle being = tto’, tbc area of the ellipse = ttoI). 

Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the 
corresponding ordinate of the other, the areas of the figures are 
in the same ratio. 
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Ex. 2. Every diameter of a conic, bisects the curve. 

1* or if we suppose a number of ordinates drawn to this dia- 
meter, since the diameter bisects them all, it also bisects the 
trapezium formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisects the curve. 

395. Ex. 1. The area of the sector of a hyjKrboIa made by 
joining any two points of it to the centre, is equal to the area of the 
segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC= QLC, the area PQC= PQKL. 

Ex. 2. Any two segments PQKL, liSMN, are equal, if 
PK-.QL-.x mix SN. 

For 

PKxQLxx CLx CK, 
but (Art, 197) 

CL = MT, CK=NT-, 
we have, therefore, 

ItMx SN XX MT X NT, 
and therefore QR is parallel to PT. We can now easily prove 
that the sectors PCQ, RCS are equal, since the diameter bisect- 
ing PS, QR will bisect both the hyperbolic area PQRS, and 
also the triangles PCS, QCR. 

If we suppose the points Q, R to coincide, we see that we 
can bisect any area PKNS by drawing an ordinate QL, a geo- 
metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

39G. The tangent to the interior of two similar, similarly 
placed, and concentric conics cuts of a constant area from the 
exterior conic. 

For we proved (p. 210) that this tangent is always bisected 
at the point of contact ; now if we draw any two tangents, the 
angle will be equal to BQB', 

and the nearer we suppose the point Q 
to P, the more nearly will the sides 
A Q, A' <3 approach to equality with the 
sides BQ, B'Q] if, therefore, the two 
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tangents be taken indefinitely near, the triangle ./I will be 
equal to BQW, and the space I7i will be equal to A'VB'-, 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

CoK. It can be proved, in like manner, that if a tangent 
to one curve alw.ays cuts off a constant .area from another, it will 
be bisected at the point of cont.act ; and, conversely, that if it bo 
always bisected it cuts off a constant area. 

Hence we can draw through a given point a lino to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
grc.atcr the given area, the gre.ater will be the dist.ancc between 
the two conics. The area will therefore evidently bo least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at th.at point. In like m.anncr can be proved the 
following two theorems, due to the late Professor MacCullagh. 

Ex. 1. If a tangent A B to one curve cut off a constant arc from 
another^ it is divithil at the 2 mint of contact^ so that AP : PB in- 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent x\B he of a constant lengthy and if the 
2 )crpendicular let fall on AD from the intersection of the tangents 
at xl and B meet xlB in .1/, that xlP icill =MB. 

.397. Tofnd the radius of curvature at any jmint on an ellipse, 

'I’he centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Eow', given any two tri.angles FPF\ FP'F, and PX, P'X, 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PXF=PFF-i-PF'I‘', 
(See the first figure, p. 319). 
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Now, since the arc of any circle is proportional to tlie angle 
It subtends at the centre (Euc. vi. 33), and also to the radius, 
(Art. 391), if we eonsider PP' as the arc of a circle, whose centre 

IS A, the angle PXF is measured by . In like manner, 

taking FR = FP, PFP is measured by and we have 

2PP PR PR 
PX ~ FP FP ’ 

but PR = PR = pp gjn ppp.^ 

therefore, denoting this angle by PN by iZ, FP, FT, by p, p’, 
we have 2 j j 

R sin ^ p p' ‘ 

Hence it may be inferred that the focal chord of curvature i.i double 
the harmonic mean beticecn the focal radii. Substituting for 
sin 2a for p + p’, and 5'* for pp', we obtain the known value. 



The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p' infinite, and the formula becomes 

2 ^ 1 
R sin 0 p ’ 

I owe to Mr. Townsend the following investigation, by a 
dififerent method, of the length of the focal chord of curvature : 
Draw any parallel QR to the tangent at T, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then, by 
the circle PS.SC=QS.SR, and by 
the conic (Ex. 2, p. 175) 

PS.SL : QS.SR :: PL : iMN; 

therefore, whatever be the circle, 

SC: SL:: MX: PL-, 
but for the circle of curvature the 
points S and P coincide, therefore PC : PL MX : PL ; or, the 

A A 
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focal chord of curvature, is equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 216, Ex. 4). 


398. The radius of curvature of a central conic may other- 
wise be found thus : 

Let Q be an indefinitely near point on the curve, QR a 
parallel to the tangent, meeting the 
normal in S ; now, if a circle be de- 
scribed pas-sing through P, Q, and 
touching FT at P, since QS is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
PQ^=PS multiplied by the diameter; 

Ptf 

or the radius of curvature = Now, since. QR is always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; but, by the property of the ellipse (if we denote CP and 
its conjugate by n', I'), 



therefore 


J'* : a’* QR ’ : PR.RP {=2a'.PR), 
PR 

QIC = . 

a 


Hence the radius of curvature = — ? . -= 7 ., . Now, no matter how 

a Jo 

small PR, PS are taken, we have, by similar triangles, their 

ratio — — . Hence radius of curvature = — . 

7 0 Lip p 

It is not difficult to prove that at the intersection of two con- 

focal conics the centre of curvature of either is the pole with respect 

to the other of the tangent to the former at the intersection. 


399. If two tangents he draicn to an ellipse from any jmint of 
a confocal ellipse, the excess of the sum of these two tangents over 
the arc intercepted between them is constant.* 

For, take an indefinitely near point T, and let fall the per- 
pendiculars TR, T S, then (Art. 348) 

PT=PR = PF + PR 


• This beautiful theorem was discovered by Dr. Graves. See his Trans- 
lation of Chasles’s Memoirs on Cones and S/iherical Conics, p. 77. 
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(for PR may be considered as tlie continuation of the line PP ') ; 
in like manner, 

Q'T^QQ'JrQS. 

Again, since, by Art. 194, the angle 
TT'R= TTS, we have TS= TR-, 
and therefore 

PT+ TQ = PT'^ TQ'. 

Hence {PT+ TQ)-[PT+ TQ!) = PP -Qq=PQ-FQ. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents, TP, TQ^ to the inner one, 
always make equal angles with the tangent TP to the outer. 

400. If tvso tangents be drawn to an ellipse from any point 
of a confocal hyperbola., the difference of the arcs PK, QK is equal 
to the difference of the tangents TP, TQ.* 

For it appears, precisely as before, that the excess of 
T'P-PK over TP-PK= PR, 
and that the excess of PQ—QK 
over TQ—QK is PS, which is 
equal to PR, since (Art. 189) TT‘ 
bisects the angle jBT' 5. The dif- 
ference, therefore, between the 
excess of TP over PK, and that 
of TQ over QK, is constant ; but 
in the particular case where T 
coincides with K, both these ex- 
cesses, and consequently their dif- 
ference, vanish ; in every case, therefore, TP—PK= TQ—QK. 

Cor. Fagnanls theorem, “ That an elliptic quadrant can be 
so divided, that the difference of its parts may be equal to the 
difference of the semi-axes,” follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 




* This extension of the preceding theorem was discovered by Mr. 
MacCulIagh. Dublin Exam. Papert, 1841, p, 41; 1842, pp, 68, 83. 
M. Chasles afterwards independently noticed the same extension of Dr. 
Graves’s theorem. Comptet Etndut, October, 1843, tom. xvjl., p. 838. 
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coafocal with the given ellipse. The co-ordinates of the points 
where it meets the ellipse are found to be 

. 

401. If a polygon circumscribe a conic, ami if all the vertices 
hut one move on confocal conics, the locus of the remaining vertex 
will he a confocal conic. 

In the first place, we assert that if the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig.. 
Art. 399) ; and if we denote by a, h, the diameters parallel to 
TP, TQ\ and by a, /3, the angles TPT, TQT , made by each of 
the sides of the angle with its consecutive position, then aa=hp. 
For (Art. 399) TR= TS-, but TE= TP.a] TS= TQ'.^, and 
(Art. 149) TP and TQ are proportional to the diameters to 
which they are pai'allel. 

Conversely, if aa = hfi, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that TR= TSj 
hence that TT makes equal angles with TP, TQ, and therefore 
coincides with the tangent to the confocal conic through T-, and 
therefore that T' lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
a, h, c, &c., that parallel to the last side being d, we have aa=h^, 
because the first vertex moves on a confocal conic; in like 
manner h^ = cy, and so on until we find aa = dS, which shows 
that the last vertex moves on a confocal conic.* 


• This proof is taken from a paper by Dr. Hart; CambriJjjs and Dublin 
Math. Jour., Vol. IV. 193. * 
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NOTES 


Pascal’s XnEOREM, Page 231. 

M. Steiner was the first who (in Qergonne’a Annalet) directed the 
attention of geometers to the complete figure obtained by joining in 
every possible way six points on a conic. M. Steiner’s theorems were 
corrected and extended by M. Pliicker (CrelU't Journal, Vol. v., p. 274), 
and the subject has been more recently investigated by Messrs. Cayley 
and Kirkman, the latter of whom, in particular, has added several new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems and 
their reciprocals : “ If two triangles be such that the lines joining corre- 
sponding vertices meet in a point centre of homology of the two triangles), 
the intersections of corresponding sides will lie in one right line (their 
axie).” “If the intersections of opposite sides of three triangles he for 
each pair the eame three points in a right line, the centres of homology 
of the first and second, second and third, third and first, will lie in a 
right line.” 

Now let the six points on a conic be a, b, c, d, e, f, which we shall 
call the points P. These may be connected by fifteen right lines, ab, ac, 
&c., which we shall call the lines C. Each of the lines C (for example ab) 
is intersected by the fourteen others; by four of them in the point a, 
by four in the point b, and consequently by six in points distinct from 
the points P (for example the points ab, cd, &c.) These we shall call 
the points p. 'fhere are forty-five such points ; for there are six on each of 
the lines C. To find then the number of points p, we must multiply the 
number of lines C by 6, and divide by 2, since two lines C pass through 
every point p. 

If we take the sides of the hexagon in the order abed^, Pascal’s 
theorem is, that Uie three p points, (ab, de), (cd,fa), (be, ef), lie in one 
right line, which wo may call either the Pascal abedef, or else we may 

denote as the Pascal a fo^n which we sometimes prefer, 

Irfe./o.Jc ■' 

as showing more readily the three points through which the Pascal passes. 
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Through each point p four PascaU can be drawn. Thus through {ah, da) 
can be drawn ahedef, ahfdec, abcedf, ab/edc. We then find the total number 
of Pascals by multiplying the number of points /> by 4, and dividing by 3, 
since there are three points p on each Pascal. We thus obtain the number 
of Pascal’s lines = 60. We might have derived the same directly by con- 
sidering the number of different ways of arranging the letters abcdef. 

Consider now the three triangles whose sides are 

ah, ed, ef, (1) 

de, fa, be, (2) 

ef, be, ad. (3) 

The intersections of corresponding sides of 1 and 2 lie on the same Pascal, 
therefore the lines joining corresponding vertices meet in a point, but 
these are the three Pascals, 


ef.hc.ad 1 
ab.de. ef j 

This is Steiner’s theorem (p. 231) ; we shall call this the g point, 


t ab.de. ef \ 

f cd. fa.be 1 f 

1 cd.fa.be ) 

1 ef. be. ad J ’ 1 


f ah .de .ef "I 
< cd .fa .he >• 

\ ef ,bc ,ad J 

The notation shows plainly that on each Pascal’s line there is only one g 

point; for given the Pascal | j 9 po'nt on it U found by 

writing under each term the two letters not already found in that vertical 
line. Since then three Pascals intersect in every point g, the number of 
pointe g=20. If we take the triangles 2, 3 ; and 1, 3 ; the lines joining 
corresponding vertices are the same in all cases : therefore, by the reciprocal 
of the second preliminary theorem, the three axet of the three triangles 


tab.cd.ef 

meet in a point. This, however, is plainly only the g point 1 de.fa.be , 

and therefore leads us to no new theorem. 
Let us now consider the triangles, 
ah cd 


\ c/e he a ad J 
(1) 

ab.ee. df 1 

cd.bf.ae j 

ef. bd.ae ] 

|. (4) 

de.bf.ac 1 

af. ce .bd j 

be .ae .df . 

ab.ee .df 

1 cd.bf.ae) 

ef. bd.ae) 

: , (.5). 

ef .bd.ae 

) ’ be .ac. df ] ’ 

ad. ce .bf 1 

Now the intersections of corresponding sides of 1 and 4 are three points 


which lie on the same Pascal ; therefore the lines joining corresponding 
vertices meet in a point. But these are the three Pascals, 


ah»ee ed/ \ 

cd.bf.ae ) 

ef. ac .bd ) 

cd.hfeae J 

ef .ac .bd 1 

ah.df.ee ) 
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ah.et.df \ 

We may denote the point of meeting as the h point, cd.hf.ae J , 

ef ,ac ,bd ) 

The notation differs from that of the g points in that only one of the 
vertical columns contains the six letters without omission or repetition. 
On every Pascal there are three h points, viz., there are on 


ah .cd ,ef 
de .nf, be 




where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman’s extension of Steiner’s theorem ; — The PatcaU intereect 
three by three, not only in Steiner'e twenty pointe g, tut aleo in eizty other 
poinie h. The demonstration of Art. 268 applies alike to Mr. Kirkman’s 
and to Steiner’s theorem. 

In like manner if we consider the triangles 1 and S, the lines joining 
corresponding vertices are the same as for 1 and 4 ; therefore the corre- 
sponding sides intersect on a right line, as they manifestly do on a Pascal. 
In the same manner the corresponding sides of 4 and 5 must intersect on a 
right line, but these intersections are the three h points. 


ab.ee ,df'\ ae .ed .bf \ ac. bd , e/1 
de .bf.nc\ , bd.af.ce\, df.ae.be\‘ 

cf.ae.bd) ae.be.df) ce.bf.ad] 

Moreover, the axis of 4 and 5 must pass through the intersection of the 

ub .ed .ef \ 

axes of 1, 4, and 1, S, namely, through the g point, de . af. be > . 

^ . 6e . aii ) 

In this notation the g point is found by combining the complete vertical 
columns of the three h points. Hence we have the theorem, “ There are 
twenty lines x, each of which passes through one g and three h points.” 
The existence of these lines was observed independently by Mr. Cayley and 
myself. The proof here given is Mr. Cayley’s. 

It can be proved similarly that “ ITie twenty lines z pass four by four 
through fifteen points y.” The four lines x whose g points in the preceding 
notation have a common vertical column will pass through the same point. 
Again, let us take three Pascals meeting in a point A. For instance, 

ab. ce.df) de. bf. ac ) cf.ae.bd) 

de .hf ,ac ) ’ cf.ae.bd) ab. df. ce ] 

We may, by taking on each of these a point p, form a triangle whose , 
vertices ore (df, ac), (bf, ae), (bd, ee), and whose sides are, therefore, 

ac. bf.de) bf . ce . ad ) bd.ae .ef ) 

df.ae.cb) ae.bd.cf) ce.df.ab) 
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Again, we may take on each a point h, by writing under each of the 
above Pascals a/, ed.be, and so form a triangle whose sides are 


ac . bf. de ) 

cf, ae .bd) 

df . ah .ce ) 

he.cd.af) 

be. cd.af ) 

be .cd .afj 


But the intersections of corresponding sides of these triangles, which must 
therefore be on a right line, are the three g points, 


be . cd. af \ 

be .cd.af \ 

be .cd.af \ 

be .cd.af \ 

ac.bf .de \ , 

ef .ae .bd \ 

df. ah .ce ' , 

cf.ab.de J 

df .ae .be) 

ad .bf .ce ) 

ae . ef.bdl 

ad .ef .be ) 


I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line j these being all the g points into 
the notation of which he.cd.af can enter. Now there can be formed, as 
may readily be seen, fifteen different products of the form he.cd.af-, we 
have then Steiner’s theorem, The g pointi lie four hg four on fifteen right 
Hnei I. The reader is referred for further details to Mr. Kirkman’s paper, 
Cambridge and Dublin ifalhematical Journal, Vol. v., p. 183. 


On thp, Fboblem to describe a Conic under certain Conditions. 

We saw (p. 126) that five conditions determine a conic ; we can, there- 
fore, in general describe a conic being given m points and n tangents where 
m + n = 6. We shall not think it worth while to treat separately the cases 
where any of these are at an infinite distance, for which the constructions 
for the general case only require to be suitably modified. Thus to be given 
a parallel to an asymptote is equivalent to one condition, for we are then 
given a point of the curve, namely, the point at infinity on the given 
parallel. If, for example, we were required to describe a conic, given four 
points and a parallel to an asymptote, the only ehange to be made in the 
construction (p. 232) is to suppose the point E at infinity, and the lines 
DE, QE therefore drawn parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are 
then given a tangent and its point of eontact, namely, the point at infinity 
on the given asjmptote. To be given that the curve is a parabola is equi- 
valent to one condition, for we are then given a tangent, namely, the line 
at infinity. To be given tltat the curve is a circle is equivalent to two con- 
ditions, for we are then given two points of the curve at infinity. To be 
given a focus is equivalent to two conditions, for we arc then given two 
tangents to the curve (p. 242), or we may see otherwise that the focus and 
any three conditions will determine the curve ; for by taking the focus as 
origin, and reciprocating, the problem becomes, to describe a circle, three 
conditions being given ; and the solution of this, obtained by elementary 
geometry, may be again reciprocated for the conic. The reader is recom- 
mended to construct by this method the directrix of one of the four conics 
which can be described when the focus and three points are given. Again, 
to be given the pole, with regard to the conic, of any given right line, is 
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equivalent to two conditions ; for three more will determine the curve. 
For (see figure, p. 138) if we know that P is the polar of JfiJ ", and that 
P is a point on the curve, T', the fourth harmonic, must also be a point 
on the curve j or if OT be a tangent, OT’ must also be a tangent; if then, 
in addition to a line and its pole, wc are given three points or tangents, 
we can find three more, and thus determine the curve. Hence, to be given 
the centre (the pole of the line at infinity) is equivalent to two conditions. 
It may be seen likewise that to be given a point on the polar of a given 
point is equivalent to one condition. For example, when we are given 
that the curve is an equilateral hyperbola, this is the same as saying that 
the two points at infinity on any circle lie each on the polar of the other 
with respect to the curve. To be given a self-conjugate triangle is equi- 
valent to three conditions ; and when a self-conjugate triangle with regard 
10 a parabola is given three tangents are given. 

Given Jive points . — We have shown, p. 233, how by the ruler alone we 
may determine as many other points of the curve as we please. We may 
also find the polar of any given point with regard to the curve ; for by 
the help of the same Example we can perform the construction of Ex. 2, 
p. 139. Hence too we can find the pole of any line, and therefore also 
the centre. 

Five tangents . — We may either reciprocate the constructions of p. 233, 
or reduce this question to the last by Ex. 4, p. 232. 

Four points and a tangent . — We have already given one method of 
solving this question, p. 298. As the problem admits of two solutions, of 
course we cannot expect a construction by the ruler only. We may therefore 
apply Carnot’s theorem (Art. 313), 

Ac.A&.Sa.Ba'.Cb.Cb' = Ab.Ab'.Bc.Sc'.Ca.Cc^, 

Let the four points a, a', b, b' be given, and let AB be a tangent, the points 
e, c will coincide, and the equation just given determines the ratio Ai ^ : Be' 
everything else in the equation being known. This question may also be 
reduced, if we please, to those which follow ; for given four points, tkero 
are (Art. 282) three points whoso polars arc given ; having also then a 
tangent, we can find three other tangents immediately, and thus have four 
points and four tangents. 

Four tangents and a point . — This is either reduced to the last by reci- 
procation, or by the method just described ; for given four tangents, there 
are three points whose polars are given (p. 139). 

Three points and tteo tangents . — It is a particular case of Art. 344, that 
the two points where any line meets a conic, and where it meets two of its 
tangents, belong to a system in involution of which the point where the 
line meets the chord of contact is one of the foci. If, therefore, the line 
joining two of the fixed points a, b, be cut by the two tangents in the 
points A, B, the chord of contact of those tangents passes through one or 
other of the fixed points F, F“, the foci of the system (a, b, A, B\ (see 
Ex., Art. 286). In like manner the chord of contact must pass through 
one or other of two fixed points O, O' on the line joining the given 

BB 
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points a, c. The chord must therefore be one or other of the four lines, 
FG, FG', FG, FG' \ the problem, therefore, has four solutions. 

Two point! and three tangent!. — The triangle formed by the three chords 
of contact has its vertices resting one on each of the three given tangents ; 
and by the last case the sides pass each through a fixed point on the line 
joining the two given points ; therefore this triangle can be constructed. 

To be given two points or two tangents to a conic is a particular case 
of being given that the conic has double contact with a given conic. For 
the problem to describe a conic having double contact with a given one, 
and touching three lines, or else passing through three points, see pp. 287, 
343. Having double contact with two, and passing through a given point, 
or touching a given line, see p. 249. Having double contact with a given 
one, and touching three other such conics, see p. 342, 

Malfatti’s Pkobleu. 

Having omitted elsewhere to make mention of Malfatti’a Problem, 
viz., “ To inscribe in a triangle three circles which touch each other and 
each of which touches two sides of the triangle,” I give here the enuncia- 
tion of Steiner’s solution. A geometrical proof of it by Dr. Hart will be 
found Quarterly Journal of ilathematice, Vol. I., p. 219. “ Inscribe circles 
in the triangles formed by each side of the given triangle and the two 
adjacent bisectors of angles: these circles having three common tangents 
meeting in a point, will have three other common tangents meeting in a 
point (Ex. 2, p. 250), and these are common tangents to the circles re- 
quired.” We may extend the problem by substituting for the word 
“ circles,” “ conics having double contact with a given one.” The Lemma, 
corresponding to Ex. 2, p. 250, is the reciprocal of the following : Three 
conics S - i*, /S - M', S - N' are met by three common chords forming 
a triangle, M-^N, N-^L in six points which lie in a conic. 

Consequently, if three of these points He in a right line, so do tlie other 
three. The proof is evident on inspection of the equation 

S + 3fW+ NL + Xdf = (S- X’) + (X + Af)(X + N). 


THE END. 


wr. Vetcolte, Printer, Oreen Street, Camtarldge. 
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ERRATA. 

Page 26, Ex. 9, Ans. Tot a'b.b read a'i.o ; 

and for ratio a'b = ah' read a'b ;nb . 

Page 224, Line 2, after 'parabolas’ add ‘srhose axes are coincident.' 
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